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About these notes

These class notes are for MATH 304, Fall semester, 1999. Previous versions are not
usable because the text has been rewritten.

It would be a good idea to leaf through this copy to see that all the pages are
there and correctly printed.

Labeled paragraphs This text is written in an innovative style intended to make
the logical status of each part of the text as clear as possible. Each part is marked
with labels such as “Theorem”, “Remark”, “Example”, and so on that describe
the intent of that part of the text. These descriptions are discussed in more detail
in Chapter 1.

Exercises The key to learning the mathematics presented in these notes is in doing
all the exercises. Many of them are answered in the back; when that is so, the text
gives you the page the answer is on. You should certainly attempt every exercise
that has an answer and as many of the others that you have time for.

Exercises marked “(discussion)” may be open-ended or there may be disagree-
ment as to the answer. Exercises marked “(Mathematica)” either require Mathema-
tica or will be much easier to do using Mathematica. A few problems that require
knowledge of first-year calculus are marked “(calculus)”.

Indexes On each page there is a computer-generated index of the words that occur
on that page that are defined or discussed somewhere in the text. In addition, there
is a complete computer-generated index on page 254. In some cases the complete
index has entries for later pages where significant additional information is given for
the word.

There is also an index of symbols (page 260).

Bibliography The bibliography is on page 253. References to books in the bib-
liography are written like this: [Hofstadter, 1979]. Suggestions for other books to
include would be welcome.

Acknowledgments A grant from the Fund for the Improvement of Post-Secondary
Education supported the development of these class notes. A grant from the Con-
solidated Natural Gas Corporation supported the development of the Mathematica
package dmfuncs.m and the concomitant revisions to these notes.

I would like to thank Michael Barr, Richard Charnigo, Otomar Hajek, Ernest
Leach, Marshall Leitman and Arthur Obrock for finding mistakes and making many
helpful suggestions.

I would appreciate being notified of any errors or ambiguities. You may contact
me at charles@freude.com.

Charles Wells



1. How to read these notes

This text introduces you to the subject matter of discrete mathematics; it includes a
substantial portion of the basic language of mathematics used by all mathematicians,
as well as many topics that have turned out to be useful in computer science.

In addition, this text constitutes a brief introduction to mathematical reasoning.
This may very well be the first mathematics course in which you are expected
to produce a substantial amount of correct mathematical reasoning as well as to
compute answers to problems.

Most important concepts can be visualized in more than one way, and it is vital
to be able to conceive of these ideas in some of the ways that mathematicians and
computer scientists conceive of them. There is discussion in the text about most of
the concepts to help you in doing this. The problem is that this type of discussion
in general cannot be cited in proofs; the steps of a proof are allowed to depend only
on definitions, and previously proved theorems. That is why the text has labels that
distinguish the logical status of each part.

What follows is a brief glossary that describes many of the types of prose that
occur in this book.

1.1 Glossary

Corollary A corollary to a theorem P is another theorem that follows easily
from P.

Definition Provides a definition of one or more concepts. FEvery statement to be
proved should be rewritten to eliminate terms that have definitions. This is discussed
in detail in Chapter 3.

Not all concepts are defined in this text. Basic ideas such as integers and real
numbers are described but not defined; we depend on your familiarity with them
from earlier courses. We give a specification for some of these.

Example An example of a concept is a mathematical object that fits the definition
of the concept. Thus in Definition 4.1, we define “divides” for integers, and then
Example 4.1.1 we observe that 3 and 6 form an example of “divides” (3 divides
6).

For study purposes it is worthwhile to verify that each example does fit the
definition. This is usually easy.

A few examples are actually non-examples: mathematical objects that you might
think are examples of the concept but in fact are not.

Fact A fact is a precise statement about mathematics that is correct. A fact is
a theorem, but one that is easy to verify and not necessarily very important. The
statements marked “fact” in this text are usually immediately obvious from the
definitions.

This usage is peculiar to these notes. Many texts would mark what we call facts
as “propositions”, but here the word “proposition” is used in a slightly different
way.

proposition 15
specification 2
theorem 2



corollary 1
fact 1
lemma 2
proof 4
theorem 2
usage 2
warning 2

Lemma A lemma is a theorem that is regarded as a tool to be used in proving
other theorems rather than as interesting in its own right. In fact, some theorems
are traditionally called lemmas that in fact are now perceived as quite important.

Method A paragraph marked “Method” provides a method for calculating some
object or for determining the truth of a certain type of statement.

Proof A mathematical proof of a statement is a sequence of closely reasoned claims
about mathematical objects (numbers, sets, functions and so on) with each claim
depending on the given assumptions of the statement to be proved, on known def-
initions and previously proved theorems (including lemmas, corollaries and facts),
and on the previous statements in the proof.

Proofs are discussed in more detail in Chapters 3, 5, and in a sequence of chapters
beginning with Chapter 80. Particular proof techniques are described in smaller
sections throughout the text.

“Show” is another word for “prove”. (Not all math texts use the word “show”
in this way.)

Remark A remark is a statement that provides some additional information about
a concept. It may describe how to think about the concept, point out some aspects
that follow (or don’t follow!) from the definition that the reader on first reading
might miss, or give further information about the concept.

Note: As of this revision (June 22, 1999) there are some statements called
“remark” that perhaps should be called “fact”, “usage” or “warning”. The author
would appreciate being told of any mislabeled statement.

Specification A specification of a mathematical concept describes some basic
properties of the concept but does not pin down the concept in terms of other
concepts the way a definition does.

Theorem A theorem is a precise statement about mathematics that has been
proved (proved somewhere — not always in this text). Theorems may be quoted as
reasons in a proof, unless of course the statement to be proved is the theorem being
quoted!

Corollaries, lemmas and facts are all theorems. Statements marked “Theorem”
are so marked because they are important. Particularly important theorems are
enclosed in a box.

Usage A paragraph marked “Usage” describes the way some terminology or sym-
bolism is used in mathematical practice. Sometimes usage varies from text to text
(example: Section 2.2.1) and in many cases, the usage of a term or symbol in mathe-
matical texts is different, often in subtle ways, from its usage in other texts (example:
Section 14.1.2).

Warning A paragraph marked “Warning” tells you about a situation that has
often (in my experience) misled students.



2. Integers

2.1 Specification: integer

An integer is any whole number. An integer can be zero, greater than
zero or less than zero.

2.1.1 Remark Note that this is not a formal definition; it is assumed that you
are familiar with the integers and their basic properties.

2.1.2 Example -3, 0, 55 and one million are integers.

2.2 Definition: Properties of integers
For any integer n:
a) n is positive if n > 0.
b) n is negative if n <0.
¢) n is nonnegative if n > 0.
d) An integer n is a natural number if n is nonnegative.

2.2.1 Usage
a) A few authors define zero to be both positive and negative, but that is not
common mathematical practice in the USA.
b) In pure mathematics the phrase “natural number” historically meant positive
integer, but the meaning “nonnegative integer” used in this book has become
more common in recent years.

The following theorem records some familiar facts.

2.3 Theorem
If m and n are integers, then so are m+n, m—n and mn. If m and

n are not both zero and n is nonnegative, then m"™ is also an integer.

2.3.1 Remarks
a) In this text, 0° is undefined.
b) Observe that m™ may not be an integer if n is negative.

2.3.2 Exercise Describe precisely all integers m and n for which m” is an integer.
Note that Theorem 2.3 does not quite answer this question!

definition 4
integer 3
natural number 3
negative 3
nonnegative integer 3
nonnegative 3
positive integer 3
positive 3
specification 2
theorem 2

usage 2



boldface 4
definition 4

divide 4

integer 3

negative integer 3
nonnegative integer 3
positive integer 3

3. Definitions and proofs in mathematics

Each Definition in this text gives the word or phrase being defined in boldface.
Each definition gives a precise description of what is required for an object to fit
that definition. The only way one can verify for sure that a statement about a
defined object is correct is to give a proof that it is correct based on the definition
or on previous facts proved using the definition.

Definition 2.2 gives a precise meaning to the words “positive”, “negative”, “non-
negative” and “natural number”. Any question about whether a given integer is
positive or negative or is a natural number must be answered by checking this defi-
nition.

Referring to the definition in trying to understand a concept is the first of many
methods which are used throughout the book. We will give such methods formal
status, like this:

3.1.1 Method

To prove that a statement involving a concept is true, begin by using
the definition of the concept to rewrite the statement.

3.1.2 Example The statement “0 is positive” is false. This claim can be justified
by rewriting the statement using Definition 2.2: “0 > 0”. Since this last statement
is false, 0 is not positive.

3.1.3 Remark The preceding example illustrates the use of Method 3.1.1: T jus-
tified the claim that “0 is positive” is false by using the definition of “positive”.

3.1.4 Example It also follows from Definition 2.2 that 0 is not negative (because
the statement 0 < 0 is false), but it is nonnegative (because the statement 0 > 0 is
true).

3.1.5 Exercise Is —(—3) positive? (Answer on page 243.)

4. Division

4.1 Definition: division

An integer n divides an integer m if there is an integer ¢ for which
m =gn. The symbol for “divides” is a vertical line: n|m means n
divides m.

4.1.1 Example Because 6 =2 x 3, it is true that 3|6. It is also true that —3|6,
since 6 = (—2) x (—3), but it is not true that 4|14 since there is no integer ¢ for
which 14 = 4q. There is of course a fraction ¢ =14/4 for which 14 =4q, but 14/4
is not an integer.



4.1.2 Exercise Does 13|527 (Answer on page 243.)

4.1.3 Exercise Does —37[1117

4.1.4 Usage If n divides m, one also says that n is a factor of m or that n is
a divisor of m.

4.1.5 Worked Exercise Find all the factors of 0, 1, 10 and 30.
Answer Number Factors

0 every integer

1 -1,1
10 -1,-2,-5,-10,1, 2,5, 10
30 -1,-2,-3,-5, -6, -10, -15, -30, 1, 2, 3, 5, 6, 10, 15, 30

4.1.6 Exercise Find all the factors of 7, 24, 26 and 111.

4.1.7 Remarks

a)

Warning: Don’t confuse the vertical line “|”, a verb meaning “divides”, with
the slanting line “/” used in fractions. The expression “3|6” is a sentence, but
the expression “6/3” is the name of a number, and does not form a complete
sentence in itself.

Warning: Definition 4.1 of “divides” requires that the numbers involved be
integers. So it doesn’t make sense in general to talk about one real number
dividing another. It is tempting, for example, to say that 2 divides 2w, but
according to the definition given here, that statement is meaningless.
Definition 4.1 does not say that there is only one integer ¢ for which m = gn.
However, it is true that if n is nonzero then there is only one such ¢, because
then ¢ =m/n. On the other hand, for example 0=5-0=42-0 so 0|0 and
there is more than one ¢ proving that fact.

Definition 4.1 says that m|n if an integer ¢ exists that satisfies a certain
property. A statement that asserts the existence of an object with a property
is called an existential statement. Such statements are discussed in more
detail on page 113.

4.1.8 Example According to the definition, 0 divides itself, since 0 =0 x 0. On
the other hand, 0 divides no other integer, since if m # 0, then there is no integer
q for which m =¢ x 0.

4.1.9 Usage Many authors add the requirement that n # 0 to Definition 4.1,
which has the effect of making the statement 0|0 meaningless.

4.1.10 Exercise Find all the integers m for which m|2. (Answer on page 243.)

4.2 Definition: even and odd
An integer n is even if 2|n. An odd integer is an integer that is not
even.

4.2.1 Example —12 is even, because —12 = (—6) x 2, and so 2| —12.

definition 4

divide 4

divisor 5

even 5

existential state-
ment 5, 113

factor 5

integer 3

odd 5

usage 2



definition 4
divide 4
division 4
integer 3
proof 4
theorem 2

5. More about proofs

We will state and prove some simple theorems about division as an illustration of
some techniques of proof (Methods 5.1.2 and 5.3.3 below.)

5.1 Theorem
FEvery integer divides itself.

Proof Let m be any integer. We must prove that m |m. By Definition 4.1, that
means we must find an integer ¢ for which m = ¢gm. By first grade arithmetic, we
can use g=1.

5.1.1 How to write a proof (1) In the preceding proof, we start with what is
given (an arbitrary integer m ), we write down what must be proved (that m |m),
we apply the definition (so we must find an integer ¢ for which m = ¢m), and we
then write down how to accomplish our goal (which is one step in this simple proof
—let g=1).

We will continue this discussion in Section 5.3.7.

The proof of Theorem 5.1 also illustrates a method:

5.1.2 Method: Universal Generalization

To prove a statement of the form “Every x with property P has property
Q7 begin by assuming you have an x with property P and prove without
assuming anything special about x (other than its given properties) that
it has property Q.

5.1.3 Example Theorem 5.1 asked us to prove that every integer divides itself.
Property P is that of being an integer and property @ is that of dividing itself.
So we began the proof by assuming m is an integer. (Note that we chose a name,
m, for the integer. Sometimes the theorem to be proved gives you a name; see
for example Theorem 5.4 on page 8.) The proof then proceeds without assuming
anything special about m. It would have been wrong, for example, to say something
like “Assume m = 5" because then you would have proved the theorem only for 5.

5.2 Theorem
FEvery integer divides 0.

Proof Let m be an integer (Method 5.1.2!). By Definition 4.1, we must find an
integer ¢ for which 0 =¢m. By first grade arithmetic, we can use ¢ =0.

5.2.1 Remark Theorem 5.2 may have surprised you. You can even find texts in
which the integer ¢ in the definition of division is required to be unique. For those
texts, it is false that every integer divides 0.

This illustrates two important points:

a) The definition of a mathematical concept determines the truth of every state-
ment about that concept. Your intuition and experience don’t count in deter-
mining the mathematical truth of a statement. Of course they do count in
being able to do mathematics effectively!



b) There is no agency that standardizes mathematical terminology. (There are
such agencies for physics and chemistry.)

5.3 Theorem
1 divides every integer.

Proof Let m be any integer. By Definition 4.1, we must find an integer ¢ for
which m =¢-1. By first grade arithmetic, we can use ¢ =m.

5.3.1 Exercise Prove that if m|n and a and b are nonnegative integers such
that a < b, then m®|n’.

5.3.2 Worked Exercise Prove that 42 is a factor of itself.
Proof Theorem 5.1 says that every integer is a factor of itself. Since 42 is an
integer, it is a factor of itself.

This worked exercise uses another proof method:

5.3.3 Method: Universal Instantiation

If a theorem says that a certain statement is true of every object of a
certain type, and c¢ is an object of that type, then the statement is true
of c.

5.3.4 Example In Example 5.3.2, the theorem was Theorem 5.1, the type of
object was “integer”, and ¢ was 42.

5.3.5 Remark Make sure you understand the difference between Method 5.1.2
and Method 5.3.3.

5.3.6 Worked Exercise Prove that 0 is even.
Answer Bu definition of even, we must show that 2|0. By Theorem 5.15.2, every
integer divides 0. Hence 2 divides 0 (Method 5.3.3).

5.3.7 How to write a proof (2) Worked Exercise 5.3.8 below illustrates a more
complicated proof. In writing a proof you should normally include all these steps:
PS.1 Write down what is given, and translate it according to the definitions of the
terms involved in the statement of what is given. This translation may involve
naming some of the mathematical objects mentioned in the statement to be
proved.
PS.2 Write down what is to be proved, and translate it according to the definitions
of the terms involved.
PS.3 Carry out some reasoning that, beginning with what is given, deduces what is
to be proved.
The third step can be quite long. In some very simple proofs, steps PS-1 and PS-2
may be trivial. For example, Theorem 5.3 is a statement about every integer. So for
step PS-1, one merely names an arbitrary integer: “Let m be any integer.” Even,
here, however, we have named what we will be talking about.
Another very important aspect of proofs is that the logical status of every state-
ment should be clear. Each statement is either:

divide 4
factor 5
integer 3
proof 4
theorem 2



divide 4

integer 3

nonnegative integer 3

positive integer 3

proof 4

theorem 2

universal instantia-
tion 7

usage 2

a) Given by the hypothesis of the theorem.

b) A statement of what one would like to prove (a goal). Complicated proofs will
have intermediate goals on the way to the final goal.

c) A statement that has been deduced from preceding known statements. For
each of these, a reason must be given, for example “Universal Instantiation”
or “high school algebra”.

5.3.8 Worked Exercise Prove that any two nonnegative integers which divide
each other are the same.
Answer First, we follow PS-1 and write down what we are given and translate it
according to the definition of the words involved (“divides” in this case): Assume
we are given integers m and n. Suppose m|n and n|m. By Definition 4.1, the
first statement means that for some ¢, n = ¢m. The second statement means that
for some ¢, m = ¢'n. Now we have written and translated what we are given.
PS-2: We must prove that m =mn. (This translates the phrase “are the same”
using the names we have given the integers.)
PS-3: We put these statements that we have assumed together by simple algebra:
m = q¢'n=q'qgm. Now we have two cases: either m =0 or m # 0.

a) If m=0, then n=gm=¢x0=0,s0 m=n.

b) If m # 0, then also n # 0, since m = ¢'n. Then the fact that m = ¢'n =¢'gm
means that we can cancel the m (because it is nonzero!) to get ¢¢’ = 1. This
means either g=¢' =1,s0 m=n,or ¢=¢ = —1, so m = —n. But the latter
case is impossible since m and n are both positive. So the only possibility
that is left is that m =n.

We give another illustration of writing a proof by rewriting what is given and what
is to be proved using the definitions by proving this proposition:

5.4 Theorem
For all integers k, m and n, if k|m and k|n then k|m+n.

Proof What we are given is that k|m and k|n. If we rewrite these statements
using Definition 4.1, we get that there are integers ¢ and ¢’ for which m = ¢k and
n=q'k. What we want to show, rewritten using the definition, is that there is an
integer ¢” for which m +n = ¢"k. Putting the hypotheses together gives

m+n=qgk+q¢dk=(q+q)k
so we can set ¢ =g+ ¢ to prove the theorem.

5.4.1 Usage In the preceding paragraph, I follow common mathematical practice
in putting primes on a variable like ¢ or r in order to indicate another variable ¢
of the same type. This prime has nothing to do with the concept of derivative used
in the calculus.



5.4.2 Existential Bigamy In the proof of Theorem 5.4, we were given that k|m
and k|n. By using the definition of division, we concluded that there are integers
g and ¢ for which m = gk and n = ¢'k. It is a common mistake called existential
bigamy to conclude that there is one integer g for which m = gk and n = q¢k.

Consider that the phrase “Thurza is married” by definition means that there is
a person P to whom Thurza is married. If you made the mistake just described
you would assume that if Amy and Thurza were both married, then they would be
married to the same person. That is why it is called “existential bigamy”.

Mrs. Thurza Golightly White was the author’s great great grandmother, and Mrs. Amy
Golightly Walker was her sister. They were very definitely married to different people.

5.5 Exercise set

In problems 5.5.1 through 5.5.5, you are asked to prove certain statements about
integers and division. Your proofs should involve only integers — no fractions should
appear. This will help insure that your proof is based on the definition of division
and not on facts about division you learned in high school. As I mentioned before,
you may use algebraic facts you learned in high school, such as that fact that for
any integers, a(b+c) =ab+ac.

5.5.1 Exercise Prove that 37|333. (Answer on page 243.)

5.5.2 Exercise Prove that if n > 0, then any nonnegative integer less than n
which is divisible by n must be 0. (Answer on page 243.)

5.5.3 Exercise Prove that if k is an integer which every integer divides, then
k=0.

5.5.4 Exercise Prove that if k is an integer which divides every integer, then
k=1or k=-1.

5.5.5 Exercise Prove that if k| m and m|n then k|n.

5.6 Factors in Mathematica
The DmFuncs package contains the function DividesQ[k,n]. It returns True
if k|n and False otherwise. For example, DividesQ[3,12] returns True but
DividesQ[5,12] returns False.

You can get a list of all the positive factors of n by typing AllFactors[n].
Thus AllFactors[12] returns {1,2,3,4,6,12}. As always, lists in Mathematica
are enclosed in braces.

5.6.1 Remark AllFactors returns only the positive factors of an integer. In this
text, however, the phrase “all factors” includes all the positive and all the negative
factors.

divide 4

division 4
existential bigamy 9
factor 5

integer 3
nonnegative integer 3



composite integer 10
composite 10, 140
definition 4

even 5

factor 5

integer 3

odd 5

positive integer 3
prime 10

10

6. Primes

Prime numbers are those, roughly speaking, which don’t have nontrivial factors.
Here is the formal definition:

6.1 Definition: prime number

A positive integer n is a prime if and only if it is greater than 1 and
its only positive factors are 1 and n. Numbers bigger than 1 which are
not primes are called composite numbers.

6.1.1 Example The first few primes are 2,3,5,7,11,13,17,....
6.1.2 Example 0 and 1 are not primes.

6.1.3 Worked Exercise Let k be a positive integer. Prove that 4k + 2 is not a
prime.

Answer 4k+2=2(2k+1) Thus it has factors 1, 2, 2k+1 and 4k+2. We know
that 2 # 4k +2 because k is positive. Therefore 4k + 2 has other positive factors
besides 1 and 4k + 2, so 4k + 2 is not prime.

6.1.4 Exercise Prove that any even number bigger than 2 is composite.

6.1.5 Exercise Which of these integers are prime and which are composite? Fac-
tor the composite ones: 91, 98, 108, 111. (Answer on page 243.)

6.1.6 Exercise Which of these integers are prime and which are composite? Fac-
tor the composite ones: 1111, 5567, 5569.

6.1.7 Exercise Prove that the sum of two odd primes cannot be a prime.

6.2 Primes in Mathematica
The command PrimeQ determines if an integer is prime (it is guaranteed to work for
n < 2.5 X 1010). Thus PrimeQ[41] will return True and PrimeQ[111] will return
False.

The command Prime[n] gives the nth prime in order. For example, Prime [1]
gives 2, Prime [2] gives 3, and Prime [100] gives 541.

6.2.1 Exercise (Mathematica) Find all the factors of your student number.
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7. Rational numbers definition 4
divide 4
7.1 Definition: rational number divisor 5
A rational number is a number representable as a fraction m/n, where ,faCt 1
m and n are integers and n # 0. integer 3
lowest terms 11
proof 4

7.1.1 Example The numbers 3/4 and —11/5 are rational. 6 is rational because
6 =6/1. And .33 is rational because .33 = 33/100.

rational number 11
rational 11
representation 15
theorem 2

7.2 Theorem
Any integer is rational.

Proof The integer n is the same as the fraction n/1.

7.2.1 Remark The representation of a rational number as a fraction is not unique.

For example,
3 6 -9

4 8 —12

7.2.2 Fact Two representations m/n and r/s give the same rational number if
and only if ms=mnr.

7.3 Definition: lowest terms
Let m/n be the representation of a rational number with m # 0 and

n > 0. The representation is in lowest terms if there is no integer
d > 1 for which d|m and d|n.

7.3.1 Example 3/4 is in lowest terms but 6/8 is not, because 6 and 8 have 2 as
a common divisor.

7.3.2 Exercise Is 13—171 in lowest terms?

7.4 Theorem
The representation in lowest terms described in Definition 7.3 exists for
every rational number and is unique.

Proof Left for you to do (Problems 64.2.5 and 63.4.1).

7.4.1 Warning You can’t ask if a rational number is in lowest terms, only if its
representation as a fraction of integers is in lowest terms.

7.5 Operations on rational numbers
Rational numbers are added, multiplied, and divided according to the familiar rules
for operating with fractions. Thus for rational numbers a/b and ¢/d, we have

¢ ac 4 2.¢ ad + be
—=— and —+-=

d bd b d bd
7.5.1 Exercise If a/b and c/d are representations of rational numbers in lowest
terms, must their sum (ad+ bc)/bd and their product ac/bd be in lowest terms?

(Answer on page 243.)

% X (7.1)
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8. Real numbers

8.1 Specification: real number

A real number is a number which can be represented as a directed
distance on a straight line. A real number r is positive if » >0 and
negative if r < 0.

8.1.1 Remark Specification 8.1 is informal, but it’s all you are going to get, since
a formal definition is quite involved.

8.1.2 Example Any integer or rational number is a real number, and so are num-
bers such as 7 and /2. We will see a proof in Section 86 that V2 is not rational,
which shows that there are real numbers that are not rational.

8.1.3 Usage The symbol /4 denotes 2. It does not denote —2. In general, for
a positive real number x, the notation /z denotes the positive square root of x,
which is precisely the unique positive real number r with the property that r% = z.
The unique negative number s such that s?> =z is denoted by —+/z.

This usage may conflict with usage you saw in high school, but it is standard in
college-level and higher mathematics.

8.1.4 Exercise For what real numbers z is it true that \/(—z)? =27

8.2 Infinity

In calculus you may have used the symbols co and —oo in connection with limits.
By convention, oo is bigger than any real number and —oco is less than any real
number. However, they are not themselves real numbers. There is no largest real
number and there is no smallest real number.

9. Decimal representation of real numbers

A real number always has a decimal representation, possibly with an unending
sequence of digits in the representation. For example, as you know, the first few
decimal places of m are 3.14159.... As a general rule, you don’t expect to know the
exact value of a real number, but only an approximation to it by knowing its first
few decimal places. Note that 22/7 is not w, although it is close to it.

9.1.1 Usage The decimal representation is also called the decimal expansion.

9.1.2 Approximations Mathematicians on the one hand and scientists and engi-
neers on the other tend to treat expressions such as “3.14159” in two different ways.
The mathematician will think of it as a precisely given number, namely %gégg, SO
in particular it represents a rational number. The scientist or engineer will treat it
as the known part of the decimal representation of a real number. From their point

of view, one knows 3.14159 to six significant figures. This book always takes the

mathematician’s point of view.
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Mathematicians referring to an approximation may use an ellipsis (three dots),
as in “m is approximately 3.14159...7.

The decimal representations of two different real numbers must be different. How-
ever, two different decimal representations can, in certain circumstances, represent
the same real number. This is specified precisely by the following rule:

9.2 Theorem

If m =dy.dideds... and n=eq.e1eses..., where all the d; and e; are
decimal digits, and for some integer k > 0 the following four statements
are all correct, then m=n:

DR.1 d;=¢; for 0<i<k;

DR.2 dy=ep+1;

DR.3 d; =0 for all i > k; and

DR.4 ;=9 forall i > k.

Moreover, if the decimal representations of m and n are not identical but
do not follow this pattern for some k, then m #n.

9.2.1 Usage We use a line over a string of digits to indicate that they are repeated
infinitely often.

9.2.2 Example 4.9=05 (here k=0 in Theorem 9.2) and 1.459 = 1.46 (here k =
2).

9.2.3 Remarks

a) As it stands, Theorem 9.2 applies only to real numbers between 0 and 10,
but that was only to avoid cumbersome notation. By multiplying or dividing
by the appropriate power of 10, you can apply it to any real number. For
example, 499.9 = 500, since Theorem 9.2 applies to those numbers divided by
100.

b) The proofs of Theorems 9.2 and 10.1 (below) are based on the theory of
geometric series (and are easy if you are familiar with that subject) but that
belongs to continuous mathematics rather than discrete mathematics and will
not be pursued here.

9.2.4 Exercise Which of these pairs of real numbers are equal?

a) 1.414, V2.

b) 473,472.999.

c) 4.09, 4.1.
(Answer on page 243.)

9.2.5 Exercise Which of these pairs of real numbers are equal?
a) 53.9, 53.0.
b) 39/13, 2.9.
c) 5698/11259 and .506084.

decimal 12, 93
digit 93
integer 3

real number 12
string 93, 167
theorem 2
usage 2
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9.2.6 Exercise If possible, give two different decimal representations of each num-
ber. If not possible, explain why not.
25
a) 2.
P)
b) 7.
c) 105.3.

(O]

10. Decimal representation of rational numbers

The decimal representation of a rational number m/n is obtainable by dividing n
into m using long division. Thus 9/5=1.8 and 1/3=0.333...

A decimal representation which is all 0’s after a certain point has to be the
decimal representation of a rational number. For example, 1.853 is the rational
number 1853/103. On the other hand, the example of 1/3 shows that the decimal
representation of a rational number can go on forever.

The following fact is useful: If the decimal representation of a number n starts
repeating in blocks after a certain point, then n is rational. For example, 1/7 =
0.142857 with the block 142857 repeated forever.

The following theorem says exactly which rational number is represented by a
decimal representation with a repeating block of consecutive digits:

10.1 Theorem
If n=0.bbb..., where b is a block of k consecutive digits, then n =
b/(10F —1).

10.1.1 Example 0.13 is 13/99. As another example, the theorem says that 0.3
is 3/9, which of course is correct.

10.1.2 Exercise Give the exact rational value in lowest terms of 5.1, 4.36, and
4.136. (Answer on page 243.)

10.1.3 Remark Theorem 10.1 says that if the decimal representation of a real
number repeats in blocks then the number is rational, and moreover it tells you how
to calculate it. Actually, the reverse is true, too: the decimal representation of a
rational number must repeat in blocks after a certain point.

You can see why this is true by thinking about the process of long division:
Suppose you have gone far enough that you have used up all the digits in the
dividend (so all further digits are zero). Then, if you get a certain remainder in the
quotient twice, the process necessarily repeats the second time what it did the first
time.
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10.2 Representations in general

It is important to distinguish between a mathematical object such as a number and
its representation, for example its decimal representation or (in the case of a rational
number) its representation as a fraction of integers. Thus 9/5, 27/15 and 1.8 all
represent the same number which is in fact a rational number. We will return to
this idea several times, for example in Section 17.1.3 and in Section 66.8.

10.3 Types of numbers in Mathematica
Mathematica knows about integers, rational numbers and real numbers. It treats a
number with no decimal point as an integer, and an explicit fraction, for example
6/14, as a rational number. If the number has a decimal point, it is always regarded
as real number.

IntegerQ[n] returns True if n is represented as an integer in the sense just
described. Thus IntegerQ[3] returns True, but IntegerQ[3.0] returns False.

Mathematica will store a number given as the fraction of two integers as a ratio-
nal number in lowest terms. For example, if you type 6/14, you will get 3/7 as the
answer. It will return the sum, product, difference and quotient of rational numbers
as rational numbers, too. Try typing 3/7+5/6 or (3/7)/(5/6), for example.

The function that gives you the decimal representation of a number is N. For
example, N[3/7] gives 0.4285714285714286. You may give a second input to N
that gives the number of decimal digits that you want. Thus N[3/7,20] gives

0.42857142857142857143

You can invoke N by typing //N after an expression, too. For example, instead
of typing N[3/7+5/4], you can type 3/7 + 5/4 //N.

11. Propositions
Sentences in English can express emotion, state facts, ask questions, and so on. A

sentence in a computer language may state a fact or give a command. In this section
we are concerned with sentences that are either true or false.

11.1 Specification: proposition
A proposition is a statement which is either true or false.

11.1.1 Example Let P be the proposition “4 > 2” and @ the proposition “25 <
—27. Both statements are meaningful; P is true and @ is false.

11.1.2 Example In Example 3.1.2, page 4, we showed that 0 is not positive by
using the definition of positive to see that 0 is positive if the proposition 0 > 0 is
true. Since it is not true, 0 is not positive.

11.1.3 Example The statement x > 4 is not a proposition, since we don’t know
what z is. It is an example of a predicate.

11.1.4 Usage In many textbooks on logic a proposition is called a sentence.

decimal 12, 93
digit 93
integer 3
lowest terms 11
positive integer 3
predicate 16
proposition 15
rational 11
real number 12
specification 2
usage 2
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11.1.5 Remark Textbooks on logic define propositions (and predicates, the sub-
ject of the next chapter) rather than merely specifying them as we have done. The
definition is usually by an recursive process and can be fairly complicated. In order
to prove theorems about logic, it is necessary to do this. This text explains some of
the basic ideas about logic but does not prove theorems in logic.

11.2 Propositions in Mathematica
A statement such as 2 < 3 is a proposition in Mathematica; if you type it in, it will

return True. The symbol for equals is == rather than “=", so for example 2 ==
returns False.

12. Predicates

12.1 Specification: predicate

A predicate is a meaningful statement containing variables that
becomes true or false when appropriate values are substituted for the
variables. The proposition obtained by substituting values for each of
the variables in a predicate is called an instance of the predicate.

12.1.1 Usage In other texts, a predicate may be called a “formula” or an “open
sentence”.

12.1.2 Example If x is a variable of type integer, the statement “25 <z” is
a predicate. If you substitute an integer for z, the statement becomes true or
false depending on the integer. If you substitute 44 for = you get the proposition
“25 < 44”7 which is true; if you substitute 5 for x, you get the proposition “25 <57,
which is false.

12.1.3 Usage We will regard a proposition as a predicate with no variables. In
other words, every proposition is a predicate.

12.1.4 Algebraic expressions and predicates An algebraic expression is
an arrangement of symbols such as

6
a2t — = +4y (12.1)
X

It consists of variables (x and y in this case) and operation symbols. The expression
must be correctly formed according to the rules of algebra.

A predicate is analogous to an algebraic expression, except that it also con-
tains symbols such as “<” and “=" (called relational symbols) that make the
expression denote a statement instead of a number.

12.1.5 Example The expression
5 6
- —+4dy>c+y (12.2)
x

is a predicate.
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12.2 Substitution
When numbers are substituted for the variables in an algebraic expression, the result
is a number.

12.2.1 Example Setting x =2 and y =3 in the expression (12.1) gives the num-
ber 13.

On the other hand, if data of the correct type are substituted into a predicate
the result is not a number but a statement which is true or false, in other words a
proposition.

12.2.2 Example If you substitute =3 into the predicate x? <4 you get the
proposition 9 < 4, which is false. The substitution x =1 gives 1 < 4, which is true.

12.2.3 Example Substituting x =2 and y = 3 into the expression (12.2) gives
the proposition 13 > 5, which is true.

12.2.4 Exercise Find a pair of numbers x and y that when substituted in 12.2
give a false statement.

12.2.5 Example Expressions can be substituted into other expressions as well.
For example one can substitute xy for = in the expression (12.2) to get

6
2’y — — 44y >ay+y
Ty

In doing such substitution you must take into account the rules concerning how
algebra is written; for example to substitute x+y for  and y+ z for y in (12.1)
you must judiciously add parentheses:

6

2

T4y’ ———+4dy+z)>r+y+ty+z

(z+y) P (y+2) y+y

And the laws of algebra sometimes disallow a substitution; for example you cannot
substitute 0 for x in 12.2.

12.2.6 Exercise Write the result of substituting = for both z and for y in 12.2.
(Answer on page 243.)

12.3 Types

In this book, variables are normally assumed to be of a particular type; for example
the variable x mentioned in Example 12.1.2 is of type integer. We do not always
specify the type of variables; in that case, you can assume that the variable can
be replaced by any data that makes the predicate make sense. For example, in the
predicate z <25, x can be any number for which “<” makes sense — thus any
real number number, but not a complex number. This informal practice would have
to be tightened up for a correct formal treatment of predicates; the intent here is
to provide an informal introduction to the subject in which predicates are used the
way they are normally used in common mathematical practice.

integer 3
predicate 16
proposition 15
real number 12
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12.3.1 Usage A real variable is a variable of type real. An integer variable is
a variable of type integer. Don’t forget that both integer variables and real variables
are allowed to have negative values.

12.3.2 Worked Exercise Let x be a variable of type real. Find a value of x
that makes the statement “xz > 1 and x < 2” true, and another that makes it false.
Do the same for the case that x is an integer variable.
Answer Any real number between 1 and 2 makes “x >1 and x < 2” true, for
example x = % or £ =+/2. The values 2 =0, =1, x =—1, and = =42 all make
it false.

No integer value of x makes the statement true; it is false for every integer.

12.4 Exercise set

Let m be an integer variable. For each predicate in problems 12.4.1 through 12.4.5,
give (if it is possible) a value of m for which it is true and another value for which
it is false.

12.4.1 m|4. (Answer on page 243.)
12.4.2 m=m. (Answer on page 243.)
12.4.3 m=m+1.

12.4.4 m=2m.

12.4.5 mZ=m.

12.5 Naming predicates

We will name predicates with letters in much the same way that we use letters to
denote numbers in algebra. It is allowed, but not required, to show the variable(s)
in parentheses. For example, we can say: let P(z) denote the predicate “25 < z”.
Then P(42) would denote the proposition “25 < 42”, which is true; but P(—2)
would be false. P(42) is obtained from P(x) by substitution.

We can also say, “Let P denote the predicate 25 < x” without the x being
exhibited. This is useful when we want to refer to an arbitrary predicate without
specifying how many variables it has.

Predicates can have more than one variable. For example, let Q(z,y) be “z <
y”. Then Q(25,42) denotes the proposition obtained by substituting 25 for x and
42 for y. Q(25,42) is true; on the other hand, Q(25,—2) is false, and Q(25,y) is a
predicate, neither true nor false.

12.5.1 Worked Exercise Let m and n be integer variables. Let P(n) denote the
predicate n < 42 and Q(m,n) the predicate n | (m+mn). Which of these predicates
is true when 42 is substituted for m and 4 is substituted for n?

Answer P(4) is 4 <42, which is true, and Q(42,4) is 4|46, which is false.
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12.5.2 Exercise If Q(x) is the predicate 72 < 4, what are Q(—1) and Q(z —1)?
(Answer on page 243.)

12.5.3 Exercise Let P(z,y,z) be the predicate zy < x +z+ 1. Write out each
of these predicates.
a) P(1,2,3).
b) P(1,3,2).
¢) P(z,z.9)
d) P(z,z4+y,y+2).
(Answer on page 243.)

12.5.4 Exercise Let P be the predicate of Exercise 12.5.3. Write out P(z,z,z)
and P(x,x — 1,2+ 1) and for each predicate give a value of z for which it is true
and another value for which it is false.

12.5.5 Warning You may have seen notation such as “ f(x)” to denote a function.
Thus if f(z) is the function whose value at z is 2z 45, then f(3)=11. We
will consider functions formally in Chapter 39. Here we only want to call your
attention to a difference between that notation and the notation for predicates: If
f(z)=2x+5, then “f(x)” is an expression. It is the name of something. On the
other hand, if P(x) denotes the predicate “25 <xz”, then P(x) is a statement — a
complete sentence with a subject and a verb. It makes sense to say, “If a =42, then
P(a)”, for that is equivalent to saying, “If a =42, then 25 <a”. It does not make
sense to say, “If a =42, then f(a)”, which would be “If a =42, then 2a+5". Of
course, it is meaningful to say “If a =42, then f(a)=89".

12.6 Predicates in Mathematica

A statement such as 2 < x is a predicate. If x has not been given a value, if you type
2 < x you will merely get 2 < x back, since Mathematica doesn’t know whether it
is true or false.

13. Universally true

13.1 Definition: universally true predicate
A predicate containing a variable of some type that is true for any value
of that type is called universally true.

13.1.1 Example If z is a real number variable, the predicate “x?—1 = (z+
1)(z —1)” is true for any real number z. In this example the variable of the defini-
tion is z, its type is “real”, and so any value of that type means any real number.
In particular, 42 is a real number so we know that 422 — 1= (42+1)(42—1)

13.1.2 Usage In some contexts, a universally true predicate is called a law. When
a universally true predicate involves equality, it is called an identity.

definition 4

law 19

predicate 16

real number 12

type (of a vari-
able) 17

universally true 19

usage 2
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13.1.3 Example The predicate “2? —1= (z+1)(z —1)” is an identity. An exam-
ple of a universally true predicate which is not an identity is “z+3 > z” (again, z
is real number).

13.1.4 Remark If P(x) is a predicate and ¢ is some particular value for = for
which P(c) is false, then P(z) is not universally true. For example, z >4 is not
universally true because 3 > 4 is false (in this case, ¢ =3). This is discussed further
in Chapter 75.

13.2 Definition: V

We will use the notation (Vz) to denote that the predicate following it
is true of all x of a given type.

13.2.1 Example (Vz)(z+3 > x) means that for every z, z+3 > x.

13.2.2 Worked Exercise Let = be a real variable. Which is true? (a) (Vz)(z >
). (b) (Va)(z > x). (¢) (Va)(z#0).

Answer (a) is false, (b) is true and (c) is false.

13.2.3 Remark In Exercise 13.2.2, it would be wrong to say that the answer to
(c) is “almost always true” or to put any other qualification on it. Any universal
statement is either true or false, period.

13.2.4 Example The statement “z £ 0” is true for x = 3 and false for x =0, but
the statement (Vx)(x #0) is just plain false.

13.2.5 Exercise Let x be a real variable. Which is true? (a) (Vz)(x #z). (b)
(V) (Vy)(z # ). (¢) (Vo) ((Vy)(z = y)).

13.2.6 Usage The symbol “V” is called a quantifier We take a more detailed
look at quantifiers in Chapter 75.

13.2.7 Exercise Which of these statements are true? n is an integer and = a
real number.

a) (Vn)(n+3>n).

b) (Vz)(x+3>x).

c) (Vn)(3n>n).

d) (Yn)(3n+1>n).

e) (Vx)(3z >x).
(Answer on page 243.)

)
)
)
)
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14. Logical Connectives

Predicates can be combined into compound predicates using combining words called
logical connectives. In this section, we consider “and”, “or” and “not”.

14.1 Definition: “and”
If P and @ are predicates, then PAQ (“P and Q7) is also a predicate,
and it is true precisely when both P and @) are true.

14.1.1 Worked Exercise Let n be an integer variable and let P(n) be the pred-
icate (n >3 and n is even). State whether P(2), P(6) and P(7) are true.
Answer P(2) is false, P(6) is true and P(7) is false.

14.1.2 Usage
a) A predicate of the form “PAQ” is called a conjunction.
b) Another notation for PAQ is “PQ”. In Mathematica, “P A Q” is written
P && Q.

14.2 Definition: “or”
Pv@Q (“P or @7) is a predicate which is true when at least one of P
and @ is true.

14.2.1 Usage
a) A compound predicate of the form PV @Q is called a disjunction.
b) Often “P+ Q7 is used for “PV Q”. In Mathematica, it is written P || Q.

14.2.2 Example If P is “4>2” and @ is “25 < —2”, then “P A Q" is false but
“PV Q7 is true.

14.2.3 Exercise For each predicate P(n) given, state whether these propositions
are true: P(2), P(6), P(7).

a) (n>3ornis even)

b) (n|6or6|n)

¢) n is prime or (n|6)
(Answer on page 243.)

14.2.4 Exercise For each predicate give (if possible) an integer n for which the
predicate is true and another integer for which it is false.

a) (n+1=n)V(n=>5).

b) (n>T7)V(n<4).

c) (n>T)AN(n<4).

d) (n<T)V(n>4).
(Answer on page 243.)

14.2.5 Exercise Which of the predicates in Problem 14.2.4 are universally true

for integers? (Answer on page 243.)
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14.3 Truth tables

The definitions of the symbols ‘A’ and ‘V’ can be summarized in truth tables:

P Q PAQ P Q PVQ
T T T T T T
T F F T F T
F T F F T T
F F F F F F

14.3.1 Remark As the table shows, the definition of ‘V’ requires that PV @) be
true if either or both of P and () are true; in other words, this is “or” in the sense
of “and/or”. This meaning of “or” is called “inclusive or”.

14.3.2 Usage In computer science, “1” is often used for “true” and “0” for
“false”.

14.4 Definition: “xor”

If P and @ are predicates, the compound predicate P XOR Q is true if
exactly one of P and @ is true.

14.4.1 Fact The truth table of XOR is

P Q PXORQ
T T F
T F T
F T T
F F F

14.4.2 Usage

a) XOR in Mathematica is Xor. P XOR @ may be written either P “Xor™ Q or
Xor[P,Q].

b) In mathematical writing, “or” normally denotes the inclusive or, so that a
statement like, “Either a number is bigger than 2 or it is smaller than 4”
is considered correct. The writer might take pity on the reader and add the
phrase, “or both”, but she is not obliged to.

14.4.3 Worked Exercise Which of the following sentences say the same thing?
In each sentence, n is an integer.

a) Either n is even or it is positive.

b) n is even or positive or both.

¢) n is both even and positive.
Answer (a) and (b) say the same thing. (c) is not true of 7, for example, but (a)
and (b) are true of 7.

14.5 Definition: “not”
The symbol ‘=P’ denotes the negation of the predicate P.

14.5.1 Example For real numbers = and y, —(x < y) means the same thing as
T>Y.
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14.5.2 Fact Negation has the very simple truth table divide 4
fact 1
P P integer 3
T F negation 22
F T predicate 16
truth table 22
14.5.3 Usage usage 2

a) Other notations for =P are P and ~ P.

b) The symbol in Mathematica for “not” is !, the exclamation point. —P is
written !P.

¢) The symbol ‘=’ always applies to the first predicate after it only. Thus in the
expression PV @, only P is negated. To negate the whole expression PV Q
you have to write “~(PVQ)”.

14.5.4 Warning Negating a predicate is not (usually) the same thing as stating
its opposite. If P is the statement “3 > 2”, then —P is “3 is not greater than 2”7,
rather than “3 < 2”. Of course, =P can be reworded as “3 <2”.

14.5.5 Example Writing the negation of a statement in English can be surpris-
ingly subtle. For example, consider the (false) statement that 2 divides every inte-
ger. The negation of this statement is true; one way of wording it is that there is
some integer which is not divisible by 2. In particular, the statement, “All integers
are not divisible by 2”7 is not the negation of the statement that 2 divides every
integer.

We will look at this sort of problem more closely in Section 77.

14.6 Truth Tables in Mathematica

The dmfuncs.m package has a command TruthTable that produces the truth table
of a given Mathematica logical expression. For example, if you define the expression

e=aé&& (b |l 'c)

then TruthTable[e] produces

a && (b || te)
T

ST T ST R [ RS [ Y
Mm99 MmmAa4ao
S I S R R R )
e T R (S R
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15. Rules of Inference

15.1 Definition: rule of inference
Let P, P>, ...P, and ) be predicates. An expression of the form

P,....P, I Q

is a rule of inference. Such a rule of inference is valid if whenever P,
P,... and P, are all true then ) must be true as well.

15.1.1 Example If you are in the middle of proving something and you discover
that P AQ is true, then you are entitled to conclude that (for example) P is true,
if that will help you proceed with your proof. Hence

PAQ | P (15.1)

is a valid rule of inference.

That is not true for ‘V’, for example: If PV @ is true, you know that at least
one of P and @) are true, but you don’t know which one. Thus the purported rule
of inference “PV Q | P” is invalid.

15.1.2 Usage The symbol ‘-’ is called the “turnstile”. In this context, it can be
read “yields”.

15.1.3 Example The basic rules of inference for “or” are
PR PvQ and QF PVQ (15.2)

These say that if you know P, you know PV @, and if you know @, you know
PvQ.

15.1.4 Example Another rule of inference for “and” is

PQ - PAQ (15.3)

15.1.5 Exercise Give at least two nontrivial rules of inference for XOR. The rules
should involve only propositional variables and XOR and other logical connectives.

15.1.6 Exercise Same instructions as for Exercise 15.1.5 for each of the connec-
tives defined by these truth tables:

P Q P+xQ P @Q PNANDQ P @ PNORQ

T T F T T F T T F

T F F T F T T F F

F T T F T T F T F

F F F F F T F F T
(a) (b) (c)
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15.2 Definitions and Theorems give rules of inference
What Method 3.1.1 (page 4) says informally can be stated more formally this way:
Every definition gives a rule of inference.

Similarly, any Theorem gives a rule of inference.

15.2.1 Example The rule of inference corresponding to Definition 4.1, page 4, is
that for m, n and ¢ integers,

m=qn - n|m

One point which is important in this example is that it must be clear in the rule
of inference what the types of the variables are. In this case, we required that the
variables be of type integer. Although 14 = (7/2) x 4, you cannot conclude that
4|14, because 7/2 is not an integer.

15.2.2 Worked Exercise State Theorem 5.4, page 8, as a rule of inference.
Answer k|m,k|n | kE|lm+n.

15.2.3 Exercise (discussion) What is the truth table for the English word
“but”?

16. Sets

The concept of set, introduced in the late nineteenth century by Georg Cantor, has
had such clarifying power that it occurs everywhere in mathematics. Informally, a
set is a collection of items. An example is the set of all integers, which is traditionally
denoted Z.

We give a formal specification for sets in 21.1.

16.1.1 Example Any data type determines a set — the set of all data of that
type. Thus there is a set of integers, a set of natural numbers, a set of letters of the
English alphabet, and so on.

16.1.2 Usage The items which constitute a set are called the elements or mem-
bers of the set.

16.2 Standard notations

The following notation for sets of numbers will be used throughout the book.
a) N is the set of all nonnegative integers

b) NT is the set of all positive integers.

c) 7Z is the set of all integers.

d) Q is the set of all rational numbers.

e) R is the set of all real numbers.

f) RT is the set of all nonnegative real numbers.

g) RTT is the set of all positive real numbers.

16.2.1 Usage Most authors adhere to the notation of the preceding table, but
some use N for Nt or I for Z.

divide 4

integer 3

natural number 3
nonnegative integer 3
positive integer 3
positive 3

rational 11

real number 12
rule of inference 24
truth table 22
usage 2
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16.3 Definition: “e&”
If x is a member of the set A, one writes “x € A”; if it is not a member
of A, “z ¢ A”.

16.3.1 Example 4€7Z, —5€Z, but 4/3¢Z.

16.4 Sets, types and quantifiers
When using the symbol V, as in Section 13.1, the type of the variable can be
exhibited explicitly with a colon followed by the name of a set, as is done in Pas-

cal and other computer languages. Thus to make it clear that x is an integer, one
could write (Vx:Z)P(z).

16.4.1 Worked Exercise Which of these statements is true?

a) (Vo:Z)x >0

b) (Va:N)xz >0
Answer Part (a) says that every integer is nonnegative. That is false; for example,
—3 is negative. On the other hand, part (b) is true.

17. List notation for sets

There are two common methods for defining sets: list notation, discussed here, and
setbuilder notation, discussed in the next chapter.

17.1 Definition: list notation

A set with a small number of members may be denoted by listing them
inside curly brackets.

17.1.1 Example The set {2,5,6} contains the numbers 2, 5 and 6 as elements,
and no others. So 2 € {2,5,6} but 7¢ {2,5,6}.

17.1.2 Remark
a) In list notation, the order in which the elements are given is irrelevant: {2,5,6}
and {5,2,6} are the same set.
b) Repetitions don’t matter, either: {2,5,6}, {2,2,5,6} and {2,5,5,5,6,6} are
all the same set. Note that {2,5,5,6,6} has three elements.

17.1.3 Remark The preceding remarks indicate that the symbols {2,5,6} and
{2,2,5,6} are different representations of the same set. We discussed different rep-
resentations of numbers in Section 10.2. Many mathematical objects have more
than one representation.
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17.1.4 Exercise How many elements does the set {1,1,2,2,3,1} have? (Answer
on page 243.)

17.2 Sets in Mathematica
In Mathematica, an expression such as

{2’2,5’6}

denotes a list rather than a set. (Lists are treated in detail in Chapter 109.) Both
order and repetition matter. In particular, {2,2,5,63} is not the same as {2,5,6}
and neither are the same as {2,6,57} .

A convenient way to list the first n integers is Table[k,{k,1,n}]. For example,
Table[k,{k,1,10}] returns {1,2,3,4,5,6,7,8,9,10%}.

17.3 Sets as elements of sets

A consequence of Specification 21.1 is that a set, being a “single entity”, can be
an element of another set. Furthermore, if it is, its elements are not necessarily
elements of that other set.

17.3.1 Example Let A= {{1,2},{3},2,6}. It has four elements, two of which
are sets.

Observe that 1€ {1,2} and {1,2} € A, but the number 1 is not an element
of A. The set {1,2} is distinct from its elements, so that even though one of its
elements is 1, the set {1,2} itself is not 1. On the other hand, 2 is an element
of A because it is explicitly listed as such.

17.3.2 Exercise Give an example of a set that has {1,2} as an element and 2 as
an element but which does not have 1 as an element.

18. Setbuilder notation

18.1 Definition: setbuilder notation

A set may be denoted by the expression {z | P(x)}, where P is a pred-
icate. This denotes the set of all elements of the type z for which the
predicate P(x) is true. Such notation is called setbuilder notation.
The predicate P is called the defining condition for the set, and the
set {z | P(x)} is called the extension of the predicate P.

18.1.1 Usage
a) Sometimes a colon is used instead of ‘|’ in the setbuilder notation.
b) The fact that one can define sets using setbuilder notation is called compre-
hension. See 18.1.11.

18.1.2 Example The set {n | nis an integer and 1 <n <6} denotes the set
{2,3,4,5}.

comprehension 27,
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18.1.3 Example Theset S={n | n is an integer and n is prime} is the set of all
primes.

18.1.4 Worked Exercise List the elements of these sets, where n is of type
integer.

a) {n|n?>=1}.

b) {n | ndivides 12}.

c) {n|1l<n<3}.
Answer a) {—1,1}. b) {1,2,3,4,6,12,—1,-2,-3,—4,—6,—12}. ¢) {2}.

18.1.5 Exercise How many elements do each of the following sets have? In each
case, x is real.

a’) {2717171} C) {JI’LE2—1:O}
b) {1,2,—-1,v4,|-1]} d) {z|22+1=0}
(Answer on page 243.)

18.1.6 Example The extension of the predicate
(xeZ)N(x <bB)A(x>2)
is the set {3,4}.

18.1.7 Example The extension of a predicate whose main verb is “equals” is what
one would normally call the solution set of the equation. Thus the extension of the
predicate 22 =4 is {-2,2}.

18.1.8 Exercise Write predicates whose extensions are the sets in exercise 18.1.5
(a) and (b). Use a real variable .

18.1.9 Exercise Give these sets in list notation, where n is of type integer.
a) {n|n>1andn<4}.
b) {n | n is a factor of 3}.

18.1.10 Usage In some texts, a predicate is defined to be what we have called its
extension here: in those texts, a predicate P(x) is a subset (see Chapter 31) of the
set of elements of type x. In such texts, “(z =2) V (x = —2)” would be regarded as
the same predicate as “z> =4".
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18.1.11 Method: Comprehension

Let P(x) be a predicate and let A= {x | P(z)}. Then if you know that
a € A, it is correct to conclude that P(a). Moreover, if P(a), then you
know that a € A.

18.1.12 Remark The Method of Comprehension means that the elements of
{z | P(z)} are exactly all those x that make P(z) true. If A={z | P(z)}, then
every x for which P(z) is an element of A, and nothing else is.

This means that in the answer to Worked Exercise 18.1.4, the only correct
answer to part (b) is {1,2,3,4,6,12,—1,—2,—3,—4,—6,—12}. For example, the
set {1,2,3,4,6,—3,—4,—6,—12} would not be a correct answer because it does not
include every integer that makes the statement “n divides 12” true (it does not
contain —2, for example).

18.1.13 Rules of inference for sets It follows that we have two rules of infer-
ence: If P(x) is a predicate, then for any item a of the same type as z,

Pla) - a€{z|Plx)} (18.1)
and
ae{z|P()} - Pla) (18.2)
18.1.14 Example The set
[={z|zisreal and 0 <z <1} (18.3)

which has among its elements 0, 1/4, ©/4, 1, and an infinite number of other
numbers. I is fairly standard notation for this set — it is called the unit interval.

18.1.15 Usage Notation such as “a <z <b” means a <z and x <b. So the
statement “0 <z <17 in the preceding example means “0 < z” and “x <1”. Note
that it follows from this that 5 <2z <3 means (5 <z)A (z <3) — there are no
numbers z satisfying that predicate. It does not means “(5 <z)V (z <3)”!

18.1.16 Exercise What is required to show that a ¢ {z | P(z)}? (Answer on
page 243.)

19. Variations on setbuilder notation

Frequently an expression is used left of the vertical line in setbuilder notation,
instead of a single variable.

19.1 Typing the variable
One can use an expression on the left side of setbuilder notation to indicate the type
of the variable.

infinite 174
integer 3
predicate 16
real number 12
rule of inference
setbuilder nota-
tion 27
set 25, 32
type (of a vari-
able) 17
unit interval 29
usage 2
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19.1.1 Example The unit interval I could be defined as
I={zeR|0<2 <1}

making it clear that it is a set of real numbers rather than, say rational numbers.

19.2 Other expressions on the left side

Other kinds of expressions occur before the vertical line in setbuilder notation as
well.

19.2.1 Example The set {n? | n €Z} consists of all the squares of integers; in
other words its elements are 0,1,4,9,16,....

19.2.2 Example Let A=1{1,3,6}. Then
{n—2|neA}={-1,1,4}

19.2.3 Remark The notation introduced in the preceding examples is another
way of putting an additional condition on elements of the set. Most such defini-
tions can be reworded by introducing an extra variable. For example, the set in
Example 19.2.1 could be rewritten as

n?|nezy={k| (k=n*>)A(neZ)}
and the set in Example 19.2.2 as
{n=2|neAf={m|(m=n—-2)A(ne€A)}

19.2.4 Warning Care must be taken in reading such expressions: for example,
the integer 9 is an element of the set {n? | n € Z An # 3}, because although 9 = 32,
it is also true that 9= (—3)2, and —3 is an integer not ruled out by the predicate
on the right side of the definition.

19.2.5 Exercise Which of these equations are true?
a) Rt ={2? | x € R}
b) N={2? | z € N}
c) R={z3|z€R}

(Answer on page 243.)

19.2.6 Exercise List the elements of these sets.
a) {n—1€Z|ndivides 12}
b) {n? € N | ndivides 12}
c) {n?€Z| ndivides 12}

(Answer on page 243.)

19.2.7 Exercise List the elements of these sets, where = and y oare of type real:

a) {e+yly=1-z}.
b) {3z |22 =1}.
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19.2.8 Exercise How many elements does the set closed interval 31
definition 4

1 11 .

{ﬁ |lz=~5,5,-2,2} open interval 31

v 22 real number 12

have? setbuilder nota-
tion 27
19.3 More about sets in Mathematica 31‘2;57232

The Table notation described in 17.2 can use the variations described in 19. For
example, Table[k~2,{k,1,5}] returns {1,4,9,16,25%}.

Defining a set by setbuilder notation in Mathematica is accomplished using the
command Select. Select[list,criterion] lists all the elements of the list that
meet the criterion. For example, Select[{2,5,6,7,8},PrimeQ] returns {2,5,7}.
The criterion must be a Mathematica command that returns True or False for each
element of the list. The criterion can be such a command you defined yourself; it
does not have to be built in.

19.3.1 Exercise (Mathematica) Explain the result you get when you type
Select[{2,4,Pi,5.0,6.0},IntegerQ]

in Mathematica.

20. Sets of real numbers

Now we use the setbuilder notation to define a notation for intervals of real numbers.

20.1 Definition: interval
An open interval

(a..b)={reR|a<z<b} (20.1)

for any specific real numbers a and b. A closed interval includes its
endpoints, so is of the form

[a..b)={zeR|a<x<b} (20.2)

20.1.1 Example The interval I defined in (18.3), page 29, is [0..1].

20.1.2 Usage The more common notation for these sets uses a comma instead of
two dots, but that causes confusion with the notation for ordered pair which will be
introduced later.

20.1.3 Exercise Which of these are the same set? z is real.
a) {0,1,—1} d) {z|2*= -z}
b) {z|z=-x} e) [-1..1]
c) {z|x3=2} ) (-1..1)

(Answer on page 243.)
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20.2 Bound and free variables

The variable in setbuilder notation, such as the z in Equation (18.3), is bound, in
the sense that you cannot substitute anything for it. The “dummy variable” x in
an integral such as f; f(z)dz is bound in the same sense. On the other hand, the
a and b in Equation (20.2) are free variables: by substituting real numbers for a
and b you get specific sets such as [0..2] or [—5..3]. Free variables which occur in
a definition in this way are also called parameters of the definition.

21. A specification for sets

We said that Method 18.1.11 “determines the set {z | P(x)} precisely.” Actually,
what the method does is explain how the notation determines the elements of the set
precisely. But that is the basic fact about sets: a set is determined by its elements.

Indeed, the following specification contains everything about what a set is that
you need to know (for the purposes of reading this book!).

21.1 Specification: set
A set is a single entity distinct from, but completely determined by, its
elements (if there are any).

21.1.1 Remarks
a) This is a specification, rather than a definition. It tells you the operative
properties of a set rather than giving a definition in terms of previously known
objects.

Thus a set is a single abstract thing (entity) like a number or a point, even
though it may have many elements. It is not the same thing as its elements,
although it is determined by them.

b) In most circumstances which arise in mathematics or computer science, a kind
of converse to Specification 21.1 holds: any collection of elements forms a set.
However, this is not true universally. (See Section 24.)

21.2 Consequences of the specification for sets

A consequence of Specification 21.1 is the observation in Section 17.1 that, in using
the list notation, the order in which you list the elements of a set is irrelevant.
Another consequence is the following method.

21.2.1 Method

For any sets A and B, A= B means that
a) Every element of A is an element of B and
b) Every element of B is an element of A.
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21.2.2 Example For x real,
fola?=1)={z | (@=1)V(@=—1))
We will prove this using Method 21.2.1. Let
A={z|2*=1} and B={z | (z=1)V(z=-1)}

Suppose # € A. Then 22 =1 by 18.2. Then 2? —1=0, so (z—1)(z+1) =0, so
x=1or z=—1. Hence x € B by 18.1. On the other hand, if x € B, then z =1
orx=—-1,s0 22=1,s0 v € A.

21.2.3 Remark The two statements, “z? =1” and “(z=1)V (z = —1)" are dif-
ferent statements which nevertheless say the same thing. On the other hand, the
descriptions {z | x> =1} and {x | (x =1)V (v = —1)} denote the same set; in other
words, the predicates “2? =17 and “(z =1)V (z = —1)” have the same extension.
This illustrates that the defining property for a particular set can be stated in var-
ious equivalent ways, but what the set is is determined precisely by its elements.

22. The empty set

22.1 Definition: empty set
The empty set is the unique set with no elements at all. It is denoted
{} or (more commonly) (.

22.1.1 Remark The existence and uniqueness of the empty set follows directly
from Specification 21.1.

22.1.2 Example {zcR|22<0}=0.

22.1.3 Example The interval notation “[a..b]” introduced in 20.1 defines the
empty set if a > b. For example, [3..2] =0.

22.1.4 Example Since the empty set is a set, it can be an element of another set.
Consider this: although “0” and “{}” both denote the empty set, {0} is not the
empty set; it is a set whose only element is the empty set.

22.1.5 Usage This symbol “f)” should not be confused with the Greek letter phi,
written ¢, nor with the way the number zero is sometimes written by older printing
terminals for computers.

22.1.6 Exercise Which of these sets is the empty set?
a) {0}.
b) {0,0}.
c) {x€Z|2?<0}.
d) {xe€Z]|2?=2}.
(Answer on page 243.)
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23. Singleton sets

23.1 Definition: singleton

A set containing exactly one element is called a singleton set.

23.1.1 Example {3} is the set whose only element is 3.
23.1.2 Example {0} is the set whose only element is the empty set.

23.1.3 Remark Because a set is distinct from its elements, a set with exactly one
element is not the same thing as the element. Thus {3} is a set, not a number,
whereas 3 is a number, not a set. Similarly, the President is not the same as the
Presidency, although the President is the only holder of that office.

23.1.4 Example [3..3] is a singleton set, but (3..3) is the empty set.

23.1.5 Exercise Which of these describe (i) the empty set (ii) a singleton?

a) {1,—-1} e) {reRt|z<1}
b) {reN|z<1} f) {z€R|22-1=0}
¢c) {xeR|22=0} g {reR|2®>+x=0}
d) {reR|2?<0}

(Answer on page 243.)

23.1.6 Exercise For each positive integer n, let D, be the set of positive divisors
of n.

a) For which integers n is D,, a singleton?

b) Which integers k are elements of D,, for every positive integer n?
(Answer on page 243.)

23.1.7 Exercise Simplify these descriptions of sets as much as possible, where n
is of type integer.

a) {n]l<n<2}.

b) {n | |n| <2}.

c) {n | for all integers m,n <m}.
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24. Russell’s Paradox

The setbuilder notation has a bug: for some predicates P(x), the notation
{z | P(x)} does not define a set. An example is the predicate “z is a set”. In
that case, if {x | = is a set} were a set, it would be the set of all sets. However,
there is no such thing as the set of all sets. This can be proved using the theory of
infinite cardinals, but will not be done here.

We now give another example of a definition {z | P(z)} which does not give a
set, and we will prove that it does not give a set. It is historically the first such
example and is due to Bertrand Russell. He took P(x) to be “x is a set and x is
not an element of itself.” This gives the expression “{z | = ¢ x}”.

We now prove that that expression does not denote a set. Suppose S =
{z | ¢ 2} is a set. There are two possibilities: (i) S € S. Then by definition
of S, S is not an element of itself, i.e., S ¢ S. (This follows from the rule of infer-
ence (18.1) on page 29.) (ii) S ¢ S. In this case, since S is not an element of S
and S is the set of all sets which are not elements of themselves, it follows from
Rule (18.1) that S € S. Both cases are impossible, so there is no such set as S.
This is an example of a proof by contradiction, which we will study in detail in
Section 86, page 125.

As a result of the phenomenon that the setbuilder notation can’t be depended on
to give a set, set theory as a mathematical science (as opposed to a useful language)
had to be developed on more abstract grounds instead of in the naive way described
in this book. The most widely-accepted approach is via Zermelo-Frankel set theory,
which unfortunately is complicated and not very natural in comparison with the
way mathematicians actually use sets.

Luckily, for most practitioners of mathematics or computer science, this diffi-
culty with the setbuilder notation does not usually arise. In most applications, the
notation “{x | P(z)}” has z varying over a specific type whose instances (unlike
the type “set”) are already known to constitute a set (e.g., x is real — the real num-
bers form a set). In that case, any meaningful predicate defines a set {z | P(z)} of
elements of that type.

For more about Russell’s Paradox, see [Wilder, 1965], starting on page 57.

24.0.8 Exercise (discussion) In considering Russell’s Paradox, perhaps you
tried unsuccessfully to think of a set which is an element of itself. In fact, most
axiomatizations of set theory rule out the possibility of a set being an element of
itself. Does doing this destroy Russell’s example? What does it say about the
collection of all sets?

25. Implication

In Chapter 14, we described certain operations such as “and” and “or” which com-
bine predicates to form compound predicates. There is another logical connective
which denotes the relationship between two predicates in a sentence of the form
“If P, then Q”, or “P implies Q7. Such a statement is called an implication.
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Implications are at the very heart of mathematical reasoning. Mathematical proofs
typically consist of chains of implications.

25.1 Definition: implication
For predicates P and @, the implication P = (@ is a predicate defined
by the truth table

P Q|P=Q
T T T
T F F
F T T
F F T

In the implication P = @, P is the hypothesis or antecedent and @
is the conclusion or consequent.

25.1.1 Example Implication is the logical connective used in translating state-
ments such as “If m >5 and 5 >n, then m > n” into logical notation. This state-
ment could be reworded as, “m >5 and 5 > n implies that m >n.” If we take

P(m,

n) to be “(m>5)A(5>n)” and Q(m,n) to be “m >n", then the statement

“If m>5 and 5>n, then m >n” is “P(m,n) = Q(m,n)”.

25.1.2 Usage The implication connective is also called the material condi-
tional, and P = (@ is also written P D ). An implication, that is, a sentence
of the form P = @), is also called a conditional sentence.

25.1.3 Remarks

2)

b)

Definition 25.1 gives a technical meaning to the word “implication”. It also
has a meaning in ordinary English. Don’t confuse the two. The technical
meaning makes the word “implication” the name of a type of statement.
Warning: The truth table for implication has surprising consequences which
can cause difficulties in reading technical articles. The first line of the truth
table says that if P and () are both true then P = @ is true. In Exam-
ple 25.1.1, we have “7 > 5 and 5> 3 implies 7 > 3” which you would surely
agree is true.

However, the first line of the truth table also means that other statements
such as “If 2> 1 then 3 x5=15" are true. You may find this odd, since the
fact that 3 x5 =15 doesn’t seem to have anything to do with the fact that
2> 1. Still, it fits with the truth table. Certainly you wouldn’t want the fact
that P and @ are both true to be grounds for P = (@) being false.

25.1.4 Exercise Which of these statements are true for all integers m?
a) m>7 = m>D5.
b) m>5=m>T7.
c) m*=4 = m=2.

(Answer on page 243.)
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26. Vacuous truth

The last two lines of the truth table for implication mean that if the hypothesis of
an implication is false, the implication is automatically true.

26.1 Definition: vacuously true
In the case that P = (@ is true because P is false, the implication
P = () is said to be vacuously true.

26.1.1 Remark The word “vacuous” refers to the fact that in that case the impli-
cation says nothing interesting about either the hypothesis or the conclusion. In
particular, the implication may be true, yet the conclusion may be false (because of
the last line of the truth table).

26.1.2 Example Both these statements are vacuously true:
a) If 4 is odd then 3 =3.
b) If 4 is odd then 3 # 3.

26.1.3 Remarks Although this situation may be disturbing when you first see it,
making either statement in Example 26.1.2 false would result in even more peculiar
situations. For example, if you made P = @ false when P and () are both false,
you would then have to say that the statement discussed previously,

“For any integers m and n, if m > 5 and 5 >n then m >n,”

is not always true (substitute 3 for m and 4 for n and you get both P and @
false). This would surely be an unsatisfactory state of affairs.

Most of the time in mathematical writing the implications which are actually
stated involve predicates containing variables, and the assertion is typically that the
implication is true for all instances of the predicates. Implications involving propo-
sitions occur only implicitly in the process of checking instances of the predicates.
That is why a statement such as, “If 3 >5 and 5 >4, then 3 > 4” seems awkward
and unfamiliar.

26.1.4 Example Vacuous truth can cause surprises in connection with certain
concepts which are defined by using implication. Let’s look at a made-up example
here: to say that a natural number n is fourtunate (the spelling is intentional)
means that if 2 divides n then 4 divides n. Thus clearly 4, 8, 12 are all fourtunate.
But so are 3 and 5. They are vacuously fourtunate!

26.1.5 Exercise For each implication, give (if possible) an integer n for which it
is true and another for which it is false.

a) (n>7) = (n<4) d) (n=1vn=3) = (nisodd)

b) (n>7) = (n>4) e (n=1An=3) = (nisodd)

¢c) (n>7)=m>9) ) (n=1vn=3) = n=3

(Answer on page 243.)

conclusion 36
definition 4
divide 4
fourtunate 37
hypothesis 36
implication 35, 36
integer 3

natural number 3
odd 5

predicate 16
proposition 15
truth table 22
vacuously true 37
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implication 35, 36 26.1.6 Exercise If possible, give examples of predicates P and () for which each
logical connective 21 of these is (i) true and (ii) false.
predicate 16 a) P= (P = Q)

b) @ = (P=Q)

c) (P=Q) = P

d) (P=Q) =Q

27. How implications are worded

Implication causes more trouble in reading mathematical prose than all the other
logical connectives put together. An implication may be worded in various ways; it
takes some practice to get used to understanding all of them as implications.
The five most common ways of wording P = @ are
WI.1 If P, then Q.
WI.2 P only if Q.
WI.3 P implies @.
WI.4 P is a sufficient condition for Q).
WIL5 @ is a necessary condition for P.

27.1.1 Example For all z€7Z,
a) If x> 3, then x> 2.
b) x> 3 only if z > 2.
c) = >3 implies x > 2.
d) That = > 3 is sufficient for = > 2.
e) That x > 2 is necessary for z > 3.
all mean the same thing.

27.1.2 Remarks

a) Watch out particularly for Example 27.1.1(b): it is easy to read this statement
backward when it occurs in the middle of a mathematical argument. Perhaps
the meaning of (b) can be clarified by expanding the wording to read: “x can
be greater than 3 only if x > 2.”

Note that sentences of the form “P only if ()7 about ordinary everyday
things generally do not mean the same thing as “If P then @”; that is because
in such situations there are considerations of time and causation that do not
come up with mathematical objects. Consider “If it rains, I will carry an
umbrella” and “It will rain only if I carry an umbrella”.

b) Grammatically, Example 27.1.1(c) is quite different from the first two. For
example, (a) is a statement about x, whereas (c) is a statement about state-
ments about x. However, the information they communicate is the same.
See 27.3 below.
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27.1.3 Exercise You have been given four cards each with an integer on one side
and a colored dot on the other. The cards are laid out on a table in such a way
that a 3, a 4, a red dot and a blue dot are showing. You are told that, if any of
the cards has an even integer on one side, it has a red dot on the other. What is
the smallest number of cards you must turn over to verify this claim? Which ones
should be turned over? Explain your answer.

27.2 Universally true implications

Implications which are universally true are sometimes stated using the word “every”
or “all”. For example, the implication, “If x > 3, then x > 2”, could be stated this
way: “Every integer greater than 3 is greater than 2” or “All integers greater than
3 are greater than 2”. You can recognize such a statement as an implication if what
comes after the word modified by “every” or “all” can be reworded as a predicate
(“greater than 3” in this case).

27.2.1 Exercise Which of the following sentences say the same thing?
a) If a real number is positive, it has a square root.

b) If a real number has a square root, it is positive.

¢) A real number is positive only if it has a square root.

d) Every positive real number has a square root.

e) For a real number to be positive, it is necessary that it have a square root.
f) For a real number to be positive, it is sufficient that it have a square root.

(Answer on page 243.)

27.2.2 Exercise Suppose you have been told that the statement P = (@ is false.
What do you know about P? About Q7

27.3 Implications and rules of inference

Suppose P and @ are any predicates. If P = @, then the rule of inference P |- @
is valid, and conversely if P |- @ is valid, then P = @ must be true. This is stated
formally as a theorem in texts on logic, but that requires that one give a formal
definition of what propositions and predicates are. We will take it as known here.

27.3.1 Example It is a familiar fact about real numbers that for all  and y,
(x>y) = (z>y—1). This can be stated as the rule of inference x >y |- x >y —1.

even 5
implication 35, 36
integer 3
positive real num-
ber 12
predicate 16
proposition 15
real number 12
rule of inference 24
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28. Modus Ponens

The truth table for implication may be summed up by saying:

An implication is true unless the hypothesis is
true and the conclusion is false.

This fits with the major use of implications in reasoning: if you know that the
implication is true and you know that its hypothesis is true, then you know its
conclusion is true. This fact is called “modus ponens”, and is the most important
rule of inference of all:

28.1 Definition: modus ponens
Modus ponens is the rule of inference

(P,P=Q) F Q
which is valid for all predicates P and Q.

(28.1)

28.1.1 Remark That modus ponens is valid is a consequence of the truth table
for implication (Definition 25.1). If P is true that means that one of the first two
lines of the truth table holds. If P = (@ is true, one of lines 1, 3 or 4 must hold.
The only possibility, then, is line 1, which says that @ is true.

28.2 Uses of modus ponens

A theorem (call it Theorem T) in a mathematical text generally takes the form of
an implication: “If [hypotheses Hy,...,Hy]| are true, then [conclusion].” It will then
typically be applied in the proof of some subsequent theorem using modus ponens.
In the application, the author will verify that the hypotheses Hy, ..., H, of Theorem
T are true, and then will be able to assert that the conclusion is true.

28.2.1 Example As a baby example of this, we prove that 3|6 using Theorem 5.1
and Theorem 5.4. By Theorem 5.1, 3|3. The hypotheses of Theorem 5.4 are that
k|m and k|n. Using kK =m =n =3 this becomes 3|3 and 3|3, which is true.
Therefore the conclusion 3|3+ 3 must be true by Theorem 5.4. Since 3+3 =6 we
have that 3|6.

29. Equivalence

29.1 Definition: equivalence

Two predicates P and @ are equivalent, written P < @, if for any
instance, both P and ) are true or else both P and @ are false. The
statement P < (Q is called an equivalence or a biconditional.
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29.1.1 Fact The truth table for equivalence is equivalent 40
P Q|PeqQ fact 1
implication 35, 36
T T T . .
logical connective 21
T F F or 21,22
F T F predicate 16
F F T theorem 2
- truth table 22
This is the same as (P = Q) A (Q = P). nsage 2

29.1.2 Usage The usual way of saying that P < @ is, “P if and only if Q”, or
“P is equivalent to ).” The notation “iff” is sometimes used as an abbreviation
for “if and only if”.

29.1.3 Example 2z > 3 if and only if both >3 and = # 3.

29.1.4 Warning The statement “P < Q7 does not say that P is true.

29.2 Theorem
Two expressions involving predicates and logical connectives are equiva-
lent if they have the same truth table.

29.2.1 Example P = () isequivalent to =PV @, as you can see by constructing
the truth tables. This can be understood as saying that P = @ is true if and only
if either P is false or @ is true.

29.2.2 Worked Exercise Construct a truth table that shows that (PVQ)AR
is equivalent to (PAR)V (QAR).

Answer
P @ R PVQ (PVQINR PAR QAR (PAR)V(QAR)
T T T T T T T T
T T F T F F F F
T F T T T T F T
T F F T F F F F
F T T T T F T T
F T F T F F F F
F F T F F F F F
F F F F F F F F

29.2.3 Exercise Construct truth tables showing that the following three state-
ments are equivalent:

a) P=Q

b) -PVQ

c) ~(PA-Q)

29.2.4 Exercise Write English sentences in the form of the three sentences in
Exercise 29.2.3 that are equivalent to

(x>2) = (v>2)
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implication 35, 36
rational 11

real number 12
theorem 2

truth table 22
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30. Statements related to an implication

30.1 Definition: converse
The converse of an implication P = @) is Q = P.

30.1.1 Example The converse of

If © >3, then = > 2
is

If ©>2, then x >3

The first is true for all real numbers z, whereas there are real numbers for which
the seconxd one is false: An implication does not say the same thing as its converse.
(If it’s a cow, it eats grass, but if it eats grass, it need not be a cow.)

30.1.2 Example In Chapter 10, we pointed out that if the decimal expansion of
a real number r is all 0’s after a certain point, then r is rational. The converse of
this statement is that if a real number 7 is rational, then its decimal expansion is all
0’s after a certain point. This is false, as the decimal expansion of r =1/3 shows.

The following Theorem says more about an implication and its converse:

30.2 Theorem
If P = Q and its converse are both true, then P < Q.

30.2.1 Exercise Prove Theorem 30.2 using truth tables and Theorem 29.2.

30.3 Definition: contrapositive

The contrapositive of an implication P = @ is the implication
—@Q = —P. (Note the reversal.)

30.3.1 Example The contrapositive of
If >3, then = > 2
is (after a little translation)
If £ <2, then <3
These two statements are equivalent. This is an instance of a general rule:
30.4 Theorem
An implication and its contrapositive are equivalent.
30.4.1 Exercise Prove Theorem 30.4 using truth tables.
30.4.2 Remark To say, “If it’s a cow, it eats grass,” is logically the same as

saying, “If it doesn’t eat grass, it isn’t a cow.” Of course, the emphasis is different,
but the two statements communicate the same facts. In other words,

(P = Q)& (-Q = —P)

Make sure you verify this by truth tables. The fact that a statement and its contra-
positive say the same thing causes many students an enormous amount of trouble
in reading mathematical proofs.
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30.4.3 Example Let’s look again at this (true) statement (see Section 10,
page 14):

If the decimal expansion of a real number r has all 0’s after a certain
point, it is rational.

The contrapositive of this statement is that if r is not rational, then its decimal
expansion does not have all 0’s after any point. In other words, no matter how
far out you go in the decimal expansion of a real number that is not rational,
you can find a nonzero entry further out. This statement is true because it is the
contrapositive of a true statement.

30.4.4 Remark Stating the contrapositive of a statement P = @ requires form-
ing the statement —() = =P, which requires negating each of the statements P
and (). The preceding example shows that this involves subtleties, some of which
we consider in Section 77.

30.4.5 Exercise Write the contrapositive and converse of “If 3|n then n is
prime”. Which is true? (Answer on page 243.)

30.4.6 Exercise Write the converse and the contrapositive of each statement in
Exercise 26.1.5 without using “—7”.

31. Subsets and inclusion
Every integer is a rational number (see Chapter 7). This means that the sets Z and

Q have a special relationship to each other: every element of Z is an element of Q.
This is the relationship captured by the following definition:

31.1 Definition: inclusion
For all sets A and B, ACB if and only if € A = x € B is true for
all .

31.1.1 Usage The statement A C B is read “A is included in B” or “A is a
subset of B”.

31.1.2 Example ZCQ, QCR and ICR.

Definition 31.1 gives an immediate rule of inference and a method:

31.1.3 Method
To show that A C B, prove that every element of A is an element of B.

31.1.4 Remark If P(x) is a predicate whose only variable is « and z is of type §
for some set S, then the extension of P(z), namely {z | P(x)}, is a subset of S.

Some useful consequences of Definition 31.1 are included in the following theo-
rem.

contrapositive 42
converse 42
decimal 12, 93
definition 4
divide 4
extension (of a
predicate) 27
implication 35, 36
include 43
integer 3
predicate 16
prime 10
rational 11
real number 12
rule of inference 24
set 25, 32
subset 43
theorem 2
type (of a vari-
able) 17
usage 2
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31.2 Theorem
a) For any set A, ACA.
b) For any set A, 0 C A.
c¢) For any sets A and B, A= B if and only if AC B and BC A.

Proof Using Definition 31.1, the statement A C A translates to the statement
r€A = zx €A, which is trivially true. The statement () C A is equivalent to the
statement z €() = € A, which is vacuously true for any = whatever (the hypoth-
esis is always false). We leave the third statement to you.

31.2.1 Exercise Prove part (c) of Theorem 31.2.

31.3 Definition: strict inclusion
If AC B but A# B then every element of A is in B but there is at
least one element of B not in A. This is symbolized by A G B, and is
read “A is properly included in B”.

31.3.1 Warning Don’t confuse the statement “A ¢, B” with “=(A C B)”: the
latter means that there is an element of A not in B.

31.3.2 Exercise Prove that for all sets A and B, (Ag B) = ~(BCA4).

31.4 Inclusion and elementhood
The statement “A C B” must be carefully distinguished from the statement “A €
B”.

31.4.1 Example Consider these sets:
A={1,2,3}
B=1{1,2,{1,2,3}}
C={1,2,3,{1,2,3}}

A and B have three elements each and C has four. A € B because A occurs in
the list which defines B. However, A is not included in B since 3 € A but 3 ¢ B.
On the other hand, A€ C and A C C both.

31.4.2 Exercise Answer each of (i) through (iii) for the sets X and Y as defined:
(i) XevY,
(i) X C Y and

i)
(iil) X
a) X= {13} Y={1,3,5}.
b) X={1,2}, Y={1,{1,2}}.
c) X={1,2}, Y={2,1,1}.
d) X={1,2,{1,3}}, Y={1,3,{1,2}}.

e) X={1,2{1,3}}, Y={1,{1,2},{1,3}}.
(Answer on page 243.)
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100 144 64 2s 1100100
111 157 6f 33 1101111
127 177 7f 3) 1111111
128 200 80 3k 10000000
69.3.1 (x 10)_(x 12). Of course, this is true
of all real numbers.
69.3.2 (x 10)_(x 12). Of course, this is the
same as sayingx  10.
71.2.5 Here are the truth tables:
P QP_Q:P :Q :P"xQ :(:P” Q)
TT T F F F T
TF T F T F T
FT T T F F T
F F F T T T F

The third and seventh columns are the same.
71.2.9

PQ:P:P_QP) Q:QP™ Q :(P" Q)
TT F T T F F T
TF F F F T T F
FT T T T F F T
FF T T T T F T
The fourth, fth and eighth columns are the
same.
74.2.1 Valid.
74.2.2 Valid.
74.2.3 Invalid.
74.2.7 Let P be 3>5 and Q be 4> 6. Then
P ) Q istrue because both hypothesis and conclu-

sion are false; on the other hand,Q is false. Since
the hypothesis of P ) Q) ) Q is therefore true
and the conclusion false, the statement is false.

75.3.4 a: True. Witness: 2. b: False. Coun-
terexample: 9. c¢: True. Witness: 2. d: False.
Counterexample: 3.

75.3.5 (a) True. (b) True. (c) True. (d) False;
a counterexample is given by takingP to be x> 7
and Q to be x< 7.

76.1.4 There are no counterexamples to
(8y)P(14;y) since it is the statement

(8y)((14=1y)_(14>5))
which is true because \14> 5" is true.

The number 3 and any number greater than 5
is a witness to Ox)P(x; 3).
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77.2.1 (a) means that for every real number the
statement (9y)(x >y ) is true. A witness for that
statement is x 1, so the statement is true. (b)
means that there is a real number greater than any
real number, which is false. (c) is true. Witness: Let
x = y =3. Then the statement becomes ((3> 3) )
(3=13)), which is (vacuously) true.

82.2.1 valid: direct method.

82.2.2 invalid: fallacy of a rming the hypothesis.
82.2.3 invalid: fallacy of denying the conse-
guence.

82.2.4 valid with false hypothesis.

82.2.5
guence.

invalid: fallacy of denying the conse-

85.1.3 This follows from Rule (85.1), page 124,
going from top to bottom. To use it, we must ver-
ify the two hypotheses of the rule with r = m qgn.
The rstis gn+r = gn+(m qgn)= m, as required.
The other, 0 r<n, is immediate. Therefore the
conclusion, part of which states that g= mdiv n,
must be true.

86.2.4 This is a proof by contradiction. Suppose
p>2 and p is not odd. Then p is even, so it is
divisible by 2. Therefore p is divisible by a num-
ber other that p and 1 (namely 2, which is not p
becausep > 2). This contradiction to the de nition
of prime (De nition 6.1, page 10) shows that the
claim is correct.

88.3.1 a b c
2 12 16 Impossible, since
GCD(12;16) = 4.
4 12 16 4=16 12
2 26 30 2=7 26 6 30.
4 26 30 4=14 26 12 30
2 26 30 2=6 30 7 26.
1 51 100 1=25 100 49 51.
88.3.3 If m and n are relatively prime, then

by Theorem 87.2 there are integersa® and b for
which a®m+ ®h =1. Then (a+ a%m+( b+ ’Yn =
am+ bn+ a%m+ B°h = e+ 1. Note: If you reasoned
as follows: \Becausea and b are relatively prime
and am+ bn= e, it follows that e=1 by Theo-
rem 87.2," then you are guilty of the fallacy of a rm-
ing the hypothesis (page 121).

89.1.7 The set of positive integers.
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90.1.5 F({2,3} ={5} and F({3}) is also {5}.

93.1.4 inj? surj? image

B
{2,3}
A

B

B
{3}

{TRUE, FALSE}
A

{4,5,6,7,8}
{TRUE, FALSE}

=0k o0 &0 T
NN NaP RSN NN N NN

ZzZzZzz~<~<~<22Z

KZ<<ZZ2Z2<2Z2<

.

93.1.5 inj? surj? image

a) Y Y R

b) Y Y R

N N {reR|r>1}

d N N {reR|r<2}

93.1.7 You must show that there are two differ-
ent elements a and o’ of A for which F(a) = F(a').
That is because the definition of injective is the
implication

o
-~

a#a = F(a)# F(d)

and the negation of that implication is the statement

~(F(a) # F(a'))

a#a A
in other words

a#ad NF(a)=F(a)

96.2.5

domain R R*
inj?  surj? inj? surj?
a) N N Y N
b) Y Y Y N
c) Y Y Y N

If the answers in the last column puzzle you, remem-
ber that the codomain of the restriction of a function
is the same as the codomain of the function.
97.1.3 a) Domain: {1,2,3,4,5}.

Graph: {(1,2),(2.5),(3,~1),(4,3),(5,6) }.

b) Domain: {1,2,3,4}.

Graph: {(1,7),(2,5), (3,7~ 1), (4,v2)}.

¢) Domain: {1,2,3}.

Graph: {(1,(3,5)),(2.(3,~7)),(3.(5,5)) }.

97.3.1 a) (5,5,3,17,—1).
¢) (1,4,9,16,25,36).

b) (2m,3m,4m, 57, 67).

98.2.6
a) GoF:{1,2,3,4} — {1,3,5,7,9},
(1), 27,33, 47}

graph

b) GoF:R—R, (GoF)(x) =2x3.

¢c) GeF:R—R, (GoF)(x) =8x3.

d) n—(n/2):N—=R.

e) (z,y)— (3,z):RxR—=RxR.
99.1.5 1—1,2—2, 3—2.
100.1.5

T /T

Rt —R*

2

id T
R+
2
xR%R
(a) T /T

101.2.3 Ounly (a) and (f) have inverses. For
(a) the inverse is F~1:{3,4,5,6} — {1,2,3,4} with
graph {<3,1>,<4,2>,<6,3>,<5,4>}. For (f) it is n
n—1:2—=17.

101.2.4 All except (¢) and (h) have left inverses.
(a), (f) and (h) have right inverses.

101.2.5 If L is a left inverse of G: A — B,
then for any z in the domain of G, L= Leoidg =
Lo(GoF)=(LoG)oF=idgoF=F.
101.5.3

a) x—+/T.

b) z—xz+1

c) x—>x/2.

d) This one is its own inverse.

102.1.3 >, , k*=55 and [[,_, k? = 14,400.



103.4.1 Basis: Z,lc:l m = 1. Induction step:

n+1 1 n 1

1
];k’(k’+l) - (n+1)(n+2) +Zk(k+1)

k=1
1
~ i Dm+2)
14+n(n+2)
(n+1)(n+2)
n?+2n+1
(n+1)(n+2)
(n+1)?
(n+1)(n+2)
n+1
n—+2

n+1

as required.

103.4.2 Induction step: If n is even,

n+1 n
S (-Dfk = —(n+1)+) (-DFk
k=1 k=1
n
= — 1 —
(n+1)+ 5
1
. —n—2
B 2
_ —(n +1+ 1)
B 2
as required, and if n is odd,
n+1 n
Y=k = (n+1)+) (-DFk
k=1 k=1
1
= n+1-— nt
. on+l
2

again as required.

104.4.1 Suppose d is a positive integer and d|p
and d|m. The only divisors of p are 1 and p. If
d=p, then p does not divide m. So the only possi-
bility is that d =1. Thus 1 is the largest divisor of
p and m, so GCD(p,m)=1.

104.4.2

105.1.3 1 2 3 4 5
a) -3 -6 -18 -T2 -360
b) 1 5 14 30 55
¢ 2 1 0 2 1
d 3 4 7 11 18
¢ 0 1 2 9 44
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105.2.1 1!'=1,and (n+1)! = (n+1)n! which by
the induction hypothesis is

(n+ DIk = TR
as required.

107.3.1 For n=1, thisis 12 —0=(—1)2. For the
induction step, suppose f2 — fn_1fns1 = (—1)"H1.
Then

ZJrl_fn(fn"’fn-&-l)
= 72L+1_f72z_fnfn+1
= [ = fafnrr— a1 faa
_f72z+fn—1fn+1

The first three terms are fro11(fntr1 — fr— fr-1),
which is 0 by definition of the Fibonacci recurrence.

By the induction hypothesis, the last two terms are
(=1)(=1)"t! = (=1)"*2 as required.

2
n+1 "~ fnfn+2

109.8.2 The last entry of (a) is a, and the last
entry of cons(a,L) is the last entry of L.

110.4.2 (a) ‘0111010". (b) ‘011’.
(d) A. (e) ‘011011011°. (f) ‘011011011,

110.4.3

EV.1 The empty string A is a string in F.

EV.2 If w is a string in F then ‘awa’, ‘awbd’, ‘bwa’
and ‘bwb’ are all strings in F.

EV.3 Every string in F is given by one of the pre-
ceding rules.

(c) ‘011",

112.4.2
a) UF=1{1,2,3,45}, N\F=0
b) UF=(-3..3), NF=(-1..1).
c) UF=(-1..3)—{1,2}, NF=0.

113.1.2 The set of positive divisors of 8 is
{1,2,4,8}. Let the bijection [ required by Defi-
nition 113.1 be defined by: ((1) =1, B(2) =2,
B(3)=4, and $(4) =8.

113.5.1 =z~ x4+ 1:N — N7 is a bijection.
114.2.3 9-10-10-10=9000.

114.2.4 9-10-10-10-5=45,000.
114.3.1
114.3.2 F(n)=3".

114.3.3 G(0)=0, G(1) =1, and for n>2,
G(n)=3""2,

2" —1.
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115.2.3 (a) 2" —1. (b) n. (c) 2",

116.2.3 Let Z the set of zinc pennies, B the set
of pennies minted before 1932, and A the set of pen-
nies that are neither zinc nor minted before 1932.
Let P be your whole collection. Then

[Pl = |Z]+|B|+|A[-[ZNB|-[ZNA|
—|ANB|+|ZNANB
Since
|ZNA|=|ANB|=|ANBNZ|=0
we have
|P|=3+8+|A|-[ZNB|

so you need to know the number of pennies that are
neither zinc nor minted before 1932 and the number
of zinc pennies minted before 1932. (In fact, all zinc
pennies were minted in 1943.)

117.1.13 All are partitions except (b) and (d).
Even though every element of S is an element of
exactly one set in (d), (d) is not a partition because
it contains the empty set as an element.

117.3.1 Let A={1,3,5} andlet II={A,Z— A}.
120.3.1 Every block of S/F must be a singleton.

120.4.1 Let F(1) = F(2) = F(xr) = 42 and
F(z) =41 for all other real numbers z.

) Br({1,3,5) =4 Br({4}) =

b) Br(4) =3.

c) Br({n})=mn for ne A.

d) Br({n}) =n? for n€ A. (Observe that for

¢) and (d), A/F is the same set.)

e) Br({1,2})=-5; Br({3}) =1; Br({4}) =
Br({5}) = 55.

6; Br({2}) =

—~

122.3.1 26'9.
126 1.3
{ (3,0, (3.0), (3,d)}
) 0
{ (3,

(3,d), (3.€), (4,¢), (4,d), (4,¢) } .

126.3.1 1R?3? 1R?3? 3R2%1?
a Y N N
b N N N
c Y Y N
d Y Y Y
127.2.1 “<”.

127.3.1 RxR-A:

bers are related.

any two different real num-

127.3.4 By Definition 127.1, we must show that
C.1 aUa? is symmetric.

C2 aCaUacP.

C.3 If v is symmetric and a C 7y, then aUa? C 7.

To prove C.1, suppose z(aUa®?)y. Then xay and
xalPy, so yaPr and y(aP)%x, that is, yax. So
y(aUaP)z. Hence aUaP is symmetric.

C.2 follows because for any sets S and T, S C
SUT. As for C.3, suppose v is symmetric and
a C . Suppose xaPy. Then yax, so yyxr because
a C . Since 7 is symmetric, zyy. Thus a? C ~.
We already know that o« C -y, so it follows that
aUa? C v as required.

129.2.1 No; not symmetric.
129.2.2 No; not symmetric or transitive.
129.2.3 No. Not reflexive or transitive.

129.2.4 No. Not transitive.

129.3.1 No, not symmetric or transitive.
129.3.2 Yes. [0]g =10..1) and [3]g =[3..4).
129.3.3 Yes. [0]g =10..1] and [3]g = {3}.
130.1.3 3, 27, 51, 75, 99.

130.4.4 a)l.b)5.¢)1

131.1.3 F(6)=0, F(n)=1 otherwise.
are many answers.)

(There

132.2.4 Here are all the possible values of E and

£
E S/E
ASU{<152>5<251>} {{1a2}7{3}7{4}7{5}}
AS U {<132>a <25 1>7 <374>7 <473>} {{1a2}7 {374}’ {5}}
AS U {<]‘32>ﬂ <2ﬂ 1>7 <375>7 <573>} {{1a2}7 {375}3 {4}}
AS U {<1a2>a <2a 1>7 <4»5>7 <5,4>} {{132}7{3}a{475}}
AsU{(1,2),(2,1),(3,4),(3,5),

{{1,2},{3,4,5}}

135.3.2 We must show that « is antisymmetric,
transitive, and irreflexive. If a a b and b « a, this
contradicts the requirement that exactly one of the
statements in 135.3 holds unless a =b. Thus aabd
and baa imply a=»5, so « is antisymmetric. «
is transitive by assumption. Finally, for any a € A,
a = a, so that rules out a o a, so « is irreflexive.



137.1.3
20
/ N\

3 {1,2}  {2,3} 4 10 25
/\ S~ L1
T S BN
| \/ |
1 ) \0/ 1 1
(a) (b) (©) (d)

137.1.4 Ounly (d).

139.1.5 Lexical ordering: 00, 01, 0101, 0111,
01111, 10101, 10111, 110, 111.

Canonical ordering: 00, 01, 110, 111, 0101, 0111,
01111, 10101, 10111.

140.3.2 (a) max= 3, no min.
(b) no max, min= (.

(¢) max=20, min=1.

(d) max=25, min=1.

140.3.3 (a) max=0, min=1 (b) no max, min=1
(¢) no max, no min.

141.3.2 (a) sup=>5, ninf=3
(b) sup= 60, inf=1

(¢) no sup, inf=2

(d) sup=0, inf=1

(e) sup={1,2,3}, inf= {2}

142.1.6 All except (f).

142.1.7 We will show that the infimum of any
two elements is the intersection. The proof for the
supremum is similar. By Theorem 141.2, we must
show

(i) If BCA and CC A, then BNC C B and
BNnCCC.

(i) If BCA, CCA, DCB and D CC, then
DCBNC.

To see (i), suppose x € BNC. By Definition 33.2,
page 47, x € B and z € C'. Then by Definition 31.1,
BNC CBand BNC CC. For (ii), suppose = € D.
Then by assumption, z € B and x € C. Then by
Definition 33.2, z € BNC. Hence D C BNC.
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144.2.2
B C D 2
/AN
A — 3
1 )
(a) (b)
146.2.3 (a) is simple. The relational definition of

(a) is:

Go = {A,B,C,D}
Gi= {<A3A>7<B7A>v<07A>7<D7A>}

147.2.2 There are six automorphisms of (a), rep-
resenting every possible way of permuting the set
{B,C,D}. There are two automorphisms of (b) (the
identity and the one that switches b and c.

148.1.3
1l—2
l l 02
3—14
148.1.4
Go=1{1,2,3,4}
G ={(1,2),(1,3),(1,4),(2,3),(2,4),(3,2),(3,4), {4, 1)}
148.1.6
(left) a b c (right) 1 2 3
a 0 1 1 1 0 11
1 01 21 01
0 00 3000
149.4.3 (e) and (a,d). Note that a path of length

n or more in a digraph with n nodes cannot be sim-
ple.

151.3.1
(a) 1 of length 1, 1 of length 2, 2 of length 3, 2
of length 4.
(b) 1 each of length 1 and 2, 2 of length 3 and 4
of length 4.
151.4.1 (a) T Yy z w b)y2 1 1
z 2 10 2 O 1 2 1
y 0 4 0 0 00 1
z 2 8 2 0
w 0 0 0 1



252

152.2.1 All but ¢ and e.
153.3.2 b and d.

153.3.3 a and f are bipartite, a is complete bipar-
tite.

155.1.4 No pair of the graphs are isomorphic.

155.1.5 Map (b) to the triangle with horizontal
bottom edge (full) and to one of the triangles with
horizontal top edge (nonfull).

157.4.1 b and d have diameter 1, f has diameter
3, the others have diameter 2.

157.4.2 aandb.

157.4.3 All of them.

158.1.4 All of them!
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1-tuple, 51

absolute value, 138
abstract description
examples, 219
abstract description (of a
graph), 219
abstraction, 60, 73, 200, 219
addition, 11, 66, 67, 69-71, 97,
107, 163, 202
addition (of matrices), 228
addition of rational numbers,
11
adjacency matrix, 224, 232
examples, 224
adjacent, 232
adjacent with multiplicity n,
232
affirming the hypothesis, 121
algebraic expression, 16, 105
algorithm, 97
algorithm for addition, 97
algorithm for multiplication,
97, 98
AllFactors, 9
alphabet, 93, 167
and, 21, 22, 24, 102, 108
examples, 21
anonymous notation, 64
antecedent, 36
antisymmetric, 79
examples, 79
antisymmetric closure, 199
application, 57
Archimedean property, 115
argument, 57
arrow, 218
associative, 70, 71
associativity (in lattices), 216
automorphism, 224
axiomatic method, 217

barred arrow notation, 65
base, 94

examples, 99
basis step, 152

Bézout’s Lemma, 128-130, 156,
162
biconditional, 40
bijection, 136, 149, 186
bijective, 136, 187
examples, 136
binary notation, 95, 97, 98
binary operation, 67, 69
examples, 67, 70, 91
binary relation
examples, 74
binomial coefficient, 191, 191,
192
examples, 190, 192
bipartite graph, 233
bit, 95
block, 180, 182
boldface, 4
Boolean variable, 104
bound (variable), 32, 64, 114

calculus, 107
canonical ordering, 212
examples, 212
cardinality, 173
examples, 173
carry, 97, 98
Cartesian powers, 54
Cartesian product, 52, 52, 54,
177
examples, 52, 53, 74
Cartesian square, 54
CartesianPoduct, 54
centered division, 87
character, 93
characteristic function, 65
examples, 65
characterize, 85
chromatic number, 241
circuit, 236
class function, 183
examples, 183
closed interval, 31
closure, 197
codomain, 56, 131
Collatz function, 160
color, 241
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coloring, 241
commutative, 71
examples, 71
commutative diagram, 144
examples, 145
commutativity (in lattices),
216
complement, 48, 108
examples, 67
complete bipartite graph, 233
complete graph, 233
complete graph on n nodes,
233
component (of a graph), 236
composite, 10, 140
examples, 10
composite (of functions), 140
examples, 141, 142
composite (of relations), 195
examples, 195
composite integer, 10
composition, 195
composition (of functions), 140
composition powers, 196
Comprehension, 28
comprehension, 27, 29
concatenate (of lists), 166, 168
conceptual proof, 193
conclusion, 36
conditional sentence, 36
congruence, 200
congruent (mod k), 201
examples, 201, 203
conjunction, 21, 103
connected, 236
connected component, 236
connected graph, 236
cons, 165
consequent, 36, 121
constant function, 63
constructive, 130
contain, 45
contradiction, 107
contrapositive, 42
examples, 43, 120
Contrapositive Method, 120
contrapositive method, 120



converse, 42
examples, 42
coordinate, 49, 143
coordinate function, 63, 74
examples, 74
corollary, 1
countably infinite, 174
counterexample, 112, 154
cycle, 236

decimal, 12, 93
decimal expansion, 12
decimal representation, 12, 14,
15
defined by induction, 159
defining condition, 27
definition, 1, 4, 25
examples, 15
degree, 233
DeMorgan Law, 102
DeMorgan law
examples, 103, 105
denying the consequent, 121
dependent variable, 57
diagonal, 52, 69
diameter, 237
digit, 14, 93
digraph, 74, 218, 222
Direct Method, 119
direct method, 119
directed circuit, 226
directed edge, 218
directed graph, 218
directed path, 226
directed walk, 225
disjoint, 47
disjunction, 21, 103
distance, 237
distributive law, 110
div, 82
divide, 4, 6, 8, 207
examples, 4
divides
examples, 5
DividesQ, 9
division, 4, 87
division (of real numbers), 67
divisor, 5
domain, 56
dummy variable, 150

edge, 230

element, 25, 172
embedded in the plane, 239
empty function, 63
empty language, 169
empty list, 164
empty relation, 74
empty set, 33, 34, 46, 63, 108
empty string, 168, 168
empty tuple, 51
equivalence, 40, 122, 123
examples, 123, 200
equivalence class, 204
equivalence relation, 200, 206
examples, 200
equivalent, 40, 41, 42, 109
examples, 41, 42, 106
Euclidean algorithm, 92
Eulerian circuit, 237
evaluation, 57
even, 5, 200
examples, 5, 10
example, 1
existential bigamy, 9
existential quantifier, 113
examples, 113, 115
existential statement, 5, 113
exponent, 87
examples, 87
exponential notation, 54
exponential notation for
strings, 168
expression, 16, 105
extension (of a function), 138
examples, 138
extension (of a predicate), 27,
55
examples, 28, 55

fact, 1
factor, 5, 9
factorial function, 158, 159,
189
FactorInteger, 88
factorization, 87
fallacy, 121
examples, 121, 122
family of elements of, 140
family of sets, 171
examples, 171
Fibonacci function, 160
Fibonacci numbers, 161
field names, 140
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finite, 173, 173, 182, 187
examples, 173

finite set, 173, 173, 187

first coordinate, 49

first coordinate function, 63

fixed point, 143

floor, 86
examples, 86

floored division, 87

formal language, 169

formula, 16

Forth, 69

Four Color Theorem, 242

fourtunate, 37

free variable, 32

full, 234

full subgraph, 234

Function, 65

function, 56, 56, 57, 59, 60, 62,

63, 68, 75, 131, 184, 186

examples, 57, 58, 61, 63, 67

function as algorithm, 60

function set, 66, 67, 188
examples, 66

functional, 62

functional composition, 140

functional property, 62, 75

functional relation, 75

functions in Mathematica, 58

Fundamental Theorem of

Arithmetic, 87, 127

GCD, 88, 90-92, 125, 128, 164
examples, 88, 90-92, 128

GCD, 91

General Associative Law, 71

graph, 230

graph (of a function), 61
examples, 138

greatest common divisor, 88

greatest integer, 86

Hamiltonian circuit, 238

Hasse diagram, 210
examples, 210

head, 164

hexadecimal, 95

hexadecimal notation, 95, 97

hypothesis, 36

idempotence (in lattices), 216
idempotent, 143
identifies, 205
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identity, 72
examples, 72
identity (for a binary opera-
tion), 72
identity (predicate), 19
examples, 20
identity function, 63, 64, 65,
72, 141
examples, 64, 137
image, 131
examples, 131
image function, 132
image of a subset, 132
implication, 35, 36, 37-39, 41,
42,107, 109, 119
examples, 36-39, 117, 118
implies, 107, 109, 119
incident, 232
include, 43, 44, 45, 77, 176,
207, 208
examples, 43, 63, 79, 207
inclusion, 79
inclusion and exclusion, 179
examples, 179
inclusion function, 63, 138, 142
inclusive or, 22
indegree, 220
examples, 220
independent, 174
independent variable, 57
indexed by, 140
induction, 152, 159, 175, 192
examples, 152, 153
induction hypothesis, 152
induction step, 152
inductive definition, 159
examples, 157, 158, 161
inductive proof, 152
infimum, 214, 214
examples, 214
infinite, 174, 182
infinity symbol, 12
infix notation, 68
initial segment, 211
examples, 211
injection, 134
injective, 134, 187, 189
examples, 134, 138
injective function, 187
input, 57
instance, 16
integer, 3, 15, 87, 93, 127

examples, 3
integer variable, 18
IntegerQ, 15
integral linear combination,
127,129
examples, 127-129
interpolative, 196
intersect
examples, 171, 172
intersection, 47, 67, 77, 108,
199, 217
examples, 47, 55, 77, 172,
178
intersection-closed, 199
interval, 31
examples, 31, 33
inverse function, 146
examples, 147
inverse image, 132
invertible, 146, 149
irreflexive, 81
examples, 81
isomorphic, 235
isomorphism, 223, 235
examples, 223
iterative, 157

join, 214
examples, 215

Kempe graph, 242

kernel equivalence, 203
examples, 203

Kuratowski’s Theorem, 240

labeling, 221
lambda notation, 64
examples, 64
language, 169
examples, 169, 170
lattice, 215
examples, 215
law, 19, 39
law of the excluded middle,
106
LCM, 88, 90
LCM, 91
least common multiple, 88
least counterexample, 154
least significant digit, 94
least upper bound, 213
left cancellable, 150

left inverse, 146
lemma, 2
length, 236
length (of a list), 165
examples, 165
lexical order, 211
lexical ordering, 211
examples, 211
linear ordering, 208
List, 69
list, 27, 164
examples, 165
list constructor function, 165
list notation
examples, 26
list notation (for sets), 26, 32
logical connective, 21, 35
loop, 220
examples, 220
lower bound, 213
lower semilattice, 215, 216
lowest terms, 11
examples, 11

mapping, 57

material conditional, 36

Mathematica, vi, 9, 10, 15, 16,
19, 21-23, 27, 31, 54, 58,
59, 62, 65, 68, 69, 84, 87,
88, 91, 96, 109, 151, 165

mathematical induction, 152,
175

matrix addition, 228

matrix multiplication, 227

max, 70, 167, 215

maximum, 70, 167, 213, 213

meet, 214

examples, 215

member, 25

method, 2

min, 70, 215

minimum, 70, 213

Mod, 84

mod, 82, 204

modulus of congruence, 201

modus ponens, 40, 109, 110

moiety, 233

more significant, 94

examples, 94

most significant digit, 94

multidigraph, 222

multigraph, 222, 231



multiplication, 11, 67, 69-72,
97, 107, 163, 202

multiplication (of matrices),
227

multiplication algorithm, 97,
98

Multiplication of Choices, 175

multiplication of rational
numbers, 11

multiplication table, 69

N, 15
NAND, 109
natural number, 3
near, 77
nearness relation, 77, 78-80,
200
negation, 22, 23
examples, 23, 102, 116
negative, 3
negative integer, 3
negative real number, 12
ninety-one function, 159
node, 218, 230
nonconstructive, 130
nonempty list, 164
nonnegative, 3
nonnegative integer, 3
nontrivial subset, 45
NOR, 109
not, 22, 102, 108
null tuple, 51, 54
number of elements of a finite
set, 173
examples, 173

octal notation, 94

odd, 5, 200

one to one, 134

one to one correspondence, 136

onto, 133

open interval, 31

open sentence, 16

opposite, 62, 77, 220
examples, 77

or, 21, 22, 22, 24, 102, 108
examples, 21

ordered pair, 49, 49, 50

ordered set, 207

ordered triple, 50

ordering, 206
examples, 206208

outdegree, 220
examples, 220
output, 57

P-closure, 197
pairwise disjoint, 180
palindrome, 169
parameter, 32
partial ordering, 207
partition, 180, 181-185, 195,
204, 206, 237
examples, 180-183
Pascal, 26, 68, 87, 92, 93, 100,
104, 157, 164, 180, 201,
226
path, 236
permutation, 137
examples, 137
Perrin function, 161
Perrin pseudoprime, 161
Pigeonhole Principle, 189
examples, 189
planar, 239
Polish notation, 68
poset, 207
examples, 207
positive, 3
positive integer, 3
positive real number, 12
postfix notation, 68
power (of matrices), 228
power set
examples, 207
powerset, 46, 74, 76, 77, 132,
133, 177, 207
examples, 46, 67, 76
predicate, 16, 73, 105
examples, 16, 19, 20
predicate calculus, 113
prefix notation, 68
preorder, 209
preordered set, 209
preordering, 209
Prime, 10, 58
prime, 10, 10, 58, 87, 127
examples, 10
prime factorization, 87, 92
examples, 87
PrimeQ, 10
Principle of Inclusion and
Exclusion, 179
examples, 179
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Principle of mathematical
induction, 152

Principle of Multiplication of
Choices, 175

Principle of Strong Induction,
156

Principle of the Least Coun-
terexample, 154

Product, 151

product, 150, 150, 153

examples, 150, 158

product (of matrices), 227

product(of matrices), 228

projection, 63, 74, 143

proof, 2, 4, 4

proof by contradiction, 126

proper subset, 45

properly included, 44

proposition, 15, 17, 104

examples, 15

propositional calculus, 107

propositional expression, 104

propositional form, 104

propositional variable, 104

quantifier, 20, 20, 113
examples, 112, 115, 116, 118
Quotient, 84
quotient, 84, 156
quotient (of integers), 83
quotient set (of a function),
184
examples, 184
quotient set (of an equivalence
relation), 204, 206
examples, 204

rabbit, 160
radix, 94
range, 131
range expression, 151
rational, 11, 126
examples, 11, 13, 14
rational number, 11, 11, 12,
14, 15
addition, 11
multiplication, 11
representation, 11
reachability matrix, 230
reachable, 229
real number, 12, 12, 13-15, 22,
115
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real variable, 18
realizations, 96
recurrence, 161
recurrence relation, 161, 189
examples, 191
recursive, 157, 164
recursive definition, 157, 159
examples, 157, 159, 160, 163,
164, 170
reductio ad absurdum, 126
reflexive, 77
examples, 77
reflexive closure, 197, 197
relation, 73, 74, 76, 77
examples, 74, 75, 195
relation on, 75
relational database, 139
relational description, 222
relational symbols, 16
relatively prime, 89
examples, 89
remainder, 83, 84, 92, 156, 182,
184
examples, 184
remainder function, 203
remark, 2
representation, 15, 96
representation (of a rational
number), 11
representation (of a set), 26
restriction, 137, 142
examples, 138
reverse Polish notation, 68
right band, 67, 70, 72
right cancellable, 150
right inverse, 146
rule of inference, 24, 25, 39,
110
examples, 24, 25, 39, 40, 43,
46, 110, 125, 147, 152, 213
Russell’s Paradox, 35

scalar product, 227

scandalous theorem, 126

second coordinate, 49

second coordinate function, 63

Select, 31

semicolons in Mathematica, 59

sentence, 15

set, 25, 32, 35, 172, 174
examples, 25-28, 33, 34

set difference, 48

examples, 48

set of all sets, 35, 48

set of functions
examples, 140

setbuilder notation, 27, 29, 35
examples, 27-29, 33

sets of numbers, 25

sex, 161

shift function, 188

shoe-sock theorem, 148

show, 2

significant figures, 12

simple, 231

simple digraph, 221

simple directed path, 226

simple graph, 231

simple path, 236

single-valued, 61

singleton, 34

singleton set, 34

sister relation, 77, 78, 80

solution set, 28

solve (a recurrence relation),

161

sorting, 143

source, 218

specification, 2

square root symbol, 12

statement, 19

strict ordering, 206
examples, 206

strict total ordering, 208

string, 93, 167
examples, 167

StringLength, 58

strong induction, 155

subdivision, 240

subgraph, 234

subset, 43, 45, 190

substitution, 17

subtraction, 67, 68, 70, 71

successor function, 163

Sum, 151

sum, 150, 150, 153
examples, 150, 158

supremum, 213, 214
examples, 214

surjection, 133

surjective, 133, 187
examples, 133, 138

Swedish rock group, 170

symmetric, 78, 124, 232

examples, 78
symmetric closure, 197
symmetric matrix, 232

Table, 27, 31
tail, 164
take, 57
target, 218
tautology, 105
examples, 106
Tautology Theorem, 110
terrible idea, 45
theorem, 2
total ordering, 208
examples, 208
total relation, 74
transitive, 80, 196, 227
examples, 80
transitive (digraph), 227
transitive closure, 198
transitivity (of implication),
109
trichotomy, 208
trunc, 86, 86
examples, 86
truth table, 22
TruthTable, 23
tuple, 50, 50, 52, 138, 139,
140
examples, 51, 139, 140
tuple as function, 138
turnstile, 24
type (of a variable), 17, 25, 26,
29, 104

unary operation, 67
examples, 67

under, 57, 132

union, 47, 67, 77, 108, 217
examples, 47, 77, 169, 171,

172, 178, 233

unit interval, 29

unity, 72

Universal Generalization, 6

universal generalization, 6

Universal Instantiation, 7

universal instantiation, 7

universal quantifier, 112, 154
examples, 112, 115, 118

universal set, 48, 108

universally true, 19, 39
examples, 19, 20



upper bound, 212
examples, 212

upper semilattice, 215, 216

usage, 2

utility graph, 240

vacuous, 37

vacuously true, 37
examples, 37

valid (rule of inference), 24

value, 56, 57

value (of a function), 56, 59, 60
variable, 8, 16, 17

vertex, 218, 230

vertices, 218

walk, 236

warning, 2

weak ordering, 206
examples, 206

weight function, 221

well-defined, 85

259

well-ordered, 154
witness, 113

Xor, 22
xor, 22

yields, 24

Zermelo-Frankel set theory, 35
zero, 3-5, 33



260

I 23, 158

(x1,...,xn) 5l

A—B 48
A/F 184
A\B 48

A¢ 108
AeB 26
ACB 43
ANB 47
ACB 45

A G B 44
AxB 52
AUB 47
aVb 215
aAb 215

A* 165, 211
At 165

A¢ 48

A" 54

BA 188
C(n,k) 190
Cy, 63

C, 182

F(a) 57
F:A—B 57
F-1 147

F* 133

F~1 132,184
GoF 140
i:A— B 142
K(F) 203
m=n 201

mdivn 83

Index of Symbols

min 4
mmodn 83
n! 158, 189
n (mod k) 203
PAQ 21
P&@Q 40
P=0 36
PVQ 21
PP 62

pi 63,74
R, 184
S/E 204
w™ 168

zF 68

x— f(z) 65
[a..b] 31

la] 183

[r] 86

[] 180, 205
[x]z 204
(2] 205

& 65

&& 21

|A] 173

a 73

a* 76

aR 76

aof 195
a°P 77,124, 207
a™ 196

aft 197

s 197

of 198

(Ve:Z)P(z) 26
(Vz)P(x) 112
(Vz)Q(x) 112
A 21, 22,102, 108
= 65

Bp 186

NF 171
N, A 171
Ur 171
U, 4, 171

= 59
x 65
xg 65
= 201
cons 165
A 69
Ay 52,77
div 82
| 4
0 33,63, 108
&40, 109
= 113
(Fz:@Q)(x) 113
e, 87
En 205
floor 86
v 20,26, 112
B4 66
r o1
I'(F). 61
GCD 88, 128, 164
I 29
idg 63
= 36, 109

26, 80
C 43
oo 12
N 47, 108
A 211
Ae.f(z) 64
A 51,168
A 64
LCM 88
|A] 187
< 206
|r] 86
< 206
max 70
min 70
mod 82
N 25
n 50,173
NAND 109

- 22,102, 108
NOR 109
N T
Nt 25
o 140, 195
Cc 45
Vo 21, 22, 23, 24,
102, 108
A 48
II 180
I 205
[, 150
[0, 158
PA 46
P 46
Q 25
R 25,52
Rel(A,B) 74
Rt 25
RTT 25
{a| Px)} 27
44

‘cat’ 93
S, 150
S, 15
sup 213
cls 183
X 52
— 97
trunc 86

47

108

48, 108

24

215

215

25
/n 184
n 182
cesTn} 26

NNN>< TSCC

—
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-
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