Derivatives Leftovers

This Mathematica notebook is licensed under a
Creative Commons Attribution - ShareAlike 3.0 License.

The notebook contains the code not included in the Derivatives Books:

It is raw code and contains a few errors. Some of the graphs differ from the graphs on the website. |
have no present intention to turn this into an easy-to-use package, but everyone should feel free to use
and and adapt it under the CC Share-Alike license.

GT := 3

m Definition of Derivative

A real valued function f may have a derivative, which is another real valued function denoted by f. Ata
point a, f[a] is the slope of the tangent line to the curve y = f[x] at the point (a, f[x]).

m Functions used in creating the examples

ShowDerivatives[f ,n_,a_, b_] :=
Plot[Take[{f[x], £'[x], £''[x], £'''[x], £''''[x]}, n] // Evaluate, {x, a, b},
Prolog -» AbsoluteThickness[GT], PlotRange -> {a, b}, AspectRatio ->1,
ImageSize -» {200, 200}, PlotStyle -> {{RGBColor[0O, O, 1]}, {RGBColor[l, O, 0]},
{RGBColor[0, 1, 0]}, RGBColor[.7, .7, 0], RGBColor[.7, 0, .7]1}]

TO DO : Make SD print each line in the appropriate color.
TO DO : Increase the type size in the SD printout. It is not obvious how to do this.

TO DO : Bring the graph of the function to the front so that the derivatives all pass underneath it.

sD[f ,n_,a_,b ,c_,d, s_] := ((r := (d-c) / (b-a));
Plot[Take[{f[x], £'[x], £'"'"[x], £'"'"[x], £'"'""[x], £''""""[x]}, n] // Evaluate,
{x, a, b}, PlotRange -> {c, d}, Prolog -» AbsoluteThickness[GT],
AspectRatio » r, ImageSize - {s, rs},
PlotStyle -> {{RGBColor[0O, O, 1]}, {RGBColor[l, 0, 0]}, {RGBColor[O, 1, 0]},
RGBColor[.7, .7, 0], RGBColor[.7, 0, .7], RGBColor[O, .7, .7]}])

The derivatives are shown in each graph by color.
function: blue

first derivative : red

second :

third :
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fourth : purple
fifth:

DF prints out the formulas for the derivatives

DF[f_, n_] :=
TraditionalForm|[
TableForm|[
Take[{{"function", £[x]}, {"1st deriv", £'[x]},
{"2nd deriv", £''[x]}, {"3rd deriv", £'''[x]}, {"4th deriv", £''''[x]},
{"5th deriv", £'''''[x]}, {"6th deriv", £''''"'[x]}}, n]]]

m A function that is its own third derivative

TO DO : This function has very complicated behavior left of 0 that | don' t understand because it takes
on extreme values that | cannot plot.

DSolve[u'''[x] ==u[x], u[x], x]
{{ulx] > e*cl1] +e*/2C[2] Cos]| 32 X] +e*/2C[3] sin| 32 X}}}
owntd[x_] := e* +e*/? Cos[v?x]

2

Manipulate[owntd[x], {x, -50, 2, Appearance » "Open"}] // N

owntd[-7.10543 x 10-1%]

DF[owntd, 4]

function e + e 2 cos( 3&)

2

) e 2 cos(

NER
2
3@) — L cos(

Ist deriv e — = e s n(
2nd deriv e + e s n(

[\S) (%} N | W
= =
N———

3rd deriv e +e? cos[ 3@)
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SD[owntd, 3, -6.4, 4, -7.5, 13.2, 200]

I N ITTEY U TS ' AT N S T T T SN S S T |

-6 4 2 4

SD[owntd, 3, -50, 50, -70, 50, 300]

40

20 40

20 -

A function that is its own third derivative
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TO DO : This function has very complicated behavior left of 0 that | don' t understand because it takes
on extreme values that | cannot plot.

DSolve[u'''[x] =u[x], u[x], x]
3 3 x
{{ulx] > e*cl[1] +e*/2C[2] Cos]| ; | +e*/2¢c[3] sin| ; 111
V3 x

owntd[x_] := e* +e*/? Cos[

]

Manipulate[owntd[x], {x, -50, 2, Appearance » "Open"}] // N

2

owntd[l.35003 X 10*13}

DF[owntd, 4]

oW
=

function e+ e 2 cos(

)

1st deriv e — = o2 n(ljg x /; .
andderiv e+ 143 e s n( 3[3 x) 1 cos( /z x)
3rd deriv &+ e 2 cos(l’ z X)
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SD[owntd, 3, -6.4, 4, -7.5, 13.2, 200]

I N ITTEY U TS ' AT N S T T T SN S S T |

-6 4 2 4

-5+

SD[owntd, 3, -50, 50, -70, 50, 300]

40

20 40

20 -
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m A function that is its own fifth derivative

| have not been able to make these work. TO DO : Try later.

Sine and Cosine are functions that are their own fourth derivatives

DSolve[u'''''[x] =u[x], u[x], x]
1 V5 1 V5
{{u[x]»excupe(’r“*) C[3] Cos| 8? x]ﬂe[’?* "1 cr2) cos|
1 /s 1 Vs
e(irT) C[4]Sin{ i—% x]+e[7? ! XC[5]Sj_n[ §+\/§ x]}}

ownfd[x_ ] :=%

ownfd[x_] := e[_z__ldg] Cos[,’ S— % x] +e[_j_+l“E] Cos[ §+ \/8? x]

DF[ownfd, 6]

R Vs 1
. B LR 5 ¥t 5
function e 4 cos[ %— NN x] +e 3 cos[ §_+ lgC x]

1 s Vs i

1 \/? \/? 1
2nd deriv —(%—38&)@_4_400{ %——‘E ]—(%+—‘£]e4_4cos[ %+—‘£ x]
3rd deriv [%

4th deriv (%

2 1 s 2 s
L 5 5 r - 5
)«34 4 COS[ i—£)6]+(%+A\8£)e4 4 COS §—+38£x

502 ; 52 5
5th deriv —(i—ﬁ) @44Sin[ 5——£ )—(5—+£) @4451n[ %+—‘£ x]

ownfd[-20] // N
1.6489
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SD[ownfd, 4, -7, 7, -3, 15, 200]
15

- ;%%gﬁ\
4 /N6
S g

SD[ownfd, 4, -40, 3, -3, 15, 500]

Remove [ownfd]

A function that is its own fifth derivative second try

Sine and Cosine are functions that are their own fourth derivatives

DSolve[u'''''[x] ==u[x], u[x], x] // InputForm

{{u[x] -> E*x+C[1] + E~((-1/4 - Sqrt[5]/4)*x)+C[3]+Cos[Sqrt[5/8 - Sqrt[5]/8]+x] +
E~((-1/4 + Sqrt[5]/4)+x)+C[2]*Cos[Sqrt[5/8 + Sqrt[5]/8]+x] + E~((-1/4 - Sqrt[5],
Sin[Sqgrt[5/8 - Sqrt[5]/8]*x] + E~((-1/4 + Sqgrt[5]/4)*x)*C[5]*Sin[Sqrt[5/8 + Sqi

ownfd[x_] := .2E*x+E" ((—1/4—Sqrt[5] /4) *x) *Cos[Sqrt[5/8—Sqrt[5] /8] *x] +
E~((-1/4+8qrt[5] /4) »x) xCos[Sqrt[5/8 + Sqrt[5] /8] x| +
E~((-1/4-sqrt[5]/4) »x) »Sin[Sqrt[5/8 - Sqrt[5] /8] +x] +
E~((-1/4+Sqrt[5] /4) »x) «Sin[Sqrt[5/8 + Sqrt[5] /8] » x|
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ownfd[x]

1 Vs Vs
7 | ¥ 5 5 -t — X 5 5
@[4 4] Sin[ ——£x]+e[ 4j Sin[ —+\/7x]
8 8 8 8
ownfd[-20] // N
1.50456 x 107
DF[ownfd, 6]
_L_E]x [ﬂ_l_]x [_L_EJX
function 0.2ex+e[ fo s1n[ %—L x]+(e ! sin| %+38£ x|+e “J cos
e 15
PR P 1o ) o RSN S
1st deriv 02e" — E__\gE e sm[ E_:sl x]+(—z—34£)e sin| .
2nd deri 02 —|3-N5 [Nﬂ) ™ BV IR EE Y (R B R [7
ey =€ 8 g |€ s 3 F— 4 4 8 g ¢
. CA L s e VP T (s )
3rd deriv —(g— 8) e cosl/ -5 X —3(—1— ; )(g— g )@
2 —l—E]x 32 [_L_E]x
4th deriv (%—@) e[4 ! cos[ g—g x]—4(—i——75)(g——38£) et ) cos %—

TR IR 2 (L Vs,
5th deriv [%—@) e[ ) 4J cos[ %—ﬁx]+5(—%—@)[%—%) f[ ! 4] cos %—
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SD[ownfd, 5, -5, 3, -15, 7, 200]

m Beta

f[x_] := BetaRegularized[x, 2, 2]



10 | Derivatives Leftovers.cdf

ShowDerivatives[f, 2, -1, 2]

20

f[x_] := BetaRegularized[x, .5, 2]

ShowDerivatives[£f, 3, -1, 3]

3

-1

f[x_] := Beta[x, 1, .5, 2]

fx]
Beta[x, 1, 0.5, 2]

ShowDerivatives[f, 5, -2, 4]
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m LogGamma

f[x_] := LogGamma[x]

ShowDerivatives[f, 3, -10, 10]
g 'Q

m Erf

f[x_] := Erf[x]

ShowDerivatives[f, 4, -3, 3]
3 ~

-3L

m Fresnel

g[x_] := Integrate[f[x], x]

glx]

/ |2 | 2
- (—Cos[l} Fresnels[ — x] +Fresnelc[ - x] Sin[l]]
T 7

NS
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gll]

JO d1

. Invalid integration variable or limit(s) in 1. >

g[x] // FullSimplify

| 7t |2 |2
— |Cos[1] Fresnels[ — x] - Fresnelc[ - x} Sin[1]
2 T 7T

gl2]
: Invalid integration variable or limit(s) in 2. >

JSin[3] dz

S[Sqrt[ 2/P:|.) x]]

INENG

s[sart[(2/Pi) 2]]

2
s[—]
AT
ShowDerivatives[g, 2, -5, 5]
4+
2L
‘H4U ‘72 E 9 ;%%‘A%&
2+
4
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ShowDerivatives[g, 3, -5, 5]

h[t_] := Integrate[f[x], {x, 0, t}]
h[t]
7T 2 2
| — |Cos[1] Fresnels[ | — t] —Fresnelc[ | — t} Sin[1]
2 Tt Tt
h[3]
7T 2 2
| — |cos[1] Fresnels[3 / — ] —FresnelC[Z% [ — } Sin[1]
2 T Tt
% // N
-0.173482
h[t] // N

1.25331 (-0.841471 FresnelC[0.797885t] +0.540302 FresnelS[0.797885t])

m More Fresnel

Integrate[Sin[t*2], {t, 0, x}]

Tt 2
— Fresnels[ — x]
\ 2 \| 7T

Integrate[Sin[t*2], {t, 0, x}]
Sin[x*2]

glx_]
hix_]
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ShowDerivatives[g, 2, -6, 6]
6r

2+

WOV

2k

m More exp

Integrate[Exp[t*2], {t, 0, x}]

;WErfi[x}

Integrate[Exp[t~2], {t, 0, x}]
Exp[x*2]

glx_]
hix_]

ShowDerivatives[g, 3, -3, 3]
3-

Remove [f]

= Elliptic

flx_] := Sqrt[(l—x) "2]



ShowDerivatives[£f, 3, -3, 3]

3r

A

Remove [f]

m More exp

f[x_] := xExp[x] - x*2

ShowDerivatives[f, 5, -4, 4]
4

m SinCos

f[x_] := Sin[x] Cos[x]

DF[f, 3] // TraditionalForm
function cos(x) sin(x)

1st deriv cos2(x) — sin?(x)

2nd deriv —4 cos(x) sin(x)
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ShowDerivatives[f, 3, -4, 4]

4

4L

SD[f, 4, -4, 4, -4, 4, 400]
4

m ExpSin

£[x_] := Exp[x] Sin[x] /2
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ShowDerivatives[£f, 3, -4, 4]

m SinExp

f[x_] := Sin[Exp[x]]

ShowDerivatives[f, 2, -4, 4]
4

2+

A\
” -2 \ /‘

2t

4L

m SinSIn

£[x_] := 3Sin[Sin[x]]
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ShowDerivatives[f, 3, -10, 10]

m expSin again

f[x_] := Exp[Sin[x]]
ShowDerivatives|[f, 4, -12, 12]

10

5+

PP

m More sin

£[x_] := Sin[x?/3]
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ShowDerivatives[£f, 2, -10, 10]
10

m More exp sin

£[x_] := Exp[-x/2] sin[sqrt[3]x / 2]
ShowDerivatives[f, 3, -4, 4]
4

e

4L

£[x_] :=1/2 Exp[-x/2] sin[sqrt[3] x / 2]

{£0x], £'[x], £''[x]}

{le*X/ZSin[\/?x], l\/?@*XMCOS[\/?X]——ae*X/zsin[ 3 x]’
2 2 4 2 4 2
V3 x V3 x

1
_ = ex/2 g4
] 4<ex Sll’l[ 5

—%\/3_@”2Cos[ ”
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ShowDerivatives[f, 3, -6, 6]

4t

gL
flx_] := 1/5 Exp[—x/2] Sin[Sqrt[3] x/ 2]
{£[x], £'[x], £''[x], £''"[x]}
{le’X/Z Sin[\/?x], L\/?ce’X/ZCos[
10 2 10

5 2
\/?X} —ie‘X” Sin[\/?x}, 3<e‘X/2 Sin[

1
- — /3 ex/? Cos[
10 2 10 2 5

\/?x] —Le”(/z Sin[




Derivatives Leftovers.cdf | 21

Plot[{f[x], £'[x], £''[x]}, {x, -8, 2}, PlotRange -> {-7, 7},
AspectRatio» 7/5, Prolog - AbsoluteThickness|[GT],
PlotStyle -> {{RGBColor[0, 0, 1]}, {RGBColor[l, 0, 0]}, {RGBColor[0O, 1, 0]},
RGBColor[.7, .7, 0], RGBColor[0, .7, .6]}, ImageSize - {300, 600}]

Ni‘l

-8

4

£[x_] :=1/5 Exp[x /2] Cos[Sqrt[3] (- x) / 2]
{£[x], £'[x], £''[x], £'''[x]}
{lex/2cos[\/?x}, Lex/2cos[\/?x

5 2 10 2

,Lex/2Cos[\/3_X} fll—oﬁex/ZSin[

10 2

V3 x

2

}—%ﬁexﬂsm[
V3 x
2

I

X

2

], —éeX/ZCos[

I}

N
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Plot[{f[x], £'[x], £''[x], £''"'[x]}, {x, -2, 8},
PlotRange -> {-7, 7}, AspectRatio-» 7/5, Prolog - AbsoluteThickness[GT],
PlotStyle -> {{RGBColor[0, 0, 1]}, {RGBColor[l, 0, 0]}, {RGBColor[0O, 1, 0]},
RGBColor[.7, .7, 0], RGBColor[0, .7, .6]}, ImageSize - {300, 600}]

-2

-4

-6

£[x_] :=1/5 Exp[x /2] sin[Sqrt[3] (-x) / 2]

{£0x], £'[x], £''[x], £''"[x]}

{—l ex/? Sin{

5

1
- — /3 ex¥/? Cos[
10

\/?X], —%\/?GX”COS[\/?X]—%exﬁsin{\/jx],
V3 x V3 x NERS

]+L<eX/ZSin[ ],ieX/ZSin[
10 2 5 2

£[x_] :=1/5 Exp[x /2] sin[sqrt[3] (x) / 2]



{flx], £'[x], £''[x], £'''[x]}

{ieX/ZSin[ BX},L\/‘% eX/ZCos[ 3X]+LeX/ZSin[ 3X],
5 2 10 2 10 2
L\/3 ceX/ZCos[ BX}—fGX/ZSin[ 3X},—£eX/2Sin[ 3XH
10 2 10 2 5 2

fix_] := 1/5 Exp[-x/Z] Sin[Sqrt[3] (x)/ 2]

{£lx], £'[x], £''[x], £''"[x]}

{ie’X/ZSin[ﬁX], L\/?te’X/ZCos[\/?X]—Le’X/ZSin[\/?X],
5 2 10 2 10 2
—iﬁe‘X/zcos[ﬁx}—ie‘X/ZSin[\/?x}, Ee‘X/ZSin[\/?X”
10 2 10 2 5 2

£[x_] :=-1/5 Exp[x /2] sin[sqrt[3] (-x) / 2]

{£[x], £'[x], £''[x], £'''[x]}

(e[ V25 L e cos [ Y2 X)L L ansin[ Y25,

5 2 10 2 10 2
i\/37uex/2Cos[\Ex}—ieX/zSin[\/?x}, —EeX/zsin[\/?xH
10 2 10 2 5 2

ShowDerivatives|[f, 4, -6, 6]
6 -

41

2+

-6 -4 -2 2\\\
2t

4t

-6

£[x_] :=1/5 Exp[-x/2] sin[sqrt[3] (x) / 2]
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ShowDerivatives[£f, 4, -6, 6]
6r

4t

-6 L

ShowDerivatives[f, 3, -6, 6]
6r

2k

4t

-6 L

flx_] := 1/5 Exp[-x/Z] Sin[Sqrt[3] (x) / 2] Exp[x]

ShowDerivatives[f, 4, -6, 6]
6,

2k

4t

-6 L

flx_] := 1/5 Exp[-x/Z] Sin[Sqrt[3] (x)/ 2] + Exp[x]



ShowDerivatives[f, 3, -6, 6]

6

-6 L

flx_] := 1/5 Exp[x/2] Cos[Sqrt[B] (- x)/ 2]

ShowDerivatives[f, 4, -6, 6]

6

6 -4 -2

-6 L

fx_] :=1/2 Exp[-x/Z] Sin[a x]

{flx], £'[x], £''[x], £''"[x]}
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1 1 1

{—e’X/z Sin[ax], —ae*?2Cos[ax] - —e*2S8in[ax],
2 2 4

1 1 , 1 .

-—ae¥*?2Cos[ax]+—e*¥?28in[ax] - —a?e*?2Sin[ax],
3 1 1 , ,
—ae*?Coslax] -—a’e*?Coslax]-—e*?Sinlax] +—a’e*?Sin[a x}}
8 2 16

£[x_] := Exp[-x/2] Sin[1.1sqrt[3] x / 2]

DF[£, 5]
function
Lst deriv
2nd deriv

3rd deriv
4th deriv

e 5in(0.952628 x)

0.952628 e~ c0s(0.952628 x) — ;—@‘_x/z sin(0.952628 x)
—0.6575 /% 5in(0.952628 x) — 0.952628 e c0s(0.952628 x)
1.23625 €2 5in(0.952628 x) — 0.150039 e/2 c0s(0.952628 x)
1.25271 ™2 c0s(0.952628 x) — 0.475194 ¢~/ 5in(0.952628 x)
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ShowDerivatives[£f, 4, -6, 6]

2k

4l

-6 L

SD[f, 5, -6, 6, -10, 6, 400]

-6

5L
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Plot[{f[x], £f'[x], £''[x], £'''[x]}, {x, -6, 6},
PlotRange -> {-9, 9}, AspectRatio -» 3/2, Prolog -» AbsoluteThickness [GT],
PlotStyle -> {{RGBColor[0, 0, 1]}, {RGBColor[l, 0, 0]}, {RGBColor[0O, 1, 0]},
RGBColor[.7, .7, 0], RGBColor[0, .7, .6]}, ImageSize - {600, 400}]

I B ST R —

L N n
2 Se— 1 6

flx_] := Exp[—x/Z] Sin[x/ 2]

DF[£, 5]
function e sin( %)

Ist deriv ;— e cos(3) - ;— e sin(3)
2nd deriv - ;— e cos(%)

3rd deriv AlTe‘x/z sin(;i) + j‘— e™? cos()zi)

. L2 (X
4th deriv e sm(;)
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SD[f, 5, -8, 6, -10, 5, 400]

Remove [f]

f[x_] := Sin[1l.1 x]

m More exp

f[x_] := Exp[-x]:
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Plot[{f[x], £'[x]}, {x, -2, 2}, PlotRange -> {-4, 4},
AspectRatio » 2, Prolog - AbsoluteThickness[GT],
PlotStyle -> {{RGBColor[0, 0, 1]}, {RGBColor[l, 0, 0]}, {RGBColor[0O, 1, 0]},
RGBColor[.7, .7, 0], RGBColor[0, .7, .6]}, ImageSize - {400, 400}]
4-

N
-2

m Log times exponential

f[x_] := .05Log[x] Exp[x]
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Plot[{f[x], £f'[x], £''[x], £'"'"[x], £''''"[x]}, {x, .01, 3},
PlotRange -> {-1, 5}, AspectRatio -» 3/2, Prolog -» AbsoluteThickness [GT],
PlotStyle -> {{RGBColor[0, 0, 1]}, {RGBColor[l, 0, 0]}, {RGBColor[0O, 1, 0]},
RGBColor[.7, .7, 0], RGBColor[0 = .7, 0, .7]}, ImageSize - {300, 450}]

: Cannot assign to raw object 0. >

: Cannot assign to raw object 0. >




SD[£, 5, 0.01, 3, -1, 2, 300]

exp and arctan

f[x_] := Exp[ArcTan[x]]

ShowDerivatives|[f, 4, -4, 4]
4.

2+

—

-4 -2 4

-2

4L

f[x_] := ArcTan[Exp[x]]
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ShowDerivatives[£f, 4, -3, 3]
3r

\

m tan and sin

f[x_] := .4 Tan[Sin[x]]

ShowDerivatives[f, 4, -3, 3]

£[x_] := Sin[Tan[x/3]]

ShowDerivatives|[f, 4, -Pi, Pi]
3}
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ShowDerivatives|[f, 4, -4.2, 4.2]

m Exponential times Sine

Remove [£f]

DSolve[y'''[x] == y[x], vy, x]

{{ye Function[{x}, e*C[l] +e*/2C[2] Cos[

f[x_] := Exp[-x/2] sin[ (sqrt[3] /2) x|

SD[f, 3, -4, 4, -4, 3, 300]
3

m Sine of a quadratic

squad[x_] := Sin[x*-1]
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DF[squad, 5]

function —sin(1 - x?

Ist deriv 2x cos(l —x?

2nd deriv 4x2sin(1 - x?) + 2 cos(1 — x?)

3rd deriv 12.xsin(1 — x?) — 8.x3 cos(1 — x?)

4thderiv  12sin(1 —x?) — 48.x2 cos(1 —x?) — 16 x* sin(1 — x?)

Note that SD prints the graph of the derivative after the graph of the function so that the blue seems to
disappear toward the left and the right. This is an artefact and needs to be fixed.

SD[squad, 2, -12, 12, -12, 12, 300]




