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Preface

You may click on words and phrases in blue for more information.
In this version if a phrase in blue is split across two lines you must click
on the part on the first line. A word in boldface indicates that the word
is being introduced or defined here.

Overview

This Handbook is a report on mathematical discourse. Mathemat-
ical discourse as the phrase is used here refers to what mathemati-
cians and mathematics students say and write
• to communicate mathematical reasoning,
• to describe their own behavior when doing mathematics, and
• to describe their attitudes towards various aspects of mathe-

matics.
The emphasis is on the discourse encountered in post-calculus
mathematics courses taken by math majors and first year math
graduate students in the USA. Mathematical discourse is discussed
further in the Introduction.

The Handbook describes common usage in mathematical dis-
course. The usage is determined by citations, that is, quotations
from the literature, the method used by all reputable dictionaries.
The descriptions of the problems students have are drawn from the
mathematics education literature and the author’s own observa-
tions.
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This book is a hybrid, partly a personal testament and partly
documentation of research. On the one hand, it is the personal
report of a long-time teacher (not a researcher in mathematics edu-
cation) who has been especially concerned with the difficulties that
mathematics students have passing from calculus to more advanced
courses. On the other hand, it is based on real lexicographical
research, represented by the long list of citations.

The book is also incomplete. After working on it off and on for
six years, I decided essentially to stop and publish it as you see it
(after lots of tidying up). After all, one person could not hope to
write a complete dictionary of mathematical discourse in much less
than a lifetime.

However, the citations accumulated here could be the basis for
a much more elaborate and professional effort by a team of math-
ematicians, math educators and lexicographers who together could
produce a definitive dictionary of mathematical discourse. Such an
effort would be worthwhile; it would provide a basis for discovering
the ways in which students and non-mathematicians misunderstand
what mathematicians write and say. Those misunderstandings are
a major (but certainly not the only) reason why so many educated
and intelligent people find mathematics difficult and even perverse.

Intended audience

The Handbook is intended for
• Teachers of college-level mathematics, particularly abstract

xiv
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mathematics at the post-calculus level, to provide some insight
into some of the difficulties their students have with mathe-
matical language.

• Graduate students and upper-level undergraduates who may
find clarification of some of the difficulties they are having as
they learn higher-level mathematics. The Handbook assumes
the mathematical knowledge of a typical second year graduate
student in mathematics. I would encourage students with
less background to read it, but occasionally they will find
references to mathematical topics they do not know about.
The Handbook website contains some links that may help in
finding about about such topics.
• Researchers in mathematics education, who may find many

observations in this text that point to possibilities for research
in their field.

Descriptive and Prescriptive

Linguists distinguish between “descriptive” and “prescriptive”
treatments of language. A descriptive treatment is intended to
describe the language as it is used in fact, whereas a prescriptive
treatment provides rules for how the author thinks it should be
used. This text is mostly descriptive. It is an attempt to describe
accurately the language used by American mathematicians in the
mathematical register as well as in other aspects of communicating
mathematics, rather than some ideal form of the language that
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they should use. Occasionally I give opinions about usage; they are
carefully marked as such.

Nevertheless, the Handbook is not a textbook on how to write
mathematics. In particular, it misses the point of the Handbook
to complain that some usage should not be included because it is
wrong.

Citations

Entries are supported when possible by citations, that is, quo-
tations from textbooks and articles about mathematics. This is
in accordance with standard dictionary practice [Landau, 1989],
pages 151ff . Most of the citations are listed at the Handbook web-
site. They are not included in the printed version, but reference
codes are given so that they can be found online.

Most of the examples given in the entries are not citations.
My intent is that the examples be easy to understand for students
beginning to study abstract mathematics, as well as free of extrane-
ous details.

I found more than half the citations on JSTOR, a server on the
web that provides on-line access to eleven mathematical journals. I
obtained access to JSTOR via the server at Case Western Reserve
University.

Acknowledgments

I am grateful for help from many sources:
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• Case Western Reserve University, which granted the sabbatical
leave during which I prepared the first version of the book, and
which has continued to provide me with electronic and library
services, especially JSTOR, in my retirement.
• Oberlin College, which has made me an affiliate scholar; I have

made extensive use of the library privileges this status gave
me.

• The many interesting discussions on the RUME mailing list
and the mathedu mailing list. The website of this book pro-
vides a link to those lists.

• Helpful information and corrections from or discussions with
the following people. Some of these are from letters posted on
the lists just mentioned.
Marcia Barr, Anne Brown, Gerard Buskes, Laurinda Brown,
Christine Browning, Iben M. Christiansen, Geddes Cure-
ton, Tommy Dreyfus, Susanna Epp, Jeffrey Farmer, Cathy
Kessel, Leslie Lamport, Dara Sandow, Eric Schedler, Annie
Selden, Leon Sterling, Lou Talman, Gary Tee, Owen Thomas,
Jerry Uhl, Guo Qiang Zhang, and especially Atish Bagchi and
Michael Barr.

• Many of my friends, colleagues and students who have (often
unwittingly) served as informants or guinea pigs.
Back to beginning of Preface
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Introduction

Note: In this introduction, several phrases are used that are
described in more detail in the alphabetized entries. In particular,
be warned that the definitions in the Handbook are dictionary-style
definitions, not mathematical definitions, and that some familiar
words are used with technical meanings from logic, rhetoric or
linguistics.

Mathematical discourse

Mathematical discourse, as used in this book, is the written and
spoken language used by mathematicians and students of mathe-
matics for communicating about mathematics. This is “commu-
nication” in a broad sense, including not only communication of
definitions and proofs but also communication about approaches
to problem solving, typical errors, and attitudes and behaviors
connected with doing mathematics.

Mathematical discourse has three components.
• The mathematical register When communicating mathematical

reasoning and facts, mathematicians speak and write in a
special register of the language (only American English is
considered here) suitable for communicating mathematical
arguments. In this book it is called the mathematical register.
The mathematical register uses special technical words, as well
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as ordinary words, phrases and grammatical constructions with
special meanings that may be different from their meaning in
ordinary English. It is typically mixed with expressions from
the symbolic language (below).

• The symbolic language of mathematics. This is arguably not a
form of English, but an independent special-purpose language.
It consists of the symbolic expressions and statements used
in calculation and presentation of results. For example, the
statement d

dx sin x = cos x is a part of the symbolic language,
whereas “The derivative of the sine function is the cosine
function” is not part of it.

• Mathematicians’ informal jargon. This consists of expres-
sions such as “conceptual proof” and “intuitively”. These com-
municate something about the process of doing mathematics,
but do not themselves communicate mathematics.
The mathematical register and the symbolic language are

discussed in their own entries in the alphabetical section of the
book. Informal jargon is discussed further in this introduction.

Note The use of the name “jargon” follows [Raymond, 1991]
(see the discussion on pages 3–4). This is not the usual meaning in
linguistics, which in our case would refer to the technical vocabu-
lary of mathematics.

Point of view

This Handbook is grounded in the following beliefs.
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The standard interpretation There is a standard interpreta-
tion of the mathematical register, including the symbolic language,
in the sense that at least most of the time most mathematicians
would agree on the meaning of most statements made in the reg-
ister. Students have various other interpretations of particular
constructions used in the mathematical register.
• One of their tasks as students is to learn how to extract the

standard interpretation from what is said and written.
• One of the tasks of instructors is to teach them how to do that.

Value of naming behavior and attitudes In contrast to com-
puter people, mathematicians rarely make up words and phrases
that describe our attitudes, behavior and mistakes. Computer pro-
grammers’ jargon has many names for both productive and unpro-
ductive behaviors and attitudes involving programming, many of
them detailed in [Raymond, 1991] (see “creationism”, “mung” and
“thrash” for example). The mathematical community would be
better off if we emulated them by greatly expanding our informal
jargon in this area, particularly in connection with dysfunctional
behavior and attitudes. Having a name for a phenomenon makes it
more likely that you will be aware of it in situations where it might
occur and it makes it easier for a teacher to tell a student what
went wrong. This is discussed in [Wells, 1995].

3
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Coverage

The words and phrases listed in the Handbook are heterogeneous.
The following list describes the main types of entries in more detail.

Technical vocabulary of mathematics: Words and phrases in
the mathematical register that name mathematical objects, rela-
tions or properties. This is not a dictionary of mathematical ter-
minology, and most such words (“semigroup”, “Hausdorff space”)
are not included. What are included are words that cause students
difficulties and that occur in courses through first year graduate
mathematics. Examples: divide, equivalence relation, function,
include, positive. I have also included briefer references to words
and phrases with multiple meanings.

Logical signalers: Words, phrases and more elaborate syntac-
tic constructions of the mathematical register that communicate
the logical structure of a mathematical argument. Examples: if, let,
thus. These often do not have the same logical interpretation as
they do in other registers of English.

Types of prose: Descriptions of the types of mathematical
prose, with discussions of special usages concerning them. Exam-
ples: definitions, theorems, labeled style.

Technical vocabulary from other disciplines: Some technical
words and phrases from rhetoric, linguistics and mathematical logic
used in explaining the usage of other words in the list. These are
included for completeness. Examples: metaphor, register, disjunc-
tion, universal quantifier.

4
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Warning: The words used from other disciplines often have
ordinary English meanings as well. In general, if you see a familiar
word in blue, you probably should look it up to see what I mean by
it before you flame me based on a misunderstanding of my inten-
tion! Some words for which this may be worth doing are: context,
elementary, formal, identifier, interpretation, name, precondition,
representation, symbol, term, type, variable.

Cognitive and behavioral phenomena Names of the phenom-
ena connected with learning and doing mathematics. Examples:
mental representation, malrule, reification. Much of this (but not
all) is the terminology of the cognitive science or mathematical edu-
cation community. It is my belief that many of these words should
become part of mathematicians’ everyday informal jargon. The
entries attitudes, behaviors, and myths list phenomena for which I
have not been clever enough to find or invent names.

Words mathematicians should use: This category overlaps the
preceding categories. Some of them are my own invention and some
come from math education and other disciplines. Words I introduce
are always marked as such.

General academic words: Phrases such as “on the one hand
. . . on the other hand” are familiar parts of a general academic
register and are not special to mathematics. These are generally
not included. However, the boundaries for what to include are
certainly fuzzy, and I have erred on the side of inclusivity.

Although the entries are of different types, they are all in one

5



contents wordlist index

list with lots of cross references. This mixed-bag sort of list is
suited to the purpose of the Handbook, to be an aid to instructors
and students. The “definitive dictionary of mathematical discourse”
mentioned in the Preface may very well be restricted quite properly
to the mathematical register.

6
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Alphabetized Entries
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a, an See indefinite article.
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abstract algebra See algebra.

9



contents wordlist index

abstraction An abstraction of a concept C is a concept C ′
that includes all instances of C and that is constructed by taking
as axioms certain statements that are true of all instances of C. C
may already be defined mathematically, in which case the abstrac-
tion is typically a legitimate generalization of C. In other cases,
C may be a familiar concept or property that has not been given
a mathematical definition. In that case, the mathematical defini-
tion may allow instances of the abstract version of C that were not
originally contemplated as being part of C.

Example 1 The concept of “group” is historically an abstrac-
tion of the concept of the set of all symmetries of an object. The
group axioms are all true statements about symmetries when the
binary operation is taken to be composition of symmetries. Note
that the set of all symmetries of an object may already have a
proper mathematical definition for various particular types of
objects (for example, triangles).

Example 2 The ε-δ definition of continuous function is his-
torically an abstraction of the intuitive idea that mathematicians
had about functions that there was no “break” in the output. This
abstraction became the standard definition of “continuous”, but
allowed functions to be called continuous that were regarded as
bizarre and certainly were not contemplated before the definition
was introduced.

Other examples are given under model and in Remark 2 under
bound variable. See also the discussions under definition, general-

10
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ization and representation.
Citations: (BatDia96.738), (Mac81.471).
References [Dreyfus, 1992], [Thompson, 1985].
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abuse of notation A phrase used to refer to various types of
notation that don’t have compositional semantics. Notation is
commonly called abuse of notation if it involves suppression of
parameters or synecdoche (which overlap), and examples are given
under those headings. Other usage is sometimes referred to as
abuse of notation, for example identifying two structures along an
isomorphism between them.

Citations: (BusFisMar89.8), (Hun96.3934), (Tei91.494).
Remark 1 The phrase “abuse of notation” appears to me

(but not to everyone) to be deprecatory or at least apologetic, but
in fact some of the uses, particularly suppression of parameters, are
necessary for readability. The phrase may be a calque on a French
phrase, but I don’t know its history. The English word “abuse” is
stronger than the French word “abus”.

Acknowledgments Marcia Barr
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accumulation of attributes See concept
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action See APOS.
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add See minus.
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affirming the consequent The fallacy of deducing P from
P ⇒ Q and Q. Also called the converse error. This is a fallacy in
mathematical reasoning.

Example 1 The student knows that if a function is differen-
tiable, then it is continuous. He concludes that the absolute value
function is differentiable, since it is clearly continuous. This is
incorrect mathematical reasoning.

Citation: (Epp95.36), (Ful89.248).
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aha See insight.
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aleph Aleph is the first letter of the Hebrew alphabet, written ℵ.
It is the only Hebrew letter used widely in mathematics. Citations:
(Hal90.580), (HalShe01.239), (Nov50.212), (Ste72.122).
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algebra This word has many different meanings in the school
system of the USA, and college math majors in particular may be
confused by the differences.

High school algebra is primarily algorithmic and concrete in
nature.

College algebra is the name given to a college course, per-
haps remedial, covering the material covered in high school algebra.

Linear algebra may be a course in matrix theory or a course
in linear transformations in a more abstract setting.

A college course for math majors called algebra, abstract
algebra, or perhaps modern algebra, is an introduction to
groups, rings, fields and perhaps modules. It is for many students
the first course in abstract mathematics and may play the role of a
filter course. In some departments, linear algebra plays the role of
the first course in abstraction.

Universal algebra is a subject math majors don’t usually
see until graduate school. It is the general theory of structures
with n-ary operations subject to equations, and is quite different in
character from abstract algebra.

19
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algorithm An algorithm is a specific set of actions that when
carried out on data (input) of the allowed type will produce an
output. This is the meaning in mathematical discourse. In texts
on the subject of algorithm, the word may be given a mathemat-
ical definition, turning an algorithm into a mathematical object
(compare the uses of proof). Here, I will refer to that second sense
of algorithm as program or code in order to keep the two ideas
separate. This is not in any way standard usage.

Example 1 One might express a simpleminded algorithm for
calculating a zero of a function f(x) using Newton’s Method by
saying

“Start with a guess x and calculate f(x)
f ′(x)

repeatedly until

the answers get sufficiently close together or the process
has gone on too long.”

One could spell this out in more detail this way:

1. Choose a stopping number ε, the maximum number of itera-
tions N , and a guess s.

2. Let n = 0.
3. If f ′(s) = 0 then stop with the message “error”.
4. Replace n by n+ 1.
5. If n > N , then stop with the message “too many iterations”.

6. Let r = f(s)
f ′(s) .

20
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7. If |r − s| < ε then stop; otherwise go to step 3 with s replaced
by r.

Observe that neither description of the algorithm is in a pro-
gramming language, but that the second one is precise enough
that it could be translated into most programming languages quite
easily. Nevertheless, it is not a program.

Example 2 One can write a program in Pascal and another
one in C to take a list with at least three entries and swap the sec-
ond and third entries. There is a sense in which the two programs,
although different as programs, implement the “same” abstract
algorithm.

Citations: (Bur86.423), (CulEck85.408).
Remark 1 It appears to me that it is the naive concept of

abstract (if you will) algorithm given in the preceding examples
that is referred to by the word “algorithm” as used in mathematical
discourse. In particular, the mathematical definitions of algorithm
that have been given in the theoretical computer science litera-
ture all introduce a mass of syntactic detail that is irrelevant for
understanding particular algorithms, although the precise syntax is
probably necessary for proving theorems about algorithms, such as
Turing’s theorem on the existence of a noncomputable function.

The following statement by Pomerance [1996] (page 1482) is
evidence for this view on the use of the word “algorithm”: “This
discrepancy was due to fewer computers being used on the project
and some ‘down time’ while code for the final stages of the algo-
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rithm was being written.” Pomerance clearly distinguishes the
algorithm from the code, although he might not agree with all the
points made in this entry.

Remark 2 A perhaps more controversial point can be made
concerning Example 2. A computer program that swaps the second
and third entries of a list might do it by changing the values of
pointers or alternatively by physically moving the entries. (Com-
pare the discussion under alias). It might even use one method for
some types of data (varying-length data such as strings, for exam-
ple) and the other for other types (fixed-length data). I contend
that in some naive sense the two methods still implement the same
algorithm at some level of abstraction.

Remark 3 The algorithm given in Example 1 need not ter-
minate, and it depends both on the particular function and the
initial guess. Other algorithms given in the literature, for example
Monte Carlo algorithms, may depend on many random inputs, how
many determined by the probabilistic accuracy desired. Algorithms
defined as mathematical objects in logic and computer science are
usually required to be deterministic and to terminate. But that is
not the way the word is used in the mathematical literature.

Remark 4 An “algorithm” in the meaning given here appears
to be a type of process as that word is used in the APOS approach
to describing mathematical understanding. It seems to me that any
algorithm fits their notion of process. Whether the converse is true
is not clear.
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See also overloaded notation.

Acknowledgments Eric Schedler, Michael Barr.
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algorithm addiction Many students have the attitude that a
problem must be solved or a proof constructed by an algorithm.
They become quite uncomfortable when faced with problem solu-
tions that involve guessing or conceptual proofs that involve little
or no calculation.

Example 1 Recently I gave a problem in my Theoretical
Computer Science class which in order to solve it required finding
the largest integer n for which n! < 109. Most students solved it
correctly, but several wrote apologies on their paper for doing it by
trial and error. Of course, trial and error is a method.

Example 2 Students at a more advanced level may feel inse-
cure in the case where they are faced with solving a problem for
which they know there is no known feasible algorithm, a situation
that occurs mostly in senior and graduate level classes. For exam-
ple, there are no feasible general algorithms for determining if two
finite groups given by their multiplication tables are isomorphic.
Even so, the question, “Are the dihedral group of order 8 and the
quaternion group isomorphic?” is not hard. (Answer: No, the first
one has an element of order 4 and the second one does not.) I have
even known graduate students who reacted badly to questions like
this, but none of them got through qualifiers!

See also Example 1 under look ahead and the examples under
conceptual.
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alias The symmetry of the square illustrated by the figure below
can be described in two different ways.

.
A

.
B

.
D

.
A

.
D

.
C

.
C

.
B

a) The corners of the square are relabeled, so that what was
labeled A is now labeled D. This is called the alias interpreta-
tion of the symmetry.

b) The square is turned, so that the corner labeled A is now in
the upper right instead of the upper left. This is the alibi
interpretation of the symmetry.

References These names are from [Birkhoff and Mac Lane,
1977]. They may have appeared in earlier editions of that text.

See also permutation.

Acknowledgments Michael Barr.
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alibi See alias.
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all Used to indicate the universal quantifier. Examples are given
under universal quantifier.

Remark 1 [Krantz, 1997], page 36, warns against using “all” in
a sentence such as “All functions have a maximum”, which suggests
that every function has the same maximum. He suggests using
each or every instead. (Other writers on mathematical writing give
similar advice.) The point here is that the sentence means

∀f∃m(m is a maximum for f)
not

∃m∀f(m is a maximum for f)
See order of quantifiers and esilism. Citation: (Pow74.264).

I have not found a citation of the form “All X have a Y” that
does mean every X has the same Y , and I am inclined to doubt
that this is ever done. (“All” is however used to form a collective
plural – see under collective plural for examples.) This does not
mean that Krantz’s advice is bad.
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always Used in some circumstances to indicate universal quan-
tification. Unlike words such as all and every, the word “always” is
attached to the predicate instead of to the noun phrase.

Example 1 “x2 + 1 is always positive.” This means, “For
every x, x2 + 1 is positive.”

Example 2 “An ellipse always has bounded curvature.”

Remark 1 In print, the usage is usually like Example 2, quan-
tifying over a class of structures. Using “always” to quantify over a
variable appearing in a formula is not so common in writing, but it
appears to me to be quite common in speech.

Remark 2 As the Oxford English Dictionary shows, this is a
very old usage in English.

See also never, time.
Citations: (DurHenLau96.413), (GibBra85.691), (Sol96.31),

(Wol93.146).
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ambient The word ambient is used to refer to a mathematical
object such as a space that contains a given mathematical object.
It is also commonly used to refer to an operation on the ambient
space.

Example 1 “Let A and B be subspaces of a space S and
suppose φ is an ambient homeomorphism taking A to B.”

The point is that A and B are not merely homeomorphic, but
they are homeomorphic via an automorphism of the space S.

Citations: (Jur96.765), (Gro34.627).
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analogy An analogy between two situations is a similarity
between some part of one and some part of the other. Analogy,
like metaphor, is a form of conceptual blend.

Mathematics often arises out of analogy: Problems are solved
by analogy with other problems and new theories are created by
analogy with older ones. Sometimes a perceived analogy can be put
in a formal setting and becomes a theorem. Analogy in problem
solving is discussed in [Hofstadter, 1995].

Remark 1 An argument by analogy is the claim that
because of the similarity between certain parts there must also
be a similarity between some other parts. Analogy is a powerful
tool that suggests further similarities; to use it to argue for further
similarities is a fallacy.
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anaphora See coreference.
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and

Between assertions The word “and” between two assertions P
and Q produces the conjunction of P and Q.

Example 1 The assertion
“x is positive and x is less than 10.”

is true if both these statements are true: x is positive, x is less than
10.

Between verb phrases The word “and” can also be used between
two verb phrases to assert both of them about the same subject.

Example 2 The assertion of Example 1 is equivalent to the
assertion

“x is positive and less than 10.”
See also both. Citations: (BalYou77.451), (VanLutPrz77.435).

Between noun phrases The word “and” may occur between two
noun phrases as well. In that case the translation from English
statement to logical statement involves subtleties.

Example 3 “I like red or white wine” means “I like red wine
and I like white wine”. So does “I like red and white wine”. But
consider also “I like red and white candy canes”!

Example 4 In an urn filled with balls, each of a single color,
“the set of red and white balls” is the same as “the set of red or
white balls”.
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Example 5 “John and Mary go to school” means the same
thing as “John goes to school and Mary goes to school”. “John and
Mary own a car” (probably) does not mean “John owns a car and
Mary owns a car”. Consider also the possible meanings of “John
and Mary own cars”. Finally, in contrast to Examples 3 and 4,
“John or Mary go to school” means something quite different from
“John and Mary go to school.”

See also the discussion under or.

Difficulties The preceding examples illustrate that mnemonics of
the type “when you see ‘and’ it means intersection” cannot work;
the translation problem requires genuine understanding of both the
situation being described and the mathematical structure.

In sentences dealing with physical objects, “and” also may
imply a temporal order (he lifted the weight and dropped it, he
dropped the weight and lifted it), so that in contrast to the situ-
ation in mathematical assertions, “and” may not be commutative
in talking about other things. This may be because mathematical
objects are eternal.

As this discussion shows, to describe the relationship between
English sentences involving “and” and their logical meaning is
quite involved and is the main subject of [Kamp and Reyle, 1993],
Section 2.4. Things are even more confusing when the sentences
involve coreference, as many examples in [Kamp and Reyle, 1993]
illustrate.

33



contents wordlist index

Acknowledgments The examples given above were suggested by
those in the book just referenced, those in [Schweiger, 1996], and in
comments by Atish Bagchi and Michael Barr.
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angle bracket Angle brackets are the symbols “〈” and “〉”.
They are used as outfix notation to denote various constructions,
most notably an inner product as in 〈v, w〉.
Terminology Angle brackets are also called pointy brackets,
particularly in speech.

Citations: (BurGriKle96.744), (GriSch95.693), (Mea93.387),
(DayWei80.139).
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anonymous notation See structural notation.
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antecedent The hypothesis of a conditional assertion.
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antiderivative See integral.
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any Used to denote the universal quantifier; examples are dis-
cussed under that heading. See also arbitrary.
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APOS The APOS description of the way students learn math-
ematics analyzes a student’s understanding of a mathematical
concept as developing in four stages: action, process, object,
schema. I will describe these four ideas in terms of computing the

value of a function, but the ideas are applied more generally than
in that way. This discussion is oversimplified but, I believe, does
convey the basic ideas in rudimentary form. The discussion draws
heavily on [DeVries, 1997].

A student’s understanding is at the action stage when she
can carry out the computation of the value of a function in the
following sense: after performing each step she knows how to carry
out the next step. The student is at the process stage when she
can conceive of the process as a whole, as an algorithm, without
actually carrying it out. In particular, she can describe the process
step by step without having in mind a particular input. She is
at the mathematical object stage when she can conceive of the
function as a entity in itself on which mathematical operations (for
example differentiation) can be performed. A student’s schema
for any piece of mathematics is a coherent collection of actions,
processes, objects and metaphors that she can bring to bear on
problems in that area (but see compartmentalization).

Remarks 1 The APOS theory incorporates object-process
duality and adds a stage (action) before process and another
(schema) after object.

I can attest from experience with students that students can
genuinely have an understanding of a process as an action but not
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a process. An attempt at teaching writing in a math course in
the late sixties foundered on this when many students, most of
whom could efficiently carry out long division, turned out to be
incapable of writing a coherent description of the process. I did not
often see students stuck at the action stage in my later years at
Case Western Reserve University, when I taught mostly computer
science students. They all had some programming background.
Presumably that forced them to the process stage.

A brief overview of this theory is in [DeVries, 1997], and it is
discussed in detail in [Thompson, 1994], pp. 26ff and [Asiala et al.,
1996], pp. 9ff. Schemas are discussed in the linguistic setting in
[Harley, 2001], pages 329ff.
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arbitrary Used to emphasize that there is no restriction on the
mathematical structure referred to by the noun that follows. One
could usually use any in this situation instead of “arbitrary”.

Example 1 “The equation xrxs = xr+s holds in an arbitrary
semigroup, but the equation xryr = (xy)r requires commutativity.”

Citations: (KupPri84.86), (MorShaVal93.749).
In a phrase such as “Let S be an arbitrary set” the word arbi-

trary typically signals an expectation of an upcoming universal
generalization. “Any” could be used here as well.

Citation: (Str93.7), where the phrase begins a proof of the
associative law for intersection.

Difficulties Students are frequently bothered by constructions
that seem arbitrary. Some examples are discussed under yes it’s
weird.
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argument This word has three common meanings in mathemati-
cal discourse.
• The angle a complex number makes with the x-axis is called

the argument of the number.
• The input to a function may be called the argument. Citation:

(Chu42.390), (Jam51.237), (Zal75.813).
• A proof may be called an argument. Citation: (AldDia86.333),

(Epp95.30), (Oss79.5).
Remark 1 In English, “argument” can mean

organized step by step reasoning to support a
claim, and it can also mean the verbal expression
of a disagreement. The first meaning does not
appear to me to be common outside academic cir-
cles; the second meaning is the common one and
it carries a connotation of unpleasantness. This
could conceivably cause semantic contamination
among students in connection with any of the
meanings.
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arity The arity of a function is the number of
arguments taken by the function. The word is
most commonly used for symbols denoting functions.

Example 1 The arity of the function sin is one.
Example 2 The arity of + is two. It takes two arguments.
Remark 1 A function that takes n inputs is also called a

function of n variables. In using the notation given here the
order in which the variables are listed is important; for example,
one cannot assume in general that f(2, 3) = f(3, 2).

Remark 2 A function of two variables may be analyzed as a
function f : R × R → R where R × R is the cartesian product of
R with itself. In that sense it is a function with one input, which
must be an ordered pair. I take that point of view in my class notes
[Wells, 1997]; students in my class from time to time ask me why I
don’t write f((x, y)).

Remark 3 One sometimes finds functions with variable arity.
For example, one might use MAX for the maximum of a list, and
write MAX(3, 8, 5) = 8 or MAX(9, 9,−2, 5) = 9.

Example 3 Computer languages such as Lisp and Math-
ematicaR© have some functions with variable arity. The expres-
sion +(3, 5, 5) in Lisp evaluates to 13, and so does the expression
Plus[3,5,5] in Mathematica.

Of course, one might take a point of view here analogous to
that of Remark 2 and say that MAX has one input which must be
a list.
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In general, variable arity is possible only for functions written
in prefix or postfix notation with delimiters. When the symbol for
addition (and similar symbols) is written in infix, Polish or reverse
Polish notation, the symbol must have exactly two arguments.
Thus the symbol + in Mathematica has arity fixed at 2.

Citations: (ArbMan74.169), (HebMckWea89.47), (Hat82.363).

Acknowledgments Lou Talman.
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article The articles in English are the indefinite article “a” (with
variant “an”) and the definite article “the”. Most of the discussion
of articles is under those heads.

Remark 1 Both articles can cause difficulties with students
whose native language does not have anything equivalent. A useful
brief discussion aimed at such students is given by [Kohl, 1995].
The discussion in this Handbook is restricted to uses that cause
special difficulty in mathematics.
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artificial language The symbolic language of mathematics is
a type of natural language, evolved over the centuries into a rea-
sonably efficient and expressive tool. Like any natural language, it
has ambiguities and irregularities. Some examples are Examples 1,
3 and 4 under convention; also irregular syntax and value under
function.

Occasionally mathematicians insist on modifying the way they
write mathematics in classrooms and in their research papers to
clean up some of these irregularities.

a) I have personally known mathematicians who always use
parentheses around function arguments, for example writing
sin(x), and others who don’t use parentheses except to avoid
ambiguity (thus they write fx but f(x+ 1)).

b) Many authors of undergraduate texts are now using “if and
only if” instead of if in definitions.

c) Another example is given in rightists.
This is reminiscent of various pioneers over the years who have

wanted us to speak some completely regular and logical artificial
language such as Esperanto. Such efforts have failed (although
Esperanto speakers still form a small subculture.) Smaller scale
efforts such as spelling reform also fail more often than they suc-
ceed, too (Noah Webster was an exception). This seems to have
happened recently in both Germany and France.

Such efforts by mathematicians are mostly doomed to failure,
too (the one listed in item (b) above might turn out to be an
exception). In that case, the teachers who use the variant notation
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are simply turning out students destined to be confused by other
mathematicians’ notations.
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assertion An assertion or statement is a symbolic expression
or English sentence (perhaps containing symbolic expressions), that
may contain variate identifiers, which becomes definitely true or
false if determinate identifiers are substituted for all the variate
ones. If the assertion is entirely symbolic it is called a symbolic
assertion or (in mathematical logic) a formula or sometimes a
predicate (but not in this text – see predicate symbol). Contrast
with term. Citation: (Qui52.521).

The pronunciation of a symbolic assertion may vary with its
position in the discourse. See parenthetic assertion.

Example 1 “2+2=4” is an assertion. It contains no variate
identifiers. In mathematical logic such an assertion may be called a
sentence or proposition.

Example 2 “x > 0” is an assertion. The only variate identi-
fier is x. The assertion becomes a true statement if 3 is substituted
for x and a false statement if −3 is substituted for x.

By contrast, “x + 2y” is not an assertion, it is a term; it does
not become true or false when numbers are substituted for x and y,
it merely becomes an expression denoting a number.

Example 3 The sentence
“Either f(x) is positive or f(2x) is negative.”

is an assertion. It is not a symbolic assertion, which in this Hand-
book means one that is entirely symbolic. The variables are f and
x (this is discussed further under variable.) The assertion becomes
true if cos is substituted for f and π/2 is substituted for x. It
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becomes false if sin is substituted for f and 0 is substituted for x.
Remark 1 It is useful to think of an assertion as a function

with “true” and “false” as values, defined on a complicated domain
consisting of statements and the possible values of their free vari-
ables.

Acknowledgments Owen Thomas.
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assume See let.
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assumption An assumption is a statement that is taken as
an axiom in a given block of text called its scope. “Taken as an
axiom” means that any proof in the scope of the assumption may
use the assumption to justify a claim without further argument.

Example 1 “Throughout this chapter, G will denote an arbi-
trary Abelian group.” Citations: (Had94.328), (Mey59.560). See
also consider.

A statement about a physical situation may be called an
assumption, as well; such statements are then taken as true for
the purposes of constructing a mathematical model. Citations:
(TemTra92.507), (JoaPro92.10).

Finally, the hypothesis of a conditional assertion is some-
times called the assumption. Citations: (AlpBraGor70.16),
(Mat94.661).
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at most For real numbers x and y, the phrase “x is at most y”
means x ≤ y.

Difficulties Many students, including native English speakers
(how many depends in part on the educational institution), do not
understand this phrase. Some of them also don’t understand “at
least” and “not more than”.

Citation: (Bry93.62), (Mau78.575).
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attitudes Instructors, students and laymen have certain atti-
tudes towards mathematics and its presentation that I think
deserve names. A few are listed in this Handbook, with the page
each is defined on:

algorithm addiction
esilism
guessing
literalist
Luddism
mathematical mind

myths
osmosis theory
Platonism
private language
walking blindfolded
yes it’s weird

Here are some attitudes that need names:

I never would have thought of that Example 1 under look
ahead discusses the example in [Olson, 1998] of deriving a trig
identity from the Pythagorean identity. One student, faced with
the first step in the derivation, dividing the equation by c, said,
“How would I ever know to divide by c?” I have noticed that it
is common for a student to be bothered by a step that he feels he
could not have thought of. My response in class to this is to say:
Nevertheless, you can understand the proof, and now you know a
new trick.

No expertise required There seem to be subjects about which
many educated people both have strong opinions and apparently
are not aware that there is a body of knowledge connected with
the subject. English usage is such a subject in the USA: many
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academicians who have never read a style book and know nothing
about the discoveries concerning grammar and usage that have
been made in this century nevertheless are eloquent in condemning
or upholding split infinitives, commas after the penultimate entry
in a series, and the like.

Happily or not, mathematics is not one of these bodies of
knowledge. Non-mathematicians typically don’t believe they know
much about mathematics (some engineers are an exception).

On the other hand, many mathematicians take this attitude
towards certain subjects; programming is one, and another is math-
ematics education.

I had to learn it so they should learn it It is noticeable that
in curriculum committees professors strenuously resist relaxing a
requirement that was in effect when they were students. In mathe-
matical settings this tends to be expressed in sentences such as, “It
is inconceivable that anyone could call himself a math major who
has never had to integrate cos3 x” (or whatever). This is clearly
related to the you don’t know shriek and to Luddism.

I can’t even balance my checkbook Many people who have
had little association with mathematics believe that mathemat-
ics is about numbers and that mathematicians spend their time
calculating numbers.

See also behaviors and myths.
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back formation One may misread a word, perhaps derived from
some root by some (often irregular) rule, as having been derived
from some other nonexistent root in a more regular way. Using the
nonexistent root creates a word called a back formation.

Example 1 The student who refers to a “matricee” has
engaged in back formation from “matrices”, which is derived irreg-
ularly from “matrix”. See plural for more examples.
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bad at math See mathematical mind.
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bar A line drawn over a single-symbol identifier is pronounced
“bar”. For example, x̄ is pronounced “x bar”. Other names for this
symbol are “macron” and “vinculum”. Citation: (Che88.744).
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bare delimiter See delimiter.

Acknowledgments Atish Bagchi.
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barred arrow notation A notation for specifying a function.
It uses a barred arrow with an identifier for the input variable on
the left and an expression or name that describes the value of the
function on the right.

Example 1 “The function x 
→ x2 has exactly one critical
point.” Compare lambda notation and straight arrow notation.
Citation: (MacBir93.43).

Remark 1 One can substitute input values of the correct type
into barred arrow expressions, in contrast to lambda expressions
(see bound variable).

Example 2 One can say
“Under the function x 
→ x2, one may calculate that
2 
→ 4.”
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be The verb “to be” has many uses in the English language. Here
I mention a few common usages in mathematical texts.

Has a property Examples given under property.

To give a definition In statements such as these:
“A group is Abelian if xy = yx for all elements x and y.”
“A semigroup is a set with an associative multiplication

defined on it.”
the word “is” connects a definiendum with the conditions defining
it. See mathematical definition for other examples. Citations:
(Cho99.444), (Gal94.352).

Is identical to The word “is” in the statement
“An idempotent function has the property that its image
is its set of fixed points.”

asserts that two mathematical descriptions (“its image” and “its
set of fixed points”) denote the same mathematical object. This is
the same as the meaning of “=”, and is a special case of giving a
definition.Citations: (Bar96.627), (Bri93.782), (Duk97.193).

Asserting existence See existential quantifier for examples.
Citations: (LewPap98.20), (Rib95.391).
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behaviors Listed here are a number of behaviors that occur
among mathematicians and students. Some of these phenomena
have names (in some cases I have named them) and are discussed
under that name. Many phenomena that need names are listed
below. See also attitudes and myths.

Behaviors that have names The behaviors listed here are dis-
cussed under their names:

affirming the consequent
compartmentalization
covert curriculum
denying the hypothesis
enthymeme
existential bigamy
extrapolate
formal analogy
grasshopper
insight

jump the fence
malrule
private language
sanity check
self-monitoring
semantic contamination
symbolitis
synecdoche
yes it’s weird
you don’t know shriek

Behaviors that need names
(a) All numbers are integers Student often unconsciously

assume a number is an integer. One sometimes has scenarios in
calculus classes like this:

Teacher (with an air of triumph): “Now by bisection we have
shown the root is between 2 and 3.”
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Student (usually subvocally, but sometimes aloud): “But there
aren’t any numbers between 2 and 3.”

(b) Excluding special cases Usually, a generalization of a
mathematical concept will be defined in such a way as to include
the special case it generalizes. Thus a square is a rectangle and
a straight line is a curve. Students sometimes exclude the special
case, saying “rectangle” to mean that the figure is not a square, or
asking something such as “Is it a group or a semigroup?”

References [Hersh, 1997a].
(c) Missing relational arguments Using a binary relation word

with only one argument. For an example, see disjoint. Students
often do this with “relatively prime”.

(d) Forgetting to check trivial cases
Example 1 A proof about positive integers that begins,
“Let p be a prime divisor of n.”

The integer 1 has no prime divisors.
(e) Proving a conditional assertion backward When asked to

prove P ⇒ Q a student may come up with a proof beginning “If
Q . . . ” and ending “ . . . therefore P”, thus proving Q ⇒ P . This
is distressingly common among students in discrete mathematics
and other courses where I teach beginning mathematical reasoning.
I suspect it comes from proving equations in high school, starting
with the equation to be proved.
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(f) The representation is the object Many students beginning
the study of abstract mathematics firmly believe that the number
735 is the expression “735”. In particular, they are unwilling to use
whatever representation of an object is best for the purpose.

For example, students faced with a question such as
“Does 21 divide 3 · 5 · 72?”

will typically immediately multiply the expression out and then
carry out long division to see if indeed 21 divides 735. They will
say things such as,

“I can’t tell what the number is until I multiply it out.”
This is discussed by Brown [2002] and by Ferrari [2002].

Integers have many representations: decimal, binary, the prime
factorization, and so on. Clearly the prime factorization is the best
form for determining divisors, whereas for example the decimal
form (in our culture) is the best form for determining which of two
integers is the larger.

(g) Reading variable names as labels An assertion such as
“There are six times as many students as professors” is translated
by some students as 6s = p instead of 6p = s (where p and s have
the obvious meanings). This is discussed in [Nesher and Kilpatrick,
1990], pages 101–102. People in mathematical education refer to
this as the student-professor problem, but I don’t want to
adopt that as a name; in some sense every problem in teaching is a
student-professor problem. See sanity check.
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(h) Unbalanced dichotomy This particular incident has hap-
pened to me twice, with two different students: The students
became quite upset (much more than merely puzzled) when I said,
“Let p be an odd prime.” They were bothered because there is
only one prime that is not odd. The students had some expec-
tation that is being violated, perhaps that the referents of the
two parts of a dichotomy ought to be in some way balanced.
Citation: (Wat94.141).
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binary operation See operation.

66



contents wordlist index

bind See bound.
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black box See function.
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boldface A style of printing that looks like this. Section head-
ings are often in boldface, and some authors put a definiendum in
boldface. See definition.

In this text, a phrase is put in boldface in the place where it
is (formally or informally) defined (except the one in the previous
paragraph!).
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both Used as it is used in ordinary English to provide a short
way of asserting the conjunction of two assertions.

Example 1 “The integers 4 and 6 are both even”, meaning
“The integer 4 is even and the integer 6 is even”. This could also
be worded as: “Both the integers 4 and 6 are even.” Citation:
(Ros93.293).

“Both” may also be used as an intensifier with and.
Example 2 “2 is both even and a prime.” Citation: (Lan65.56).
It is also used with or to emphasize that it is inclusive.
Example 3 “If m is even and m = rs then either r or s (or

both) is even.” Citation: (BumKocWes93b.499).
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bound identifier An identifier is bound if it occurs in a phrase
that translates directly into a symbolic expression in which the
identifier becomes a bound variable. This typically occurs with the
use of English quantifiers such as all and every, as well as phrases
describing sums, products and integrals. An identifier that is not
bound is a free identifier.

Example 1 “Any increasing function has a positive deriva-
tive.” The phrase “increasing function” is bound. This sentence
could be translated into the symbolic expression “∀f (INC(f)⇒ f ′ > 0)”.

Remark 1 The definition given here reduces the concept of
bound noun phrases to what “bound” means in symbolic expres-
sions. I know of no precedent for this in the literature.

Remark 2 Modern linguists use a formalism for studying
generalized quantifiers that interpret a bound noun phrase as a set
of sets. See [Chierchia and McConnell-Ginet, 1990], Chapter 9.

See also variate identifier.

71



contents wordlist index

bound variable A variable is bound in a symbolic expression
if it is within the scope of an operator that turns the symbolic
expression into something referring collectively to all the values of
the variable (perhaps within limits). The operator is said to bind
the variable. The operators that can do this include the existential
and universal quantifiers, the integral sign, the sum and product
notations Σ and Π, and various notations for functions. (See also
bound identifier.) A variable that is not bound is free.

Terminology Bound variables are also called dummy variables.
The latter phrase has low status.

A key property of a bound variable is that one is not allowed
to substitute for it (but see Example 3).

Example 1 In the expression x2 + 1, the x is a free variable.
You can substitute 4 for x in this expression and the result is 17.
However, in

∫ 5
3 x

2 + 1 dx, x is bound by the integral sign. If you
substitute 4 for x you get nonsense:

∫ 5
3 42 + 1 d4.

Example 2 In the symbolic assertion x > 7, x is free. In
∀x(x > 7) it is bound by the universal quantifier (resulting in a
false statement).

Example 3 This example is more subtle. In the following
sentence, intended to define a function,

“Let f(x) = x2 + 1.”
the variable x is bound. It is true that one can substitute for the x
in the equation to get, for example f(2) = 5, but that substitution
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changes the character of the statement, from the defining equation
of a function to a statement about one of its values. It is clearer
that the variable x is bound in this statement

“Let the function f(x) be defined by f(x) = x2 + 1.”
which could not be transformed into

“Let the function f(2) be defined by f(2) = 22 + 1.”
These remarks apply also to the variables that occur in lambda
notation, but see Example 2 under barred arrow notation.

Difficulties Students find it difficult to learn how to use bound
variables correctly.

a) They may allow variable clash.
b) They may not understand that the choice of bound variable

does not matter (except for variable clash); thus
∫ 5
2 x

2 dx and∫ 5
2 t

2 dt are the same by their form.
c) They may move a bound variable out of its binder, for example

changing
∑n

i=1 i
2 to i

∑n
i=1 i (which makes it easy to “solve”!).

d) They may substitute for it, although in my teaching experience
that is uncommon.
Remark 1 The discussion in Remark 2 under free variable

applies to bound variables as well.
Remark 2 Church [1942] defines “bound” as simply “not

free”.
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brace Braces are the symbols “{” and “}”. Citation: (Mar62.530).
A very common use of braces is in setbuilder notation.
Example 1 The set {(x, y) | y = x2} is a parabola in the

plane. Citation: (Bri93.782).
They are also used occasionally as bare delimiters and as outfix

notation for functions.
Example 2 The expression 6/{(12 + 32)− 22} evaluates to 1.
Example 3 The fractional part of a real number r is denoted

by {r}.
Citations: (Loe91.243), (RabGil93.168), (Sta70a.774),

(Wil85.253).
A left brace may be used by itself in a definition by cases (see

the example under cases).

Terminology Braces are sometimes called curly brackets.
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bracket This word has several related usages.

Certain delimiters In common mathematical usage, brackets
are any of the delimiters in the list

( ) [ ] { } 〈 〉
Some American dictionaries and some mathematicians restrict
the meaning to square brackets or angle brackets. Citation:
(Mar62.530), (Wal93.786).

Operation The word “bracket” is used in various mathematical
specialties as the name of an operation (for example, Lie bracket,
Toda bracket, Poisson bracket) in an algebra (often of operators)
with a value in another structure. The operation called bracket
may use square brackets, braces or angle brackets to denote the
operation, but the usage for a particular operation may be fixed
as one of these. Thus the Lie bracket of v and w is denoted by
[v, w]. On the other hand, notation for the Poisson and Toda
brackets varies. Citations: (Wal93.786), (GraPugShu94.304),
(BenDav94.295).

Quantity The word “bracket” may be used to denote the value of
the expression inside a pair of brackets (in the sense of delimiters).
This is an example of short-circuit semantics.

Example 1 If the expression (x2 − 2x+ 1) + (e2x − 5)3 is zero,
then the two brackets are opposite in sign. Citation: (Ver91.501).
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but

And with contrast As a conjunction, “but” typically means the
same as “and”, with an indication that what follows is surprising or
in contrast to what precedes it. This is a standard usage in English,
not peculiar to the mathematical register.

Example 1 “5 is odd, but 6 is even.” Citations: (DowKni92.546),
(Geo71.19), (GraTre96.234), (Zab95.486).

Introduces new property Mathematical authors may begin a
sentence with “But” to indicate that the subject under discus-
sion has a salient property that will now be mentioned, typically
because it leads to the next step in the reasoning. This usage may
carry with it no thought of contrast or surprise. The property may
be one that is easy to deduce or one that has already been derived
or assumed. Of course, in this usage “but” still means “and” as far
as the logic goes; it is the connotations that are different from the
usage in (a).

Example 2 “We have now shown that m = pq, where p and q
are primes. But this implies that m is composite.”

Example 3 (In a situation where we already know that x =
7):

“ . . . We find that x2 + y2 = 100. But x is 7, so y =
√

51.”
See also just.

References [Chierchia and McConnell-Ginet, 1990], pages 283–
284.
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Citations: (AlpBraGor70.16), (Epp95.2), (Hol95.206).

Acknowledgments Atish Bagchi
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calculate To calculate is to perform symbol manipulation on
an expression, usually with the intent to arrive at another, perhaps
more satisfactory, expression.

Example 1 “Let us calculate the roots of the equation x2 −
4x+ 1 = 0.”

Example 2 “An easy calculation shows that the equation
x3 − 5x = 0 factors into linear factors over the reals.”

Example 3 “We may calculate that ¬(∀x∃y(x > y2) is
equivalent to ∃x∀y(x ≤ y2).”

Remark 1 Calculation most commonly involves arithmetic or
algebraic manipulation, but the rules used may be in some other
system, as Example 3 exhibits (the system is first order logic in
that case).

Remark 2 It is my impression that non-mathematicians,
including many mathematics students, restrict the word “calcula-
tion” to mean arithmetic calculation: symbol manipulation that
comes up with a numerical answer. This may be merely the result
of the belief that mathematicians deal primarily with numbers.
(See attitudes.)

In contrast, I have heard mathematicians refer to calculating
some object when the determination clearly involved conceptual
reasoning, not symbol manipulation, as in the citation listed below.

See also compute.
Citations: (BorBorBai89.204), (EdeKos95.7).
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call Used to form a definition.
Example 1 “A monoid is called a group if every element has

an inverse.”Citation: (Str93.3)

Example 2 “Let g = h−1fh. We call g the conjugate of f by
h.” Citation: (BasKul90.845), (Cur93.790), (Mar92.739).

Example 3 “We call an integer even if it is divisible by 2.”
Citation: (Fre90.705), (LewPap98.20).

Remark 1 Some object to the usage in Example 3, saying
“call” should be used only when you are giving a name to the
object as in Examples 1 and 2. However, the usage with adjectives
has been in the language for centuries. Citation: (Luk49.56).
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cardinality The cardinality of a finite set is the number of
elements of the set. This terminology is extended to infinite sets
either by referring to the set as infinite or by using more precise
words such as “countably infinite” or “uncountable”.

The cardinality of a group or other structure is the cardinality
of its underlying set.

Difficulties Infinite cardinality behaves in a way that violates the
expectation of students. More about this under snow. The book
[Lakoff and Núñez, 2000] gives a deep discussion of the metaphors
underlying cardinality and the concept of infinity in Chapters 7–10.

Citations: (Lor71.753), (Van92.35).
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case The Roman alphabet, the Greek alphabet, and the Cyrillic
alphabet have two forms of letters, “capital” or uppercase, A,
B, C, etc, and lowercase, a, b, c, etc. As far as I can tell, case
distinction always matters in mathematics. For example, one may
use a capital letter to name a mathematical structure and the same
letter in lowercase to name an element of the structure.

Remark 1 The font used may also be significant.

Difficulties American students at the freshman calculus level or
below quite commonly do not distinguish uppercase from lowercase
when taking notes. Citations: (Oso94.760), (KolBusRos96.111).
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cases A concept is defined by cases if it is dependent on a
parameter and the defining expression is different for different val-
ues of the parameter. This is also called a disjunctive definition
or split definition.

Example 1 Let f : R→ R be defined by

f(x) =

{
1 x > 0
−1 x ≤ 0

Citation: (MarDanSep98.116), (Sto95.614).

Difficulties Students often find disjunctive definitions unnatural.
This may be because real life definitions are rarely disjunctive.
(One exception is the concept of “strike” in baseball.) This requires
further analysis.
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category The word “category” is used with two unrelated mean-
ings in mathematics (Baire and Eilenberg-Mac Lane). It is used
with still other meanings by some linguists and cognitive scientists.
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character A character is a typographical symbol such as the
letter “a” and the digit “3”. Citation: (FriMen32.407).

A symbol in the sense of this Handbook may consist of more
than one character.

Example 1 The expression “sin” as in “sinπ = 0” is a symbol
in the sense of this Handbook composed of three characters.

Remark 1 Of course, “character” also has a mathematical
meaning.
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check The symbol “ˇ” over a letter is commonly pronounced
“check” by mathematicians. For example, x̌ is pronounced “x
check”. The typographical name for this symbol is “háček”.
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circumflex The symbol ˆ is a circumflex. Mathematicians
commonly pronounce it hat: thus x̂ is pronounced “x hat”.
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classical category See concept.

87



contents wordlist index

closed under A set is closed under an operation if the image
of the operation is a subset of the set.

Example 1 The set of positive integers is closed under addi-
tion but not under subtraction. Citation: (Hol95.222).

Acknowledgments Guo Qiang Zhang.
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code See algorithm.
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codomain The codomain of a function must be some set that
contains every value of the function. It may be named in any way
that sets are named.

Authors vary much more in the treatment of the codomain
than they do in the treatment of the domain. Many authors do
not require that a function have a specified codomain; others don’t
make it clear whether they require it or not.

Even when authors do require specification of the codomain,
the specification is often an empty gesture since the text fudges the
question of whether two functions with the same domains and same
graphs but different codomains are really different. As an example,
consider two sets A and B with A ⊆ B, and consider the identity
function from A to A and the inclusion function i : A → B defined
by i(a) = a. Are they the same function? Some texts treat them as
different, others don’t make it clear whether they are the same or
different.

See composite, range and image. Citations: (Bri85.184),
(HaiTre81.32).
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cognitive dissonance Cognitive dissonance is a term intro-
duced in [Festinger, 1957]. It concerns conflicting understandings of
some aspect of the world caused by two different modes of learning.
The conflict may be resolved by suppressing the results of one of
the modes of learning. Special types of cognitive dissonance are
discussed under formal analogy, metaphor, prototype (Example 2)
and semantic contamination.

References Cognitive dissonance is discussed further in
[Bagchi and Wells, 1998a], [Brown and Dobson, 1996], [Carkenord
and Bullington, 1993].

Acknowledgments Thanks to Geddes Cureton and Laurinda
Brown for suggesting references.
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collapsing See degenerate.
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collective plural Using the plural of an identifier to refer to the
entire collection of items designated by the identifier.

Example 1 “Let H be a subgroup of G. The left cosets
of H are a partition of G.”I do not have a citation for this sort of
wording, although I have heard people use it.

Example 2 “Let Q be the rational numbers.” Citation:
(DavPri90.3), (Had94.328), (Ros95.504).

Remark 1 It appears to me that the usage shown in the two
examples above is uncommon. It probably should be deprecated.
Usually a word such as “form” or “constitute” is used, or else one
refers to the set of cosets.

Example 3 “The left cosets of H constitute a partition of G.”
or “The set of all left cosets of H is a partition of G.”

Example 4 “The rational numbers form a dense subset of the
reals.”

See distributive plural.
Citation: (Niv56.83).
References [Lønning, 1997], [Kamp and Reyle, 1993], pages

320ff.
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college In the United States, a college is an institution one
attends after graduating from high school (secondary school) that
gives (usually) a B.S. or B.A. degree. A university also grants
these degrees; the name “university” usually connotes that the
institution also grants other, higher, degrees. The usage of the
word “college” is different in most other countries.

In this text, the phrase college mathematics denotes what
in most other countries could be called “university mathematics”.
This is not quite correct, since much of the content of American
freshman calculus would probably be taught in secondary school
(or in a school that one attends between secondary school and
university) in other countries.
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colon equals The expression “: =” means “(is) defined to be
equal to”.

Example 1 “S : = {1, 2, 3} is a finite set.” This is a short way
of saying:

“Define S to be the set {1, 2, 3}. Then S is finite.”
This usage is not very common, but my impression is that it is

gaining ground.
Remark 1 In citations this seems to occur mostly in par-

enthetic assertions. This may be because it is hard to make an
independent assertion that both is non-redundant and does not
start with a symbol. Consider

“Let S : = {1, 2, 3}.”
(Or “Define . . . ”) The word “Let” already tells you we are defin-
ing S, so that the symbol “ : =” is redundant. Citation: (Bar96.631);
(Pow96.879). Note that although the colon equals usage is bor-
rowed from computer languages, these two citations come from
works in areas outside computing.

Acknowledgments Gary Tee.
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combination An r-combination of a set S is an r-element subset
of S. “Combination” is the word used in combinatorics. Every-
where else in mathematics, a subset is called a subset.

Citation: (Str93.119).
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comma In symbolic expressions, a comma between symbolic
assertions may denote and.

Example 1 The set
{m | m = n2, n ∈ Z}

denotes the set of squares of integers. The defining condition is:
m = n2 and n is an integer.

Citations: (Gri99.128).
Remark 1 The comma is used the same way in standard

written English. Consider “A large, brown bear showed up at our
tent”.

The comma may also be used to indicate many-to-one corefer-
ence,

Example 2 “Let x, y �= 0.”
Citation: (Dra95.258), (Niv56.41), (Oso94.760).

Acknowledgments Michael Barr.
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compartmentalization A student may have several competing
ways of understanding a concept which may even be inconsistent
with each other.

Example 1 When doing calculus homework, a student may
think of functions exclusively in terms of defining expressions, in
spite of the fact that she can repeat the ordered-pairs definition
when asked and may even be able to give an example of a function
in terms of ordered pairs, not using a defining expression. In other
words, defining expressions are for doing homework except when
the question is “give the definition of ‘function’ ”!

This phenomenon is called compartmentalization. The
student has not constructed a coherent schema for (in this case)
“function”.

References [Tall and Vinner, 1981], [Vinner and Dreyfus,
1989].
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componentwise See coordinatewise.
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composite The composite of two functions f : A → B and
g : B → C is a function h : A → C defined by h(a) = g(f(a))
for a ∈ A. It is usually denoted by g ◦ f or gf . If A = B =
C has a multiplicative structure, then gf may also denote the
function defined by gf(a) = g(a)f(a), a fact that sometimes causes
confusion.

When displayed using straight arrow notation like this

A ��f
B ��g

C

then some find the notation g ◦ f jarring. See rightists.
Remark 1 The operation (g, f) 
→ g ◦ f is defined above

only when the codomain of f is the same as the domain of g.
Many authors allow g ◦ f to be defined when the codomain of f is
included in (not necessarily equal to) the domain of g. Indeed, in
most of the literature one cannot tell which variant of the definition
is being used.

The usual name for this operation is composition. The result
of the operation, the function g ◦f , is the composite. See value for
discussion of this point.

Remark 2 “Composite” has another meaning: an integer is
composite if it has more than one prime factor.

Citations: (KelRos92.145), (ParPra95.803)
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compositional The meaning of an expression is compositional
if its meaning can be determined by the meaning of its constituent
parts and by its syntax. Such semantics is also called synthetic or
syntax-driven.

Example 1 The expression “three cats” is completely deter-
mined by the meaning of “three” and “cats” and the English rule
that adjectives come before nouns. (The meaning of “cats” could of
course be whips or animals; that is determined by context.)

In contrast, the meaning of a word cannot usually be syn-
thesized from its spelling; the relationship between spelling and
meaning is essentially arbitrary. As an example, consider the differ-
ent roles of the letter “i” in the symbol “sin” and in the expression
“3− 2i”.

Remark 1 In spite of Example 1, the meaning of general
English discourse is commonly not compositional.

Compositionality in the symbolic language The symbolic lan-
guage of mathematics generally has compositional semantics. Some
examples are given under symbolic expression; see also Remark 1
under syntax.

Most of the examples of failure of compositionality that I
have been able to find are examples of one of the following four
phenomena (which overlap, but no one of them includes another):

a) context sensitivity.
b) conventions.
c) suppression of parameters.
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d) synecdoche.
Examples are given under those headings.

Remark 2 Some symbolic expressions are multivalued, for
example ∫

x2 dx

which is determined only up to an added constant. I don’t regard
this as failure of compositionality; the standard meaning of the
expression is multivalued.

Compositionality in the mathematical register The English-
language part of the mathematical register also fails to be composi-
tional in certain cases.

Example 2 Texts commonly define an ordering to be a
reflexive, antisymmetric and transitive relation, and they may
define a strict ordering using trichotomy (exactly one of aαb or
a = b or bαa must hold). The consequence is that a strict ordering
is not an ordering because it is not reflexive. This sort of thing is
common in natural language; see radial concept.
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compute “Compute” is used in much the same way as calculate,
except that it is perhaps more likely to imply that a computer was
used.

Remark 1 As in the case of calculate, research mathemati-
cians often refer to computing an object when the process involves
conceptual reasoning as well as symbol manipulation.

Citation: (BorBorBai89.204), (How93.8), (JoaPro92.10),
(Pom96.1478).
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concept Mathematical concepts given by mathematical defini-
tions always have the following property: an object is an instance
of the concept if and only if it has all the attributes required of it
by the definition. An object either satisfies the definition or not,
and all objects that satisfy the definition have equal logical status.

Mathematical concepts are thus defined by an accumula-
tion of attributes. Most definitions in science writing outside
of mathematics are not by accumulation of attributes. Scien-
tific definitions are discussed in detail in [Halliday and Martin,
1993], who clearly regard accumulation of attributes as a minor
and exceptional method of definition; they mention this process in
Example 13 on page 152 almost as an afterthought.

It is a more familiar fact that mathematical concepts are also
crisp, as opposed to fuzzy. An algebraic structure is either a

group or it is not, but one can argue about whether Australia is a
continent or a large island.

Most human concepts are not given by accumulation of attributes
and are not crisp. They typically have internal structure. See
[Lakoff, 1986], especially the discussion in Section 1, and [Pinker
and Prince, 1999]. The latter reference distinguishes between fam-
ily resemblance categories and classical categories; the latter
are those that in my terminology are defined by accumulation of
attributes.

Some aspects of human concepts are discussed under prototype
and radial concept. See also the discussion under category.
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Remark 1 Of course every student’s and every mathemati-
cian’s mental representation of a mathematical concept has more
internal structure than merely the accumulation of attributes.
Some instances loom large as prototypical and others are called by
rude names such as pathological because they are unpleasant in
some way.

Students may erroneously expect to reason with mathematical
concepts using prototypes the way they (usually unconsciously)
reason about everyday concepts. (See generalization.) On the other
hand, students with some skill in handling mathematical concepts
can shift psychologically between this extra internal structure and
the bare structure given by accumulation of attributes, using the
first for motivation and new ideas and the second in proofs. This
shifting in the general context of human reasoning is discussed in
[Pinker and Prince, 1999], section 10.4.4.

Remark 2 Many mathematical concepts are abstractions of
a prior, non-mathematical concept that may be fuzzy, and one can
argue about whether the mathematical definition captures the prior
concept. Note the discussions in subsections (b) and (c) under
definition.

See also indefinite article.
References [Bagchi and Wells, 1998a], [Bagchi and Wells,

1998b], [Gopen and Smith, 1990], pages 3–6, [Vinner, 1992]. Defi-
nitions in science in general are discussed by [Halliday and Martin,
1993] pages 148–150, 170ff, 209ff.
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Acknowledgments Thanks to Michael Barr for catching sloppy
thinking in a previous version of this entry, and to Tommy Dreyfus
and Jeffrey Farmer for helpful references.
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concept image See mental representation.
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conceptual A proof is conceptual if it is an argument that
makes use of one’s mental representation or geometric insight. It is
opposed to a proof by symbol manipulation.

Example 1 Let m and n be positive integers, and let r be m
mod n. One can prove that

GCD(m,n) = GCD(m, r)
by showing that the set of common divisors of m and n is the same
as the set of common divisors of n and r (easy); the result follows
because the GCD of two numbers is the greatest common divisor,
that is, the maximum of the set of common divisors of the two
numbers.

I have shown my students this proof many times, but they
almost never reproduce it on an examination.

Example 2 Now I will provide three proofs of a certain asser-
tion, adapted from [Wells, 1995].

The statement to prove is that for all x, y and z,
(x > z)⇒ ((x > y) ∨ (y > z)) (1)

Conceptual proof We may visualize x and z on the real line as in
this picture:

. •z •x .

There are three different regions into which we can place y. In
the left two, x > y and in the right two, y > z. End of proof.
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This proof is written in English, not in symbolic notation, and
it refers to a particular mental representation of the structure in
question (the usual ordering of the real numbers).

Symbolic Proof This proof is due to David Gries (private com-
munication) and is in the format advocated in [Gries and Schnei-
der, 1993]. The proof is based on these principles:
P.1 (Contrapositive) The equivalence of P ⇒ Q and ¬Q⇒ ¬P .
P.2 (DeMorgan) The equivalence of ¬(P ∨Q) and ¬P ∧ ¬Q.
P.3 The equivalence in any totally ordered set of ¬(x > y) and

x ≤ y.
In this proof, “¬” denotes negation.

Proof:
(x > z)⇒ ((x > y) ∨ (y > z))
≡ by P.1
¬ ((x > y) ∨ (y > z))⇒ ¬(x > z)
≡ by P.2

(¬(x > y) ∧ ¬(y > z))⇒ ¬(x > z)
≡ by P.3 three times

((x ≤ y) ∧ (y ≤ z))⇒ (x ≤ z)
which is true by the transitive law.

This proof involves symbol manipulation using logical rules
and has the advantage that it is easy to check mechanically. It also
shows that the proof works in a wider context (any totally ordered
set).
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Another conceptual proof The conceptual proof given in (a)
provides a geometric visualization of the situation required by the
hypothesis of the theorem, and this visualization makes the truth of
the theorem obvious. But there is a sense of “conceptual”, related
to the idea of conceptual definition given under elementary, that
does not have a geometric component. This is the idea that a proof
is conceptual if it appeals to concepts and theorems at a high level
of abstraction.

To a person familiar with the elementary rules of first order
logic, the symbolic proof just given becomes a conceptual proof
(this happened to me): “Why, in a totally ordered set that state-
ment is nothing but the contrapositive of transitivity!” Although
this statement is merely a summary of the symbolic proof, it is
enough to enable anyone conversant with simple logic to generate
the symbolic proof. Furthermore, in my case at least, it provides an
aha experience.

Citations: (Rub89.421), (BieGro86.425).
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conceptual blend A cognitive structure (concept, mental repre-
sentation or imagined situation) is a conceptual blend if it con-
sists of features from two different cognitive structures, with some
part of one structure merged with or identified with an isomorphic
part of the other structure.

Example 1 An experienced mathematician may conceive
of the function x 
→ x2 as represented by the parabola that is
its graph, or as a machine that given x produces its square (one
may even have a particular algorithm in mind). In visualizing
the parabola, she may visualize a geometric object, a curve of a
certain shape placed in the plane in a certain way, and she will
keep in mind that its points are parametrized (or identified with)
the set {(x, y) | y = x2}. The cognitive structure involved with
the machine picture will include the set of paired inputs and out-
puts of the machine. Her complex mental representation of the
functions includes all these objects, but in particular the pairs
that parametrize the parabola and the input-output pairs of the
machine are visualized as being the same pairs, the elements of the
set {(x, y) | y = x2}.

Example 2 A monk starts at dawn at the bottom of a moun-
tain and goes up a path to the top, arriving there at dusk. The
next morning at dawn he begins to go down the path, arriving at
dusk at the place he started from on the previous day. Prove that
there is a time of day at which he is at the same place on the path
on both days. Proof: Envision both events occurring on the same
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day, with a monk starting at the top and another starting at the
bottom and doing the same thing the monk did on different days.
They are on the same path, so they must meet each other. The
time at which they meet is the time required. This visualization of
both events occurring on the same day is an example of conceptual
blending.

Analogies and metaphors are types of conceptual blends. See
also identify.

Remark 1 A conceptual blend is like an amalgamated sum or
a pushout.

References Conceptual blending, analogical mappings, metaphors
and metonymies (these words overlap and different authors do not
agree on their definitions) are hot topics in current cognitive sci-
ence. These ideas have only just begun to be applied to the study
of mathematical learning. See [Lakoff and Núñez, 1997], [Presmeg,
1997b]. More general references are [Fauconnier, 1997], [Fauconnier
and Turner, 2002], [Katz et al., 1998], [Lakoff, 1986], [Lakoff and
Núñez, 1997], [Lakoff and Núñez, 2000].

Acknowledgments The monk example is adapted from [Faucon-
nier, 1997], page 151.

112



contents wordlist index

conditional assertion A conditional assertion A ⇒ B (pro-
nounced A implies B) is an assertion formed from two assertions A
and B, satisfying the following truth table:

A B A⇒ B
T T T
T F F
F T T
F F T

The operation “⇒” is called implication. Warning: a condi-
tional assertion is often called an implication, as well. Citation:
(Qui52.521).

In the mathematical register, A ⇒ B may be written in many
ways. Here are some examples where A is “4 divides n” and B is
“2 divides n”.

a) If 4 divides n, then 2 divides n. Citation: (Bur94.24), (Hen-
LarMarWoo94.213), (VanLutPrz77.435).

b) 2 divides n if 4 divides n. Citation: (Bru93.370)
c) 4 divides n only if 2 divides n. Citation: (HofTer94.630),

(Str89.107).
d) 4 divides n implies 2 divides n. Citation: (Gie71.37),

(Wit90.144).
e) Suppose [or Assume] 4 divides n. Then 2 divides n. Citations:

(Cop93.480), (GraEntSze94.665).
f) Let 4 divide n. Then 2 divides n. Citation: (Ros93.208)
g) A necessary condition for 4 to divide n is that 2 divide n.

Citation: (HenLarMarWoo94.213), (BuhEisGraWri94.513).
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h) A sufficient condition for 2 to divide n is that 4 divide n.
Citation: (HenLarMarWoo94.213), (BuhEisGraWri94.513).

Remark 1 The word “if” in sentences (a), (b), and (c) can
be replaced by “when” or (except for (c)) by “whenever”. (See also
time.)

Remark 2 Note that if has other uses, discussed under that
word. The situation with let, assume, and suppose are discussed
further in those entries.

Remark 3 Many other English constructions may be trans-
lated into (are equivalent to) conditional assertions. For example
the statement P ⇔“Every cyclic group is commutative” is equiva-
lent to the statement “If G is cyclic then it is Abelian” (in a con-
text where G is of type “group”). But the statement P is not itself
a conditional assertion. See universal quantifier.

Difficulties Students have many difficulties with implication,
mostly because of semantic contamination with the usual way “if
. . . then” and “implies” are used in ordinary English. Some aspects
of this are described here.

In the first place, one way conditional sentences are used in
ordinary English is to give rules. The effect is that “If P then Q”
means “P if and only if Q”.

Example 1 The sentence
“If you eat your dinner, you may have dessert.”
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means in ordinary discourse that if you don’t eat your dinner you
may not have dessert. A child told this presumably interprets the
statement as being in some sort of command mode, with different
rules about “if” than in other types of sentences (compare the
differences in the use of “if” in definitions and in theorems in the
mathematical register.)

Perhaps as a consequence of the way they are used in ordinary
English, students often take conditional sentences to be equiva-
lences or even simply read them backward.

Example 2 A student may remember the fact “If a function
is differentiable then it is continuous” as saying that being differ-
entiable and being continuous are the same thing, or simply may
remember it backward.

Example 3 When asked to prove P ⇒ Q, some students
assume Q and deduce P . This may have to do with the way stu-
dents are taught to solve equations in high school.

Remark 4 I would recommend that in expository writing
about mathematics, if you state a mathematical fact in the form
of a conditional assertion, you always follow it immediately by a
statement explaining whether its converse is true, false or unknown.

Remark 5 Students have particularly difficulty with only if
and vacuous implication, discussed under those headings. See also
false symmetry.

References See [Fulda, 1989] for a discussion of many of the
points in this entry. The sentence about dessert is from [Epp,
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1995]. An analysis of conditionals in ordinary English is given by
McCawley [1993], section 3.4 and Chapter 15. Other more technical
approaches are in Section 2.1 of [Kamp and Reyle, 1993] and in
Chapter 6 of [Chierchia and McConnell-Ginet, 1990].
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conjunction A conjunction is an assertion P formed from two
assertions A and B with the property that P is true if and only
if A and B are true. It is defined by the following truth table:

A B P
T T T
T F F
F T F
F F F

Do not confuse this usage of “conjunction” with the part of speech
called “conjunction”. Here, a conjunction is a whole sentence.

In the mathematical register, the conjunction of two assertions
is usually signaled by connecting the two assertions with and.
Examples are given under and.
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connective In mathematical logic, a connective or logical
connective is a binary operation that takes pairs of assertions
to an assertion. The connectives discussed in this text are and,
equivalent, imply, and or. Note that some of these connectives are
represented in English by conjunctions and others in more complex
ways.

Remark 1 Unary operations such as not are sometimes called
connectives as well.

Citations: (Ful89.247), (Hal56.365).
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consequent In a conditional assertion of the form P ⇒ Q, Q is
the consequent.
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consider The command “Consider . . . ” introduces a (usu-
ally variable) mathematical object together with notation for the
objects and perhaps some of its structure.

Example 1 “Consider the function f(x) = x2 + 2x.” In the
scope of this statement, f(x) will denote that function specifically.

Citation: (Mea93.387), (Mol97.531).
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constant A specific mathematical object may be referred to as a
constant, particularly if it is a number.

Example 1 The constant π is the ratio of the circumference
to the diameter of a circle, for any circle. Citation: (Det93.468).

More commonly, the word is used to refer to an object that
may not be determined uniquely but that makes a statement con-
taining various variables and parameters true for all values of the
variables, but which may depend on the parameters.

Example 2
“There is a constant K for which for any x > K, x2 >
100.”

The only variable is x and there are no parameters. In this case K
is independent of x but is not uniquely determined by the state-
ment. Citation: (BanMoo89.641).

Example 3
“There is a constant K for which for any x > K, x2 +ax+
b > 100.”

Here the statement contains two parameters and K depends on
both of them. Such a constant might better be called a “dependent
parameter”. Citations: (Gow00.74), (HasMcl93.564), (Sto95.614).

A constant function is one for which f(x) = f(y) for all
x, y ∈ dom f . Citation: (Fis82.445).

See variable, parameter, unknown.
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constitute See collective plural.
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constraint WRITE THIS, about equations, inequalities, etc.
Citations: (Pow86.490), (SaaUre84.5), (Str84.251), (Wil86.682)
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constructivism In mathematics education, this is the name
given to the point of view that a student constructs her under-
standing of mathematical concepts from her experience, her strug-
gles with the ideas, and what instructors and fellow students say. It
is in opposition to the idea that the instructor in some sense pours
knowledge into the student.

Of course, all I have given here are metaphors. However,
constructivists draw conclusions concerning teaching and learning
from their point of view.

Remark 1 Constructivism is the name of a point of view in
the philosophy of mathematics as well, but there is no connection
between the two ideas.

Remark 2 “Constructivism” as a philosophy of education
may also connote other attitudes, including the idea that scientific
knowledge does not or should not have a privileged position in
teaching or perhaps in philosophy. The remarks in the Preface
on page 3 about the standard interpretation of discourse in the
mathematical register differ from this view.

References A brief description of constructivism in mathe-
matics education may be found in [Selden and Selden, 1997]. Two
very different expositions of constructivism are given by Ernest
[1998] and Hersh [1997b]; these two books are reviewed in [Gold,
1999].
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contain If A and B are sets, the assertion A contains B can
mean one of two things:

1. B ⊆ A.
2. B ∈ A.

A similar remark can be made about the sentence “B is contained
in A.”

Remark 1 Halmos, in [Steenrod et al., 1975], page 40, recom-
mends using “contain” for the membership relation and “include”
for the inclusion relation. However, it appears to me that “con-
tain” is used far more often to mean “include”. Citations: (Dev-
Dur91.222), (Fre90.705), (GucJoh90.72), (Hal56.365), (Tal90.9).
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context The context of an assertion includes the interpretation
currently holding of the global identifiers and local identifiers, and
any local or global assumptions that may be in effect. Definitions
and new assumptions change the context on the fly, so to speak.
An experienced reader of mathematical discourse will be aware of
the meanings of the various identifiers and assumptions and their
changes as she reads.

Example 1 Before a phrase such as “Let x = 3”, x may
be known only as an integer variable; after the phrase, it means
specifically 3.

Example 2 The statement “In this chapter, we assume every
group is Abelian” changes the context by restricting the interpreta-
tion of every �lidentifier of type group.

Example 3 An indefinite description also changes the con-
text.

“On the last test I used a polynomial whose derivative
had four distinct zeroes.”

In the scope of such a sentence, definite descriptions such as “that
polynomial” must refer specifically to the polynomial mentioned in
the sentence just quoted.

Remark 1 The effect of each statement in mathematical
discourse can thus be interpreted as a function from context to con-
text. This is described for one particular formalism (but not specif-
ically for mathematical discourse) in [Chierchia and McConnell-
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Ginet, 1990], which has further references. See also [de Bruijn,
1994], page 875 and [Muskens, van Benthem and Visser, 1997].

Remark 2 The definition given here is a narrow meaning of
the word “context” and is analogous to its used in programming
language semantics. (Computer scientists also call it the “state”.)
The word has a broader meaning in ordinary discourse, typically
referring to the physical or social surroundings.
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context-sensitive

Context-sensitive interpretation The interpretation of a sym-
bolic expression is context-sensitive if it depends on the place of
the expression in the discourse containing it. The pronunciation of
the expression may also vary with its place in the sentence.

Example 1 If means if and only if when it occurs in a defini-
tion. This is discussed under if.

Example 2 In speaking of a group G one might say both
“G is commutative.”

and
“Every odd number is an element of G.”

In the first sentence, the reference is to the binary operation implic-
itly or explicitly given in the definition of “group”, or perhaps to
the whole structure, but certainly not to the underlying set of G. In
the second, the reference is to the underlying set of the structure.

Thus the meaning of the symbol G is context-sensitive; its sig-
nificance depends on the part of the discourse it occurs in. Observe
that this significance does not depend on the narrow meaning of
context given under that heading.

Context-sensitive pronunciation The pronunciation of many
symbolic expressions in mathematics, particularly symbolic asser-
tions, depends on how they are used in the sentence. The most
common way this happens is in the case of parenthetic assertions,
under which examples are given.
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Context-sensitive syntax The symbolic language of mathemat-
ics has context-sensitive syntax in certain constructions.

Example 3 From the point of view of calculus students, both
common notations for derivatives are context-sensitive. The prime
notation is normally used only for functions of one variable but
not for functions of more than one variable. Similarly, the notation
involving d is used for derivatives of functions of one variable; for
more than one variable one must change it to ∂.

There are of course reasons for this. In particular, one could
have in mind that d is the total derivative operator, which coincides
with the derivative when the function is of one variable; then ∂ is
needed in the case of more than one variable because the partial
derivative is a different operator. (See [Cajori, 1923], page 2.) But
the beginning calculus student does not know this.

Remark 1 Formal languages, including those of the various
forms of mathematical logic. are generally specified by recursive
definitions that define which strings of symbols are correctly formed
expressions. Such recursive definitions, called grammars, are
typically context-free, meaning roughly that any correctly formed
expression of a given type can be placed in a “slot” of that type.

The following observation is aimed at those who know some-
thing about grammars: The remarks in Example 1 do not indicate
that the symbolic language is not context-free: One could simply
have different grammatical categories for function symbols applied
on the left, function symbols applied on the right, function symbols
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applied on top (like the dot notation for derivatives), outfix nota-
tion, and so on. On the other hand, Example 3 produce evidence
(not proof) that the symbolic language may not be context-free,
since whether a prime or a d may be used depends on whether
there are other variables “arbitrarily elsewhere” in the expression.

References Grammars are defined mathematically in [Lewis
and Papadimitriou, 1998]. Linguists on the one hand and computer
scientists on the other use very different notation and terminology
for grammars.

See also irregular syntax.
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continuous The notion of continuous function poses many
problems for students, even in the case of a function f : A → R

where A is a subset of R. In that case, it is defined using the stan-
dard ε− δ definition. This can be given an expansive generalization
to metric spaces, and even further a reconstructive generalization
to general topological spaces via the rule about inverse images of
open sets (quite baffling to some students).

Continuity is several related ideas One can define what it
means for a function
• to be continuous at a point,
• to be continuous on a set
• to be continuous (that is, on its whole domain).

The relation among these ideas has subtleties; for example the
function 1/x is continuous on its domain (as defined in calculus
classes!) but not continuous on R.

Continuity is logically complicated The ε − δ definition is
logically complicated with nested quantifiers and several variable.
This makes it difficult to understand.

Metaphors for continuity are usually inaccurate The vari-
ous intuitions for continuity that students hear about are mostly
incorrect.
• The well-knwon unbroken-graph intuition does not make sense

for functions whose graphs have infinite arclength, and fails for

131



contents wordlist index

functions such as

f(x) =

{
sin

( 1
x

)
x �= 0

0 x = 0

• Attempts to put the ε − δ definition into words usually fail to
be accurate. For example:

“A function is continuous if you can make the output
change as little as you want by making the change in
the input small enough.”

That paraphrase does not capture the subtlety that if a certain
change in the input will work, then so must any smaller change
at the same place.
Citations: (GraKnuPat89.71), (HocYou61.13), (KelRos92.145),

(Kla78.668),
See also map.
References This discussion draws from [Exner, 2000], Chap-

ter 2.
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continuum hypothesis In mathematics, the continuum
hypothesis is the statement that there is no cardinality between
that of the integers and that of the reals. In fluid dynamics and
elsewhere, it is used to mean that discrete data can be usefully
modeled by a continuous function. These two meanings are inde-
pendent of each other. I suspect that the second meaning is the
product of semantic contamination by the first meaning, which
dates as early as 1927. Citations: (BavSpo84.521), (DymIve80.76),
(Hal90.580), (Vau73.11).
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contrapositive The contrapositive of a conditional assertion
P ⇒ Q is the statement (not Q) ⇒ (not P ). In mathematical
arguments, the conditional assertion and its contrapositive are
equivalent. In particular, to prove P ⇒ Q it is enough to prove
that (not Q) ⇒ (not P ), and once you have done that, no further
argument is needed. I have attended lectures where further argu-
ment was given, leading me to suspect that the lecturer did not
fully understand the contrapositive, but I have not discovered an
instance in print that would indicate that. See proof by contradic-
tion.

Remark 1 The fact that a conditional assertion and its con-
trapositive are logically equivalent means that a proof can be orga-
nized as follows, and in fact many proofs in texts are organized like
this:

a) Theorem: P implies Q.
b) Assume not Q.
c) Argument that not P follows.
d) Hence not P .
e) End of proof.

The reader may be given no hint as to the form of the proof; she
must simply recognize the pattern. A concrete example of such a
proof is given under functional knowledge. See also pattern recogni-
tion.

Difficulties In contrast to the situation in mathematical reason-
ing, the contrapositive of a conditional sentence in ordinary English
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about everyday topics of conversation does not in general mean the
same thing as the direct sentence. This causes semantic contamina-
tion.

Example 1 The sentence
“If it rains, I will carry my umbrella.”

does not mean the same thing as
“If I don’t carry my umbrella, it won’t rain.”
There are reasons for the difference, of course, but teachers

rarely explain this to students. McCawley [1993], section 3.4 and
Chapter 15, discusses the contrapositive and other aspects of condi-
tional sentences in English. More about this in the remarks under
only if.

Citations: (How95.2385), (Vau73.25).
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convention A convention in mathematical discourse is nota-
tion or terminology used with a special meaning in certain contexts
or in certain fields.

Example 1 The use of if to mean “if and only if” in a defi-
nition is a convention. This is controversial and is discussed under
if.

Example 2 Constants or parameters are conventionally
denoted by a, b, . . . , functions by f , g, . . . and variables by x,
y, . . . .

Example 3 Referring to a group (or other mathematical
structure) and its underlying set by the same name is a convention.

Example 4 The meaning of sinn x is the inverse sine (arcsin)
if n = −1 but the multiplicative power for positive n (sinn x =
(sinx)n). This is a common convention in calculus texts, usually
explicit.

Remark 1 Example 1 exhibits context-sensitivity. Exam-
ples 3 and 4 exhibit failure of compositionality. Example 4 is not
an example of context-dependency since the n is not in the context,
it is part of the symbolic

Remark 2 Examples 1 through 4 differ in how pervasive they
are and in whether they are made explicit or not. The convention
in Example 1 is so pervasive it is almost never mentioned (it is just
beginning to be mentioned in textbooks aimed at first courses in
abstract mathematics). That is almost, but not quite, as true of
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the second convention. The third and fourth conventions are quite
common but often made explicit.

Any given culture has some customs and taboos that almost
no one inside the culture is aware of, others that only some who
are particularly sensitive to such issues (or who have traveled a lot)
are aware of, and still others that everyone is aware of because it is
regarded as a mark of their subculture (such as grits in the Ameri-
can south). One aspect of this Handbook is an attempt to uncover
features of the way mathematicians talk that mathematicians are
not generally aware of.

Example 5 Some conventions are pervasive among math-
ematicians but different conventions hold in other subjects that
use mathematics. An example is the use of i to denote the imag-
inary unit. In electrical engineering it is commonly denoted j
instead, a fact that many mathematicians are unaware of. I first
learned about it when a student asked me if i was the same as j.
Citation: (Poo00.4).

Example 6 Other conventions are pervasive in one country
but may be different in another. For example, in the USA one
calculates the sine function on the unit circle by starting at (1, 0)
and going counterclockwise (the sine is the projection on the y-
axis), but in texts in other countries one may start at (0, 1) and go
clockwise (the sine is the projection on the x-axis). I learned of this
also from students, but have been unable to find citations.

See also positive, radial concept and Remark 2 under real
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number.
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converse The converse of a conditional assertion P ⇒ Q is
Q ⇒ P . Students often fall into the trap of assuming that if
the assertion is true then so is its converse; this is the fallacy of
affirming the consequent. See also false symmetry.
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coordinatewise A function F : A → B induces a function often
called F ∗ from lists of elements of A to lists of elements of B or
from An to Bn for a fixed positive integer n by defining

F ∗(a1, . . . , an) = (F (a1), . . . , F (an))
One says that this defines F ∗ coordinatewise or component-
wise.

Example 1 “In the product of two groups, multiplication is
defined coordinatewise.”

One can say that assertions are defined coordinatewise, as well.
(See Remark 1 under assertion.)

Example 2 “The product of two ordered sets becomes an
ordered set by defining the order relation coordinatewise.”

Citations: (BriPre92.146), (Kop88.93), (Bla79.122).
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copy When one is discussing a mathematical structure, say the
ring of integers, one sometimes refers to “a copy of the integers”,
meaning a structure isomorphic to the integers. This carries the
connotation that there is a preferred copy of the mathematical
object called the integers (see specific mathematical object); I
suspect that some who use this terminology don’t believe in such
preferred copies. Our language, with its definite descriptions and
proper nouns, is not particularly suited to discussing things defined
unique up to isomorphism. Citations: (Tal90.9),(DowKni92.546),
(Fri92.33).
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coreference Coreference is the use of a word or phrase in dis-
course to denote the same thing as some other word or phrase. In
English, third person pronouns (he, she, it, they), demonstratives
(this, that, these, those), and the word “do” are commonly used for
coreference.

Linguists have formulated some of the rules that govern the
use of coreference in English. Typically, the rules produce some
syntactic restrictions on what can be referred to, which in some
cases determine the reference uniquely, but in many other cases the
meaning must be left ambiguous to be disambiguated (if possible)
by the situation in which it is uttered. This is not the place to
describe those rules; a native English speaker has the rules built
into his or her language understanding mechanism. I will give a few
examples.

Example 1 Consider the sentences, “Oscar kissed his mother”
and “He kissed Oscar’s mother”. In the first one we assume Oscar
kissed his own mother. In the second, we assumed the person
doing the kissing did not kiss his own mother. In the first case,
and perhaps in the second, the circumstances under which the
sentences were uttered could alter these assumptions. This shows
that both the English syntax and the circumstances constrain how
the sentences are interpreted.

Example 2 Some years ago the following question appeared
in my classnotes [Wells, 1997]:

“Cornwall Computernut has 5 computers with hard disk
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drives and one without. Of these, several have speech
synthesizers, including the one without hard disk. Several
have Pascal, including those with synthesizers. Exactly 3
of the computers with hard disk have Pascal. How many
have Pascal?”
Some students did not understand that the phrase “including

those with synthesizers” meant “including all those with synthesiz-
ers” (this misunderstanding removes the uniqueness of the answer).
They were a minority, but some of them were quite clear that
“including those with synthesizers” means some or all of those with
synthesizers have Pascal; if I wanted to require that all of them
have Pascal I would have to say “including all those with synthesiz-
ers”. A survey of a later class elicited a similar minority response.
This may be related to common usage in setbuilder notation.
Citation: (Hol95.222), (Kal91.479), (Kan97.260).

I do not know of any literature in linguistics that addresses
this specific point. References needed.

See also respectively.
Remark 1 The phenomenon of coreference is also called

anaphora, a word borrowed from rhetoric which originally meant
something else. Many (but not all) linguists restrict “anaphora” to
backward coreference and use “cataphora” for forward reference.

References Introductions to the topic are in [Harley, 2001],
pages 322–325 and [Fiengo and May, 1996], where I found the
Oscar sentences of Example 1. See also [Kamp and Reyle, 1993],
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pp. 66ff, [Chierchia, 1995], [McCarthy, 1994], and [Halliday, 1994],
pp. 312ff.
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corollary A corollary of a theorem is a fact that follows easily
from the theorem. Citations: (BleMccSel98.535), (Bur94.24),
(JanHam90.300), (Niv56.41) (corollary of two theorems).

Remark 1 “Easily” may mean by straightforward calcula-
tions, as in (BleMccSel98.535), where some of the necessary cal-
culations occur in the proof of the theorem, and in (Niv56.41),
or the corollary may be simply an instance of the theorem as in
(JanHam90.300).
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counterexample A counterexample to an universally quantified
assertion is an instance of the assertion for which it is false.

Example 1 A counterexample to the assertion
“For all real x, x2 > x”

is x = 1/2. See also example,
Citation: (BorBorBorGir96.41), (HofLew96.349).

Difficulties Students sometimes attempt to prove a universally
quantified statement by giving an example. They sometimes specif-
ically complain that the instructor uses examples, so why can’t
they? There are several possibilities for why this happens:

a) The students have seen the instructor use examples and don’t
have a strong sensitivity to when one is carrying out a proof
and when one is engaged in an illuminatory discussion.

b) The student has seen counterexamples used to disprove univer-
sal statements, and expects to be able to prove such statements
by a kind of false symmetry.

c) The student is thinking of the example as generic and is carry-
ing out a kind of universal generalization.

d) The problem may have expressed the universal quantifier as in
Example 1 under indefinite article.

Acknowledgments Atish Bagchi, Michael Barr.
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counting number The counting numbers may denote the
positive integers, the nonnegative integers, or apparently even all
the integers (although I don’t have an unequivocal citation for
that).

I have also heard people use the phrase to denote the number
of mathematical objects of a certain type parametrized by the
positive or nonnegative integers. For example, the nth Catalan
number can be described as the counting number for binary trees
with n+ 1 leaves.

Citation: (Rin58.265).
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covert curriculum The covert curriculum (or hidden cur-
riculum) consists of the skills we expect math students to acquire
without our teaching the skills or even mentioning them. What is
in the covert curriculum depends to some extent on the teacher,
but for students in higher level math courses it generally includes
the ability to read mathematical texts and follow mathematical
proofs. (We do try to give the students explicit instruction, usually
somewhat offhandedly, in how to come up with a proof, but gener-
ally not in how to read and follow one.) This particular skill is one
that this Handbook is trying to make overt. There are undoubtedly
other things in the covert curriculum as well.

References [Vallance, 1977].

Acknowledgments I learned about this from Annie Selden.
Christine Browning provided references.
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crisp See concept.
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curly brackets See brace.
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dash See prime.
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declarative semantics The semantics of expressions in the
mathematical register is declarative in this sense:

a) A term denotes a mathematical object, and that object is its
extensional interpretation. Its intensional interpretation is
determined by the visible structure of the term.

b) An assertion constitutes a claim that the meaning of the asser-
tion is correct.
Example 1 For a mathematician, the term

3 + 5
2

denotes the result of adding 5 to 3 and then dividing it by 2. Thus
the extensional meaning of the term is 4. For a student, the inten-
sional meaning might be the instruction

“Add 5 to 3 and divide the result by 2.”
(an imperative statement, not a declarative one). This causes
much trouble for many students just beginning to study abstract
mathematics.

Example 2 The assertion 3 + 5 = 7, in the mathematical
register, constitutes a claim that adding 3 to 5 gives you 7. This is
of course false, but that is its meaning nevertheless.

See also behaviors (f).
Remark 1 The name “declarative semantics” is my own.
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decreasing See increasing.
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definiendum See definition.
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defining condition See setbuilder notation.
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defining equation See function.
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definite article The word “the” is called the definite article.
It is used in forming definite descriptions.

The definite article as universal quantifier Both the indefi-
nite article and the definite article can have the force of universal
quantification. Examples are given under universal quantifier.

The definite article and setbuilder notation A set {x | P (x)}
in setbuilder notation is often described with a phrase such as “the
set of x such that P (x)”. In particular, this set is the set of all x
for which P (x) is true.

Example 1 The set described by the phrase “the set of even
integers” is the set of all even integers.

Difficulties Consider this test question:
“Let E be the set of even integers. Show that the sum of
any two elements of E is even.”

Students have given answers such as this:
“Let E = {2, 4, 6}. Then 2 + 4 = 6, 2 + 6 = 8 and
4 + 6 = 10, and 6, 8 and 10 are all even.”

This misinterpretation has been made in my classes by both native
and non-native speakers of English.

Definite article in definitions The definiendum of a definition
may be a definite description.
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Example 2 “The sum of vectors (a1, a2) and (b1, b2) is (a1 +
b1, a2 + b2).” I have known this to cause difficulty with students
in the case that the definition is not clearly marked as such. The
definite description makes the student believe that he or she should
know what it refers to. In the assertion in Example 2, the only clue
that it is a definition is that “sum” is in boldface. This is discussed
further under definition. Citations: (Cur93.790), (Gal94.352).
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definite description If [N] is a noun phrase, “the [N]” is a def-
inite description or a definite noun phrase; it refers to the object
(presumed uniquely determined) described by [N]. The assumption
is that the object referred to is already known to the speaker and
the listener or has already been referred to.

Example 1 If you overheard a person at the blackboard say
to someone

“The function is differentiable, so . . . ”
you would probably assume that that person is referring to a func-
tion that speaker and listener both already know about. It may be
a specific function, but it does not have to be; they could be in the
middle of a proof of a theorem about functions of a certain type
and “the function” could be a variable function that they named
for the purposes of proving the theorem.

This example shows that in the mathematical register, whether
a description is definite or indefinite is independent of whether the
identifier involved is determinate or variate.

Example 2 “Let G be a group. Show that the identity of G
is idempotent.” This example shows that the presumptive uniquely
determined object (“the identity”) can depend on a parameter,
in this case G. As another example, in the phrase “the equation
of a plane” the parameter is the plane. See context. Citation:
(GriRab90.692), (Fis82.445).

References See [Kamp and Reyle, 1993], Section 3.7.5.
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definition

1. Mathematical definitions
A mathematical definition prescribes the meaning of a symbol,
word, or phrase, called the definiendum here, as a mathematical
object satisfying all of a set of requirements. The definiendum will
be either an adjective that denotes a property that mathematical
objects may have, or it may be a noun that denotes a type of
mathematical object with certain properties. (Mathematical texts
sometimes define other parts of speech, for example vanish, but
that possibility will not be discussed here.)

Remark 1 A mathematical definition is quite different from
other sorts of definitions, a fact that is not widely appreciated by
mathematicians. The differences are dicussed under concept and
under dictionary definition.

Syntax of mathematical definitions Definitions of nouns and
of adjectives have similar syntax, with some variations. Every
definition will contain a definiendum and a definiens, which is a
set of properties an object must have to be correctly named by
the definiendum. The definiens may be syntactically scattered
throughout the definition. In particular, a definition may have any
or all of the following structures:

1. A precondition, occurring before the definiendum, which
typically gives the type of structure that the definition applies
to and may give other conditions.
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2. A defining phrase, a list of conditions on the definiendum
occurring in the same sentence as the definiendum.

3. A postcondition, required conditions occurring after the osten-
sible definition which appear to be an afterthought. The post-
condition commonly begins with “where” and some examples
are given under that heading.
(a) Direct definitions One can define “domain” in point set

topology directly by saying
“A domain is a connected open set.”

(See be.) The definiendum is “domain” and the defining phrase
(which constitutes the entire definiens) is “is a connected open set”.
Similarly:

“‘An even integer is an integer that is divisible by 2.”
Citation: (Bel75.476), (BleMccSel98.529). In both these cases the
definiendum is the subject of the sentence.

Remark 2 The definition of “domain” in Example ?? involves
a suppressed parameter, namely the ambient topological space.

(b) Definitions using conditionals It is more common to word
the definition using “if”, in a conditional sentence. In this case the
subject of the sentence is a noun phrase giving the type of object
being defined and the definiendum is given in the predicate of the
conclusion of the conditional sentence. The subject of the sentence
may be a definite noun phrase or an indefinite one. The conditional
sentence, like any such, may be worded with hypothesis first or
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with conclusion first. All this is illustrated in the list of examples
following, which is not exhaustive.

1. [Indefinite noun phrase, definiendum with no proper name.] A
set is a domain if it is open and connected. Or: If a set is
open and connected, it is a domain. Similarly: An integer is
even if it is divisible by 2. Citation: (Saa72.6).

2. [Indefinite noun phrase, definiendum given proper name.] A
set D is a domain if D is open and connected. An integer
n is even if n is divisible by 2. (In both cases and in similar
named cases below the second occurrence of the name could be
replaced by “it”.) Citation: (Gie71.37), (JonPea00.95).

3. [Definite noun phrase.] The set D is a domain if D is open
and connected. Similarly: The integer n is even if n is divis-
ible by 2. Using the definite form is much less common than
using the indefinite form, and seems to occur most often in the
older literature. It requires that the definiendum be given a
proper name. Citation: (App71.56), (Bae55.16).

4. [Using “let” in a precondition.] Let D be a set. Then D is
a domain if it is open and connected. Similarly: Let n be
an integer. Then n is even if it is divisible by 2. Citation:
(Epp95.76).

5. [Using “if” in a precondition] If n is an integer, then it is even
if it is divisible by 2. Citation: (Bel75.476).

Remark 3 All the definitions above are given with the definien-
dum marked by being in boldface. Many other forms of marking
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are possible; see marking below.
A symbolic expression may be defined by using phrases similar

to those just given.
Example 1 “For an integer n, σ(n) is the sum of the positive

divisors of n.”
Sometimes “define” is used instead of “let” in the sense of

section (b) under let.
Example 2 “Define f(x) to be x2 + 1. What is the derivative

of f?”
Students sometimes wonder what they are supposed to do

when they read a sentence such as “Define f(x) to be x2 + 1”,
since they take it as a command. Citation: (KloAleLar93.757),
(Kon00.902).

Other ways of giving a definition use call, put, say and set,
usually in the imperative the way “define” is used in Example 2.
Many other forms of syntax are used, but most of them are either a
direct definition or a definition using a conditional, with variations
in syntax that are typical of academic prose.

Remark 4 Some authors have begun using “if and only if” in
definitions instead of “if”. More about this in the entry for if. See
also convention and let.

(c) Marking the definiendum The definiendum may be put
in italics or quotes or some other typeface instead of boldface, or
may not be marked at all. When it is not marked, one often uses
signaling phrases such as “is defined to be”, “is said to be”, or “is
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called”, to indicate what the definiendum is. A definition may be
delineated, with a label “Definition”.

Citations: (Gie71.37), (IpsMey95.905) (formally marked as
definition); (LewPap98.20), where it is signaled as definition by
the sentence beginning “We call two sets . . . ”; (Epp95.534) and
(Fra82.41), where the only clue that it is a definition is that the
word is in boldface; (BleMccSel98.529) and (Jef90.636), where the
clue is that the word is in italics.

Remark 5 Words and phrases such as “We have defined. . . ”
or “recall” may serve as a valuable clue that what follows is not a
definition.

Remark 6 Some object to the use of boldface to mark the
definiendum. I know of no such objection in print; this observation
is based on my experience with referees.

Mathematical Definitions and concepts The definition of a
concept has a special logical status. It is the fundamental fact
about the concept from which all other facts about it must ulti-
mately be deduced. I have found this special logical status one of
the most difficult concepts to get across to students beginning to
study abstract mathematics (in a first course in linear algebra, dis-
crete mathematics or abstract algebra). There is more about this
under concept, mental representation, rewrite using definitions and
trivial. See also unwind.

There is of course a connection among the following three
ideas:
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a) The uses of the word “function” in the mathematical register.
b) The mathematical definition of function.
c) The mental representation associated with “function”.

To explicate this connection (for all mathematical concepts,
not just “function”) is a central problem in the philosophy of math-
ematics.

References [Lakoff and Núñez, 2000], Chapter 5, [Tall and
Vinner, 1981], [Vinner, 1992], [Vinner and Dreyfus, 1989], [Wood,
1999].

Definition as presentation of a structure A mathematical
definition of a concept is spare by intent: it will generally provide
a minimal or nearly minimal list of data and of relationships that
must hold among the data, minimal in the sense that the resulting
definition must imply all the other data and relationships belonging
to the concept. Data or properties that follow from other given
items are generally not included intentionally in a definition (some
exceptions are noted under redundant) and when they are the
author may feel obligated to point out the redundancy.

As a result, a mathematical definition hides the richness and
complexity of the concept and as such may not be of much use to
students who want to understand it (gain a rich mental represen-
tation of it). Moreover, a person not used to the minimal nature
of a mathematical definition may gain an exaggerated idea of the
importance of the items that the definition does include. See also
literalist.
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2. Dictionary definition
An explanation, typically in a dictionary or glossary, of the mean-
ing of a word. This is not the same as a mathematical definition
(meaning (1) above). To distinguish, this Handbook will refer to
a definition of the sort discussed here as a dictionary definition.
The entries in this Handbook are (for the most part) dictionary
definitions.

Example 3 The entry for “function” given in this Handbook
describes how the word “function” and related words are used in
the mathematical register. The definition of function given in a
typical mathematical textbook (perhaps as a set of ordered pairs
with certain properties) specifies what kind of mathematical object
is to be called a function. See Remark 2 under free variable for a
discussion of this issue in a particular case.

Acknowledgments Atish Bagchi
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definition by cases . See cases.
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definition proper See mathematical definition.

168



contents wordlist index

degenerate An example of a type of mathematical structure is
in some disciplines called degenerate if either
(i) some parts of the structure that are distinct in the defini-

tion of that type coincide (I call this collapsing), or
(ii) some parameter is zero.
The converse, that if a structure satisfies (i) or (ii) then it is called
degenerate, is far from being correct; the word seems to be limited
to certain specific disciplines.

Example 1 A line segment can be seen as a degenerate isosce-
les triangle – two sides coincide and the third has zero length. Note
that this fits both (i) and (ii).

Example 2 The concept of degenerate critical point has a
technical definition (a certain matrix has zero determinant) and
is responsible for a sizeable fraction of the occurrences I found on
JSTOR. A small perturbation turns a degenerate critical point
into several critical points, so this can be thought of as a kind of
collapsing.

Remark 1 The definition of degenerate given here is based on
reading about thirty examples of the use of the word on JSTOR.
Sometimes the word has a mathematical definition specific to the
particular discipline of the paper and sometimes it appears to be
used informally.

Citations: (Ran95.641), (Rot81.12).

Acknowledgments Robin Chapman.
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degree See order and trigonometric functions.
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delimiter Delimiters consist of pairs of symbols used in the
symbolic language for grouping. A pair of delimiters may or may
not have significance beyond grouping; if they do not they are bare
delimiters. The three types of characters used as bare delimiters
in mathematics are parentheses, square brackets, and braces.

Typically, parentheses are the standard delimiters in symbolic
expressions. Square brackets or braces may be used to aid parsing
when parentheses are nested or when the expression to be enclosed
is large, but square brackets and braces are occasionally used alone
as bare delimiters as well.

Example 1 The expression
(
(x + 1)2 − (x − 2)2

)n contains
nested parentheses and might alternatively be written as

[
(x+1)2−

(x− 2)2
]n.

Parentheses, square brackets and braces may also be used with
additional significance; such uses are discussed with examples under
their own headings.

I have been unable to find a citation for the use of angle brack-
ets as bare delimiters, although of course they are commonly used
as delimiters that carry meaning beyond grouping. Nevertheless, I
suspect they are occasionally used as bare delimiters.

Other symbols also are used to carry meaning and also act as
delimiters, such as the symbols for absolute value and norm, or the
integral sign and its matching dx.

Example 2 The integral sign and the dx in the expression∫ b
a x

2 + 1 dx delimit the integrand and also provide other informa-
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tion.
Citations: (DarGof70.729), (MacNisZec93.98), (Sta70a.774),

(Sta70b.884), +8.
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delineated A piece of text is delineated if it is set off typo-
graphically, perhaps as a display or by being enclosed in a rectan-
gle. Delineated text is often labeled, as well.

Example 1 “ Theorem An integer n that is divisible by 4 is
divisible by 2.” The label is “Theorem”.
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denote To say that an expression A denotes a specific object B
means that A refers to B; in a sentence containing a description of
B, the description can be replaced by A and the truth value of the
sentence remains the same.

Example 1 The symbol π denotes the ratio of the circumfer-
ence of a circle to its diameter.

Citations: (RabGil93.168), (Cur93.790).
Remark 1 [Krantz, 1997], page 38, objects to the use of

“denote” when the expression being introduced refers (in my ter-
minology) to a variable mathematical object, for example in a
sentence such as “Let f denote a continuous function”.

Remark 2 Some authors also object to the usage exemplified
by “the ratio of the circumference of a circle to its diameter is
denoted π”; they say it should be “denoted by π”. Citation:
(Gul68.308), (Lan65.56). (Pow74.264), (Str93.3), (Epp95.76).
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denying the hypothesis The fallacy of deducing not Q from
P ⇒ Q and not P . Also called inverse error.

Example 1 You are asked about a certain subgroup H of a
non-abelian group G. You “know” H is not normal in G because
you know the theorem that if a group is Abelian, then every sub-
group is normal in it.

In contrast, consider Example 1 under conditional assertion.
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dependency relation See function.
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dependent variable notation This is a method of referring to
a function that uses the pattern

“Let y be a function of x.”
where x is an identifier for the input and y is an identifier for the
output. In this case, one says that y is depends or is dependent
on x. The rule for the function is typically not given.

In this usage, the value of the unnamed function at x is some-
times denoted y(x). Note that this does not qualify as structural
notation since the notation does not determine the function.
Citation: (Kno81.235), (Sto95.614).
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deprecate The word deprecate is used in this Handbook to
refer to a usage occuring in mathematical discourse that one could
reasonably say should not be used for some good reason (usually
because it causes unnecessary confusion). This is sometimes my
opinion and sometimes a reference to another author’s opinion.

I have borrowed this word from computing science.
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derivative WRITE THIS [Students have trouble with the fact
that it is an operator functions – problems with type and encap-
sulation. Formulas, e.g. for quotient, require pattern recognition.
Refer to entry about students who persist in wrong product rule.]
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determinate A free identifier is determinate if it refers to a
specific mathematical object.

Example 1 The symbol “3” is determinate; it refers to the
unique integer 3. But see Remark (a) under mathematical object.

An extended discussion of determinate and variate identifiers
may be found under variate.
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discourse Connected meaningful speech or writing. Connected
meaningful writing is also called text.

Discourse analysis is the name for the branch of linguistics
that studies how one extracts meaning from sequences of sentences
in natural language. [Kamp and Reyle, 1993] provides a math-
ematical model that may explain how people extract logic from
connected discourse, but it does not mention the special nature
of mathematical exposition. A shorter introduction to discourse
analysis is [van Eijck and Kamp, 1997].
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disjoint Two sets are disjoint if their intersection is empty.
Example 1 “{1, 2} and {3, 4, 5} are disjoint.”
The word may be used with more than two sets, as well:
Example 2 “Let F be a family of disjoint sets.”

Example 3 “Let A, B and C be disjoint sets.”
Citation: (Fre90.715), (Oxt77.155).

Difficulties Students sometimes say things such as: “Each set in
a partition is disjoint”. This is an example of a missing relational
argument (see Section (c) under behaviors).
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disjunction A disjunction is an assertion P formed from two
assertions A and B with the property that P is true if and only if
at least one A and B is true. It is defined by the following truth
table:

A B P
T T T
T F T
F T T
F F F

In the mathematical register, the disjunction of two assertions
is usually signaled by connecting the two assertions with “or”.
Difficulties with disjunctions are discussed under or.
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disjunctive definition See cases.
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display A symbolic expression is displayed if it is put on a line
by itself. Displays are usually centered. The word “displayed” is
usually used only for symbolic expressions. See delineated.

185



contents wordlist index

distinct When several new identifiers are introduced at once, the
word distinct is used to require that no two of them can have the
same value.

Example 1 “Let m and n be distinct integers.”
This means that in the following argument, one can assume

that m �= n.

Difficulties Students may not understand that without a word
such as “distinct”, the variables may indeed have the same value.
Thus

“Let m and n be integers.”
allows m = n. In [Rota, 1996], page 19, it is reported that E. H.
Moore was sufficiently bothered by this phenomenon to say,

“Let m be an integer and let n be an integer.”
Citation: (KloAleLar93.758), (Her64.2), (Mar92.739).
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distributive plural The use of a plural as the subject of a
sentence in such a way that the predicate applies individually to
each item referred to in the subject.

Example 1 “The multiples of 4 are even.” (or “All the multi-
ples of 4 are even” – see universal quantifier.)

This phenomenon is given a theoretical treatment in [Kamp
and Reyle, 1993], pages 320ff. See also collective plural and each.
Citations: (Axl95.142), (Kal91.479), (Kan97.260).
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divide

1. Divides for integers
An integer m divides an integer n (or: m is a divisor or factor of
n) if there is an integer q for which n = qm. Some authors require
that q be uniquely determined, which has the effect of implying
that no integer divides 0. (0 does not divide any other integer
in any case.) This definition, with or without the requirement for
uniqueness, appears to be standard in texts in discrete mathematics
and number theory. Citations: (Bru93.370), (Bur94.24).

2. Divides for commutative rings
If a and b are elements of a commutative ring R, then a divides b
if there is an element c of R with the property that b = ac. This
appears to be the standard definition in texts in abstract algebra. I
am not aware of any such text that requires uniqueness of c.

Of course, the second meaning is a generalization of the first
one. I have known this to cause people to assert that every nonzero
integer divides every integer, which of course is true in the second
meaning, taking the commutative ring to be the ring of rationals or
reals. Citation: (Bur73.1129).

Acknowledgments John S. Baltutis.
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domain The domain of a function must be a set and may be
named in any way that sets are named. The domain is frequently
left unspecified. It may be possible to deduce it from what is
stated; in particular, in cases where the rule of the function is a
symbolic expression the domain may be implicitly or explicitly
assumed to be the set of all values for which the expression is
defined.

Citation: (Sto95.614).
Aside from the common straight arrow notation the follow-

ing phrases may be used to state that a set S is the domain of a
function f :

a) f is a function with domain S. Citation: (Fis82.445).
b) domf = S. Citation: (Ekl76.786), (GriRab90.692).
c) f is a function on S. Citation: (Bar96.626), (BelEvaHum79.121),

(HasRee93.772).
See also defined in.

For most authors, a function must be defined at every element
of the domain, if the domain is specified. A partial function is a
mathematical object defined in the same way as a function except
for the requirement that it be defined for every element of the
domain.

Remark 1 The word “domain” is also used in topology (con-
nected open set) and in computing (lattice satisfying various con-
ditions) with meanings unrelated to the concept of domain of a
function (or to each other). See multiple meanings.
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Citation: (HofLew96.349).

190



contents wordlist index

dummy variable Same as bound variable.
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each Generally can be used in the same way as all, every, and
any to form a universal quantifier.

Example 1 “Each multiple of 4 is even.”

Remark 1 It appears to me that this direct use of “each”
is uncommon. When it is used this way, it always indicates a
distributive plural, in contrast to all.

“Each” is more commonly used before a noun that is the
object of a preposition, especially after “for”, to have the same
effect as a distributive plural.

Example 2 “For each even number n there is an integer k for
which n = 2k.”

Example 3 “A binary operation ∗ on a set is a rule that
assigns to each ordered pair of elements of the set some element of
the set.” (from [Fraleigh, 1982], page 11).

Example 4 Some students do not understand a postposited
“each” as in the sentence below.

“Five students have two pencils each.”
This usage occurs in combinatorics, for example.

Citations: (Bri93.782), (DorHoh78.166), (JacTho90.71),
(Sen90.330).
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element If S is a set, the expression “x ∈ S” is pronounced in
English in any of the following ways:

a) “x is in S”. Citation: (Epp95.534), (Fis82.445).
b) “x is an element of S” [or “in S”]. Citation: (Her64.2),

(Sen90.330).
c) “x is a member of S”. Citation: (BelBluLewRos66.48).
d) “S contains x” or “x is contained in S”. Citation: (Fre90.705),

(DevDur91.222).
Remark 1 Sentence (d) could also mean x is contained in S

as a subset. See contain.
Remark 2 A common myth among students is that there

are two kinds of mathematical objects: “sets” and “elements”.
This can cause confusion when they are faced with the idea of
a set being an element of a set. The word “element” is used by
experienced mathematicians only in a phrase involving both a
mathematical object and a set. In particular, being an element
is not a property that some mathematical objects have and some
don’t.

Acknowledgments Atish Bagchi
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elementary In everyday English, an explanation is “elemen-
tary” if it is easy and if it makes use of facts and principles known
to most people. Mathematicians use the word “elementary” with
other meanings as well. Most of them are technical meanings in a
specific type of mathematics. We consider two uses in mathemati-
cans’ informal jargon.

Elementary proofs A proof of a theorem is elementary if it
uses only ideas from the same field as the theorem. Rota [Rota,
1996], pages 113 ff., discusses the case of the prime number theo-
rem in depth; the first proofs around 1900 used complex function
theory, but it was given an elementary proof much later. That
proof was quite long and complicated, not at all elementary in the
non-mathematician’s sense. (A simpler one was found much later.)

Elementary definitions Mathematicians sometimes use “elemen-
tary” in another sense whose meaning is not quite clear to me. It
is apparently in opposition to conceptual. Here are two possible
definitions; we need citations to clear this up.

a) A definition of a type of mathematical structure is elementary
if it involves quantifying only over the elements of the under-
lying set(s) of the structure. In particular it does not involve
quantifying over sets or over functions. This is the meaning
used by Vought [1973], page 3.

b) A definition of a type of structure is elementary if it does not
make use of other definitions at the same level of abstraction.
Thus it is unwound.
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Example 1 The usual definition of a topological space as a
set together with a set of subsets with certain properties can be
expressed in an elementary way according to definition (b) but
not in a direct way according to definition (a). (But see the next
remark.)

Remark 1 An elementary definition in the sense of (a) is also
called first order, because the definition can be easily translated
into the language of first order logic in a direct way. However,
by incorporating the axioms of Zermelo-Fraenkel set theory into
a first order theory, one can presumably state most mathematical
definitions in first order logic. How this can be done is described in
Chapter 7 of [Ebbinghaus, Flum and Thomas, 1984].

In spite of the fact that the ZF axioms are first order, one
often hears mathematicians refer to a definition that involves
quantifying over sets or over functions (as in Example 1) as non-
elementary.

Example 2 Here is a conceptual definition of a left R-module
for a ring R: It is an Abelian group M together with a homo-
morphism φ : R → End(M), where End(M) denotes the ring of
endomorphisms of M .

Now here is a more elementary definition obtained by unwind-
ing the previous one: It is an Abelian group M together with an
operation (r,m) 
→ rm : R×M →M for which

a) 1m = m for m ∈M , where 1 is the unit element of R.
b) r(m+ n) = rm+ rn for r ∈ R, m,n ∈M .
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c) (rs)m = r(sm) for r, s ∈ R, m ∈M .
d) (r + s)m = rm+ sm for r, s ∈ R, m ∈M .

One could make this a completely elementary definition by
spelling out the axioms for an Abelian group. The resulting defini-
tion is elementary in both senses given above.

Remark 2 The conceptual definition has the advantage of
making the puzzling role of “left” clear in the phrase “left R-
module”. A right R-module would require a homomorphism from
the opposite ring of R to End(M). This makes it apparent that
the difference between left and right module is intrinsic and asym-
metric, not a matter of the ostensibly symmetric and pointless
distinction concerning which side you write the scalar on.

On the other hand, computations on elements of the module
will require knowing the laws spelled out in the elementary defini-
tion.

Example 3 The concept of 2-category is given both an ele-
mentary and a conceptual definition in [Barr and Wells, 1995],
Section 4.8.

Acknowledgments Michael Barr and Colin McLarty.
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eliminativist See reductionist.
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empty set The empty set is the unique set with no elements. It
is denoted by the symbols ∅ or { }, or sometimes by 0 (zero). It is a
finite set and it has zero elements.

Citations: (HenLarMarWoo94.213), (Ros87.342).

Difficulties Students have various difficulties with the empty set.
The most basic difficulty is that they do not understand that the
empty set is something rather than nothing, so that for example
the set {∅, 3, 5} contains three elements, not two. This is perfectly
natural (and thus needs to be explained) because the basic ground-
ing metaphor of (positive) integer is that it is the number of things
in a collection, so that if you remove all the things in a collection,
you no longer have a collection. This causes cognitive dissidence
with the idea that the empty set is something. (See [Lakoff and
Núñez, 2000], pages 65ff.)

Other difficulties:
• They may be puzzled by the proof that the empty set is

included in every set, which is an example of vacuous impli-
cation.

• They also circulate a myth among themselves that the empty
set is an element of every set.
• They may believe that the empty set may be denoted by {∅}

as well as by ∅.
• They may think that the empty set is the same thing as the

number 0. This is probably occasioned by the common prac-
tice among computer people of writing the number 0 with a
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slash through it to distinguish it from the letter “O”.
See myths and set.
Remark 1 The symbol ∅ for the empty set was introduced

by André Weil in his role as as part of Bourbaki; see [Weil, 1992],
page 114. This symbol is often printed as the Greek letter φ (phi),
and sometimes in conversation it is even called “phi”. Both
[Knuth, 1986] (page 128) and [Schwartzman, 1994] say it is a zero
with a slash through it, and that is the way it is implemented in
TEX. However, Weil says it is the Norwegian letter ø, which is
the letter “O” with a slash through it. (It is pronounced like the
German ö.)

It is also often printed as a circle with a slash through it.
Typographically, a zero is not a circle.

Acknowledgments Atish Bagchi
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encapsulation See object-process duality.
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endowed See equipped.
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enthymeme An enthymeme is an argument based partly on
unexpressed beliefs. Beginners at the art of writing proofs often
produce enthymemes.

Example 1 In the process of showing that the intersection of
two equivalence relations E and E′ is also an equivalence relation,
a student may write

“E∩E′ is transitive because E and E′ are both transitive.”
This is an enthymeme; it omits stating, much less proving, that
the intersection of transitive relations is transitive. The student
may “know” that it is obvious that the intersection of transitive
relations is transitive, having never considered the similar question
of the union of transitive relations. It is very possible that the
student possesses (probably subconsciously) a malrule to the effect
that for any property P the union or intersection of relations with
property P also has property P . The instructor very possibly
suspects this. For some students, of course, the suspicion will be
unjustified, but for which ones? This sort of thing is a frequent
source of tension between student and instructor.

Terminology “Enthymeme” is a classical rhetorical term [Lan-
ham, 1991].
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entification See object-process duality.
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equation An equation has the form e1 = e2, where e1 and
e2 are terms. The meaning of such an equation is that e1 and e2
denote the same mathematical object. However, the purpose of
different equations can be utterly different, and the reader must
normally depend on context to determine the intent in a particular
case. The intent depends on which part of the equation is regarded
as new information. The examples below give the commonest uses.

Example 1 The intent of the equation 2 × 3 = 6 for a grade
school student may be a multiplication fact: the 6 is the new infor-
mation.

Example 2 The intent of 6 = 2× 3 may be information about
a factorization: the 2 and 3 are the new information.

Example 3 The equation 2×3 = 3×2 would probably be per-
ceived by many mathematicians as an instance of the commutative
law.

Example 4 An equation containing variables may be given as
a statement that the two objects are the same for all values of the
variables that satisfy the hypotheses up to this point. Thus

“If f(x) is constant, then f ′(x) = 0.”
This includes the case of an identity, as discussed under that head-
ing. Citations: (CalVel93.373), (Hol95.206), (GraTre96.105).

Example 5 An equation containing variables may be per-
ceived as a constraint. Such equations are often given by teachers
and perceived by students as a command to give a simple expres-
sion for the values of the variables that make the equation true.
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For example, faced with x2 + 3x − 1 = 0 a student should expect
that the equation will have no more than two “solutions” (values
of x that make it true). On the other hand, an equation such as
3x + 4y = 5 determines a straight line: a student faced with this
might be expected to give the equation of the line in slope-intercept
form.

Citations: (Ben87.14), (Rib95.391).
Example 6 An equation of the form “y =[expression]” may

occur as the defining equation of y as a function of x. This is
discussed in the entry on function.

Acknowledgments The first three examples come from [Schoen-
feld, 1985], page 66.
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equipped Used to associate the structure attached to a set to
make up a mathematical structure. Also endowed.

Example 1 A semigroup is a set equipped with [endowed
with] an associative binary operation. Citation: (BriPre92.146),
(BurGriKle96.744).

Acknowledgments Atish Bagchi.
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equivalence relation A partition Π of a set S is a set of
nonempty subsets of S which are pairwise disjoint and whose union
is all of S. Here the only data are S and the set Π of subsets and
the only requirements are those listed.

An equivalence relation on a set S is a reflexive, symmetric,
transitive relation on S. Here the data are S and the relation and
the properties are those named.

The two definitions just given provide exactly the same class
of structures. The first one takes the set of equivalence classes as
given data and the second one uses the relation as given data. Each
aspect determines the other uniquely. Each definition is a different
way of presenting the same type of structure.

Thus a partition is the same thing as an equivalence relation.
G.-C. Rota [Rota, 1997] exhibits this point of view when he says
(on page 1440) “The family of all partitions of a set (also called
equivalence relations) is a lattice when partitions are ordered by
refinement”. Literalists object to this attitude.
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equivalent

1. Equivalence of assertions
Two assertions are equivalent (sometimes logically equivalent)
if they necessarily have the same truth values.

Example 1 There are many ways to say that two assertions
are equivalent. Some are listed here, all for the same assertions.

a) A real number has a real square root if and only if it is non-
negative. Citation: (NeiAnn96.642), (Ros93.223).

b) If a real number has a real square root then it is nonnegative.
Conversely, if it is nonnegative, then it has a real square root.
Citation: (Ros93.208).

c) A real number having a real square root is equivalent to its
being nonnegative. Citation: (BriMor96.863).
Other phrases are used in special cases: in other words, that is,

or equivalently, and the following are equivalent.
Remark 1 If P and Q are assertions, most authors write

either P ≡ Q or P ≡ Q to say that the two statements are equiva-
lent. But be warned: there is a Boolean operation, often denoted
by ↔, with truth table

A B A↔ B
T T T
T F F
F T F
F F T
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This is an operation, not a relation, and the difference between
“↔” and “≡” matters. In particular, the assertion that three
statements P , Q and R are (pairwise) equivalent is sometimes
expressed by using if and only if or iff in the form “P iff Q iff R”.
This could be translated by “P ≡ Q ≡ R”. Now, the connective ↔
is associative, so that

((P ↔ Q)↔ R) ≡ (P ↔ (Q↔ R))
but the assertion “(P ↔ Q)↔ R” does not have the same meaning
as “P iff Q iff R” (consider the case where P and Q are false and R
is true).

In texts on discrete mathematics, [Grimaldi, 1999], [Rosen,
1991], and [Ross and Wright, 1992] all use ↔ for the connective
and ≡ for the relation. The text [Gries and Schneider, 1993] uses
≡ for the connective (and avoids the relation altogether) and [Epp,
1995] uses ≡ for the relation. It appears to me that most books on
logic avoid using the relation.

Citation: (Qui52.521).

Acknowledgments Susanna Epp, Owen Thomas.

2. By an equivalence relation
A phrase of the form “x is equivalent to y” is also used to mean
that x and y are related by an equivalence relation. If the equiva-
lence relation is not clear from context a phrase such as “by the
equivalence relation E” or “under E” may be added. Citation:
(Exn96.35).
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esilism This is my name for the theory espoused, usually subcon-
sciously, by many mathematicians and logicians that the English
language should be forced to mirror the notation, syntax and rules
of one or another of the common forms of first order logic. This
is a special kind of prescriptivism. The name is an acronym for
“English Should Imitate Logic”.

Example 1 The statement “All that glitters is not gold”,
translated into logical notation the way the syntax indicates, gives

∀x(glitters(x)⇒ (not gold(x)))
However, its meaning is

not ∀x(glitters(x)⇒ gold(x))
The “not” modifies the whole sentence, not the phrase “is gold”.
Many, including perhaps most mathematicians, would regard this
sentence as “wrong” in spite of the fact that native English speak-
ers use sentences like it all the time and rarely misunderstand
them. Another example is given under order of quantifiers.

Remark 1 Some would say that the sentence above is wrong
because it is not what Shakespeare wrote. Now, did I say it was
what Shakespeare wrote?

To esilize an English sentence in the mathematical register is
to restate it in a form that can be mindlessly translated into one of
the usual forms of symbolic logic in a way that retains the intended
meaning.

Example 2 “Every element has an inverse” could be esilized
into “For each element x there is an element y that is inverse to x”,
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which translates more or less directly into ∀x∃y (Inverse(y, x)).
Remark 2 A style manual for mathematical writing should

address the issue of how much esilizing is appropriate. Thus the
esilizing in Example 2 is surely unnecessary, but one should avoid
saying “There is an inverse for every element”, which reverses the
quantifiers. (See Example 1 under order of quantifiers.)

It may not be good style to write mathematics entirely in
highly esilized sentences, but it is quite instructive for students
beginning abstract mathematics to ask them to esilize various
mathematical sentences.

Remark 3 Esilism has succeeded in ruling out the use of dou-
ble negatives in educated discourse in English, but not in colloquial
use in some dialects. See [Huddleston and Pullum, 2002], Chap-
ter 9. It has not succeeded in ruling out the phenomenon described
in Example 1.

Diatribe Natural language has been around for thousands
of years and has evolved into a wonderfully subtle tool for com-
munication. First order logic is about a century old (although it
has older precursors dating back to Aristotle) and represents an
artificial form of reasoning suited to mathematics, but not to many
situations in everyday life. See also literalist.

Acknowledgments Susanna Epp.
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establish notation Mathematicians frequently say
“Let’s establish some notation.”

meaning they will introduce a methodical way of using certain
symbols to refer to a particular type of mathematical object. This
is a type of definition on the fly, so to speak. See also fix and let.

Citation: (CulSha92.235).
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eternal See mathematical object.
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eureka See insight.
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evaluate To evaluate a function f at an argument x is to deter-
mine the value f(x). See function.

Citation: (Mcc60.547).
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every See universal quantifier.
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evolution The operation of extracting roots is sometimes called
evolution. Citation: (Pre63.43).
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example An example of a kind of mathematical object is a
mathematical object of that kind. One also may talk about an
example of a theorem; but this is often called an illustration and is
discussed under that heading.

This entry provides a rough taxonomy of types of examples.
The types given overlap, and whether an example is an instance of
a particular type of example may depend on the circumstances (for
example, the background of the reader or the student in a class).

Easy example An easy example is one that can be immediately
verified with the information at hand or that is already familiar
to the reader. Easy examples may be given just before or after a
definition.

Example 1 An introduction to group theory may give as
examples the integers on addition or the cyclic group of order 2, the
last (I hope) presented as the group of symmetries of an isosceles
triangle as well as via modular arithmetic.

Motivating example A motivating example is an example
given before the definition of the concept, with salient features
pointed out. Such an example gives the student something to keep
in mind when reading the definition.

Example 2 A teacher could discuss the symmetries of the
square and point out that symmetries compose and are reversible,
then define “group”.

Remark 1 I have occasionally known students who object
strenuously to giving an example of a concept before it is defined,
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on the grounds that one can’t think about how it fits the definition
when one doesn’t know the definition. Students who feel this way
are in my experience always A students.

Delimiting example A delimiting example (called also a triv-
ial example) is one with the least possible number of elements or
with degenerate structure.

Example 3 An example of a continuous function on R that is
zero at every integer is the constant zero function. Many students
fail to come up with examples of this sort ( [Selden and Selden,
1998]).

Consciousness-raising example A consciousness-raising
example of a kind of mathematical object is an example that
makes the student realize that there are more possibilities for
that kind of thing that he or she had thought of. In particular,
a consciousness-raising example may be a counterexample to an
unconscious assumption on the student’s part.

Example 4 The function

f(x) =

{
x sin 1

x x �= 0
0 x = 0

is an example that helps the student realize that the “draw it
without lifting the chalk” criterion for continuity is inadequate.

Example 5 Example 1 of [Richter and Wardlaw, 1990] pro-
vides a diagonalizable integral matrix whose diagonal form over Z6
is not unique up to ordering. This shows that the usual assumption
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in diagonalization theorems that one is working over a field cannot
be relaxed with impunity.

Inventory examples Many mathematicians will check a conjec-
ture about a type of mathematical object against a small number
of examples they keep in mind when considering such objects. This
could be called a list of inventory examples. Mathematicians
experienced with a concept will choose inventory examples that
illustrate various possibilities. For example, y = x4 is a curve with
second derivative zero at a point that is not an inflection point;
the dihedral group of order 8 is a nonabelian group with a proper
normal subgroup that is not a direct factor.

Pathological example A research mathematician will typically
come up with a definition of a new type of mathematical structure
based on some examples she knows about. Then further thought
or conversation with colleagues will produce examples of structures
that fit the definition that she had not thought of and furthermore
that she doesn’t want to be the kind of thing she was thinking of.
Often the definition is modified. Sometimes, no suitable modifica-
tion seems practical and one must accept these new examples as
valid. In that case they are often referred to by rude names such
as pathological or monster. This was the attitude of many nine-
teenth-century mathematicians toward the space-filling curves, for
example. Citation: (Bee76.19), (LyzSte91.547).

Remark 2 Occasionally an author will give a precise math-
ematical definition to “pathological” or “monster”, for example
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[Arias-De-Reyna, 1990], [Albert E. Babbitt, 1962], [McCleary, 1985].
The name “Monster group” for a particular group has become com-
mon enough that one would cause confusion by using the phrase to
describe another group with pathological behavior. “Monster” in
other fields is sometimes used to describe something that is merely
very large in some sense.

References The discussion of examples herein is drawn from
[Michener, 1978] and [Bagchi and Wells, 1998b].

Difficulties We construct our mental representations of the con-
cept primarily through examples. (Indeed, one of the most effective
ways to learn a new mathematical concept is to generate examples.
See [Dahlberg and Housman, 1997].) Experienced mathematicians
know that this mental representation must always be adjusted to
conform to the definition, but students often let examples mislead
them (see generalization).
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existential bigamy A mistake beginning abstract mathematics
students make that occurs in connection with a property P of an
mathematical object x that is defined by requiring the existence of
an item y with a certain relationship to x. When students have a
proof that assumes that there are two items x and x′ with prop-
erty P , they sometimes assume that the same y serves for both of
them.

Example 1 Let m and n be integers. By definition, m
divides n if there is an integer q such that n = qm. Suppose you
are asked to prove that if m divides both n and p, then m divides
n + p. If you begin the proof by saying, “Let n = qm and p = qm
. . . ” then you are committing existential bigamy.

Terminology The name is my own. The fact that Muriel and
Bertha are both married (there is a person to whom Muriel is
married and there is a person to whom Bertha is married) doesn’t
mean they are married to the same person. See behaviors.

References [Wells, 1995].

Acknowledgments Laurent Siebenmann.
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existential instantiation When ∃(x) is known to be true (see
existential quantifier), one may choose a symbol c and assert P (c).
The symbol c then denotes a variable mathematical object that
satisfies P . That this is a legitimate practice is a standard rule of
inference in mathematical logic. Citations: (HasRee93.774).
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existential quantifier For a predicate P , an assertion of
the form ∃xP (x) means that there is at least one mathematical
object c of the type of x for which the assertion P (c) is true.

Example 1 Let n be of type integer and suppose P (n) is the
predicate “n is divisible by 6”. Then the assertion ∃nP (n) can be
expressed in the mathematical register in these ways:

a) There is an integer divisible by 6. Citation: (LewPap98.20),
(Mea93.387).

b) There exists an integer divisible by 6. Citation: (Che88.744),
(Kre94.903).

c) There are integers divisible by 6. Citations: (HenLarMar-
Woo94.213), (Ros93.293).

d) Some integers are divisible by 6. Citation: (Mea61.152).
e) For some integer n, 6 divides n. Citation: (Kle99.678),

(Sto95.614).
Remark 1 If the assertion ∃xP (x) is true, there may be

only one object c for which P (c) is true, there may be many c for
which P (c) is true, and in fact P (x) may be true for every x of
the appropriate type. For example, in mathematical English the
assertion, “Some of the computers have sound cards”, allows as a
possibility that only one computer has a sound card, and it also
allows as a possibility that all the computers have sound cards.
Neither of these interpretations reflect ordinary English usage.

In particular, in mathematical discourse, the assertion
“Some primes are less than 3.”
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is true, even though there is exactly one prime less than 3. How-
ever, I do not have an unequivocal citation for this.

It would be a mistake to regard such a statement as false since
we often find ourselves making existential statements in cases where
we do not know how many witnesses there are.

In general, the passage from the quantifying English expres-
sions to their interpretations as quantifiers is fraught with difficulty.
Some of the basic issues are discussed in [Chierchia and McConnell-
Ginet, 1990], Chapter 3; see also [Kamp and Reyle, 1993], [Gil,
1992] and [Wood and Perrett, 1997], page 12 (written for students).

See also universal quantifier, order of quantifiers, and Exam-
ple 2 under indefinite article.

225



contents wordlist index

expansive generalization See generalization.
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explicit assertion An assertion not requiring pattern recogni-
tion.

Example 1 Some calculus students memorize rules in the
form of explicit assertions:

“The derivative of the square of a function is 2 times the
function times the derivative of the function.”

A form of this rule that does require pattern recognition is:
“The derivative of (f(x))2 is 2f(x)f ′(x).”
Remark 1 Most definitions and theorems in mathematics

do require pattern recognition and many would be difficult or
impossible to formulate clearly without it.

Remark 2 The process of converting a definition requiring
pattern recognition into one that does not require it bears a strik-
ing resemblance to the way a compiler converts a mathematical
expression into computer code..

Terminology The terminology “explicit assertion” with this
meaning is my own.
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explicit knowledge See functional knowledge.
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expression See symbolic expression.
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extensional See semantics.
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extrapolate To assume (often incorrectly) that an assertion
involving a certain pattern in a certain system holds for expressions
of similar pattern in other systems.

Example 1 The derivative of xn is nxn−1, so the derivative
of ex is xex−1. Of course, the patterns here are only superficially
similar; but that sort of thing is precisely what causes problems for
beginning abstract mathematics students.

Example 2 The malrule invented by many first year calculus
students that transforms d(uv)

dx to du
dx

dv
dx may have been generated by

extrapolation from the correct rule
d(u+ v)
dx

=
du

dx
+
dv

dx
by changing addition to multiplication. The malrule√

x+ y =
√
x+
√
y

might have been extrapolated from the distributive law
a(x+ y) = ax+ ay

Both these examples can be seen as the operation of a single
malrule: “All operations are linear”. See [Matz, 1982].

Another example of extrapolation is given under infinite.
References [Resnick, Cauzinille-Marmeche and Mathieu, 1987].

Terminology “Extrapolation” is the name given for this phe-
nomenon in the mathematical education literature. It is a type of
generalization, but the latter word is overworked and not used in
that meaning here.
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factor If an expression e is the product of several expressions ei,
in other words

e = Πn
i=1ei

then each ei is a factor of e. A divisor of an integer is also called a
factor of the integer.

“Factor” is also used as a verb. To factor an expression is
to represent it as the product of several expressions; similarly, to
factor an integer (more generally an element of a structure with
an associative binary operation) is to represent it as a product of
integers. The use of the word typically carries with it the under-
standing that the factors of the product must be of a specific type,
for example primes in the case of integers.

See also term and short-circuit semantics.
Citations: (Sog89.494), (Sur77.728), (Sny82.463).
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fallacy A fallacy is an error in reasoning. Two fallacies with
standard names that are commonly committed by students are
affirming the consequent and denying the hypothesis. See also
argument by analogy

Terminology The meaning given here is that used in this Hand-
book. It is widely used with a looser meaning and often connotes
deliberate deception, which is not intended here.
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false symmetry A student may fall into the trap of thinking
that some valid method or true statement can be rearranged in
some sense and still be valid or true.

The fallacy of affirming the consequent is a kind of false sym-
metry, and one might argue that extrapolation is another kind.
The examples below are intended to illustrate other types of false
symmetry. See also counterexample.

I have observed all these errors in my own classes.
Example 1 The product of any two rational numbers is a

rational number, so [ERROR] if x is rational and x = yz then y
and z must be rational.

Example 2 If V is a vector space with subspace W , then any
basis of W is included in a basis of V . This means [ERROR] that
any basis of V contains a basis of W as a subset.

Example 3 Any subgroup of an Abelian group A is normal in
A, so [ERROR] any Abelian subgroup of a group must be normal
in that group. This error may also be a case of a missing relational
argument (see Behavior (c) under behaviors), since being normal is
a two-place predicate.

Remark 1 It would be desirable to come up with a better
description of this process than “rearranged in some sense”! There
may, of course, be more than one process involved.

Acknowledgments Eric Schedler.
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family A family of sets sometimes means an indexed set of sets
(so differently indexed members may be the same) and sometimes
merely a set of sets.

[Ross and Wright, 1992], page 686 and [Fletcher and Patty,
1988], pages 41–42 both define a family to be a set; the latter book
uses “indexed family” for a tuple or sequence of sets.

Citations: (New67.911), (Oxt77.155), (Rot97.1440).
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field A field is both a type of object in physics and a type of
object in abstract algebra. The two meanings are unrelated.
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find Used in problems in much the same way as give.
Example 1 “Find a function of x whose value at 0 is positive”

means “Give [an example of] a function . . . ”
Also used in phrases such as “we find” to mean that there is

an instance of what is described after the phrase. As such, it means
essentially the same thing as “there exists”.

Example 2 “Since limx→∞ f(x) = ∞, we may find a number
x such that f(x) > 104.”

Citations: (Arv74.464), (Bur86.423), (BumKocWes93.796),
(Bir93.279), (For57.28)
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first order logic See mathematical logic.
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fix A function f fixes a point p if f(p) = p.
Remark 1 This is based on this metaphor: you fix an object

if you make it hold still (she fixed a poster to the wall). In my
observation, Americans rarely use “fix” this way; in the USA, the
word nearly always means “repair”.

Remark 2 “Fix” is also used in sentences such as “In the
following we fix a point p one unit from the origin”, which means
that we will be talking about any point one unit from the origin
(a variable point!) and we have established the notation p to refer
to that point. The metaphor behind this usage is that, because it
is called p, every reference to p is to the same value (the value is
“fixed” throughout the discussion.)

Citations: (Bri93.782), (Gil60.622), (LanTho91.126), (Mar92.741).

Acknowledgments Guo Qiang Zhang.
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follow The statement that an assertion Q follows from an asser-
tion P means that P implies Q.

The word “follow” is also used to indicate that some state-
ments after the current one are to be grouped with the current one,
or (as in “the following are equivalent)” are to be grouped with
each other.

Example 1 “A set G with a binary operation is a group
if it satisfies the following axioms . . . ” This statement indicates
that the axioms that follow are part of the definition currently in
progress.

Citations: (Epp95.36), (BelBluLewRos66.48), (BruMar-
Wei92.140), (FarJon89.272), (Kar72.706).
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following are equivalent The phrase “the following are
equivalent” (or “TFAE”) is used to assert the equivalence of the
following assertions (usually more than two and presented in a list).
Citation: (MorShaVal93.751).
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for all See universal quantifier.
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form See collective plural.
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formal

Carefully written mathematics Describes prose or speech that
directly presents a mathematical definition or argument. In partic-
ular, a “formal proof” is a proof written in careful language with
the steps made clear. This is the terminology used by Steenrod in

[Steenrod et al., 1975]. Similar terminology includes “formal defini-
tion” In this Handbook such formal assertions are said to be in the
mathematical register.

Citation: (AkiDav85.243), (Thu93.228).

Use in mathematical logic The phrase “formal proof” is also
used to mean a proof in the sense of mathematical logic; see proof.
In this sense a formal proof is a mathematical object.

References [Grassman and Tremblay, 1996], pages 46–48 define
formal proof as in logic.

Opposite of colloquial The word “formal” also describes a style
of writing which is elevated, the opposite of colloquial. It is not
used in that meaning in this book.
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formal analogy A student may expect that a notation is to
be used in a certain way by analogy with other notation based on
similarity of form, whereas the definition of the notation requires a
different use.

Example 1 Given real numbers r and s with s nonzero, one
can form the real number r/s. Given vectors �v and �w, students
have been known to write �v/�w by formal analogy.

Example 2 In research articles in mathematics the assertion
A ⊂ B usually means A is included as a subset in B. It carries no
implication that A is different from B. Citation: (HasRee93.774),
(Che88.744), (Pri70.321). However, the difference between “m < n”
and “m ≤ n” often causes students to expect that A ⊂ B should
mean A is a proper subset of B and that one should express the
idea that A is included in and possibly equal to B by writing
A ⊆ B. The research mathematical usage thus fails to be parallel
to the usage for inequalities, which can cause cognitive dissonance.

This formal analogy has resulted in a change of usage discussed
further under private language.

Remark 1 I would conjecture that in Example 2, the same
process is at work that is called leveling by linguists: that is the
process that causes small children to say “goed” instead of “went”.

References This discussion is drawn from [Bagchi and Wells,
1998a].
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formal language A set of symbolic expressions defined by a
mathematical definition. The definition is usually given recursively.

Example 1 Pascal, like other modern programming lan-
guages, is a formal language. The definition, using Backus-Naur
notation (a notation that allows succinct recursive definitions), may
be found in [Jensen and Wirth, 1985].

Example 2 The languages of mathematical logic are formal
languages. Thus terms and expressions are defined recursively on
pages 14 and 15 of [Ebbinghaus, Flum and Thomas, 1984].

Example 3 The traditional symbolic language of mathematics
is not a formal language; this is discussed under that entry.

See also context-sensitive.
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formal logic Mathematical logic.
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formula In most mathematical writing, a formula is an expres-
sion that allows some function to be calculated. This is analogous
to the use of the word in other contexts; for example the formula
for water is H2O.

Example 1 The formula for the area A of a circle with radius
r is πr2.

Citation: (Gou72.44), (Bog89.915), (Kno81.235).
In mathematical logic, a formula is symbolic expression in

some formal language whose meaning is that of an assertion. It
must be distinguished from term; for example “x + 2y” is not a
formula (it is a term), but “x > y” and x + y = z are formulas.
( [van Dalen, 1989], [Ebbinghaus, Flum and Thomas, 1984],
[Mendelson, 1987], [Hartley Rogers, 1963])

Example 2 The statement ∀x(x2 ≥ 0) could be a formula in
an appropriately designed logical language.

Difficulties When teaching logic, I have frequently witnessed
the difficulties students have had in remembering the difference in
meaning between a formula in the sense of logic and formula as
used elsewhere in mathematics. This is an example of semantic
contamination. In this Handbook the word assertion is usually used
instead of “formula”.
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forward reference A forward reference occurs when a pro-
noun refers to something named later in the text.

Example 1 This is a problem I gave on a test:
“Describe how to tell from its last digit in base 8 whether
an integer is even.”

In this sentence “its” refers to “an integer”, which occurs later in
the sentence.

Remark 1 That problem and other similar problems have
repeatedly caused a few of my students to ask what it meant.
These included native English speakers. Of course, this problem is
not specific to mathematical discourse.

Terminology I took this terminology from computer science.
Linguists refer to forward reference as “cataphoric reference”
[Halliday, 1994] (page 314) or “backward dependency” [Chierchia,
1995].
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fraktur An alphabet formerly used for writing German that
is sometimes used for mathematical symbols. It appears to me
that its use is dying out in mathematics. Many of the forms are
confusing and are mispronounced by younger mathematicians. In
particular, A may be mispronounced “U” and I as “T”. Citations:
(Gou94.213), (HalShe016.239), (Vau73.11).

Remark 1 The familiar name for this alphabet among native
German speakers seems to be “Altschrift” (this is based on conver-
sations I have had with Germans). The word “Fraktur” does occur
in both German and English with this meaning, and also refers to
some types of folk art.

Also called gothic.

A, a A, a
B, b B, b
C, c C, c
D, d D, d
E, e E, e
F, f F, f
G, g G, g
H, h H, h
I, i I, i

J, j J, j
K, k K, k
L, l L, l
M, m M, m
N, n N, n
O, o O, o
P, p P, p
Q, q Q, q
R, r R, r

S, s S, s
T, t T, t
U, u U, u
V, v V, v
W, w W, w
X, x X, x
Y, y Y, y
Z, z Z, z
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free variable A variable in a term is free if one can substitute
the name of a specific mathematical object of the correct type for
the variable and obtain the name of a specific mathematical object.
In other words, the term is a function with the variable as one of
the arguments.

Similarly, a variable in a symbolic assertion is free if it is pos-
sible to substitute the identifier of a specific mathematical object
and get a meaningful statement. In particular, if one substitutes
identifiers of specific mathematical objects for every free variable
in a symbolic assertion one should get a statement that is defi-
nitely true or definitely false. In that sense, an assertion with free
variables in it is parametrized; choosing values for the parameters
gives a specific statement. Another way of saying this is that the
assertion is a Boolean function of the variables.

In contrast, one cannot substitute for bound variables.
Example 1 The assertion
“x2 − 1 > 0”

is not definitely true or false. However, if you substitute 2 for x
you get 3 > 0 which is true, and if you substitute 0 you get a false
statement.

Remark 1 Observe that if we change the assertion in Exam-
ple 1 to “x2 + 1 > 0”, the result is definitely true (assuming x
of type real) before substitution is made. Nevertheless, you can
substitute a real number for x in the assertion and get a statement
that is definitely true or definitely false (namely definitely true), so
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x is free. See open sentence.
Example 2 The term x2 + y2 becomes an expression denoting

13 if 2 is substituted for x and 3 is substituted for y.
Example 3 The term

∑n
k=1 k becomes an expression denoting

6 if 3 is substituted for n. But when one substitutes a number for
k, getting for example

∑n
5=1 5, one gets nonsense; k is not a free

variable in the expression “
∑n

k=1 k”, it is a bound variable.
Remark 2 The preceding discussion gives a kind of behav-

ioral definition of how free variables are used in the mathematical
register; this definition is in the spirit of a dictionary definition. In
texts on mathematical logic and on formal languages, freeness is
generally given a recursive mathematical definition based on the
formal recursive definition of the language. Such a recursive defini-
tion contains rules such as the following, based on a prior recursive
definition of formula.
• If x does not occur in the formula T , then x is free in T .
• x is free in x.
• if x is free in T , then x is free in ∃xT .

That sort of definition constitutes a abstraction of the concept of
free variable defined here.

It is necessary to give such a mathematical definition of “free
variable” if one is going to prove theorems about them. However,
students need to know the intuition or metaphor underlying the
concept if they are going to make fluent use of it. Most modern
logic books do attempt to provide some such explanation.
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Acknowledgments Alonzo Church gave a similar definition of
free and bound in [Church, 1942].
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function The concept of function in mathematics is as complex
and important as any mathematical idea, though perhaps such
concepts as space have more subtleties. This long entry discusses
the syntax we use in talking about functions, the many metaphors
behind the idea, and the difficulties connected with it.

Objects associated with a function When a function is dis-
cussed in the mathematical register, some or all of the following
data will be referred to.

a) An identifier for the function.
b) The domain of the function (discussed under domain).
c) The codomain of the function (discussed under codomain).
d) The argument to the function. discussed in this entry.
e) The value of the function at an element of the domain (dis-

cussed under value).
f) The graph of the function, discussed in this entry.
g) The rule of the function, discussed in this entry.

There is no single item in the preceding list that a discussion
of a function must refer to. Below, I list many of the possibilities
for referring to these data and the common restrictions on their
use.

The identifier of a function (See also value).
(a) Name Functions may have names, for example “sine” or

“the exponential function”. The name in English and the symbol
for the function may be different; e.g. “sine” and “sin”, “exponen-
tial function” and “exp”. See also definition.
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(b) Local identifier A function may be given a local identifier.
This is by convention a single letter, often drawn from the Roman
letters f through h or one of many Greek letters.

(c) Anonymous reference A function may be specified with-
out an identifier, using some form of structural notation. One form
is to use the defining expression (discussed below). Other types
of structural notation include barred arrow notation and lambda
notation, discussed under those entries.

(d) Naming a function by its value at x It is common to refer
to a function with identifier f (which may or may not be a name)
as f(x) (of course some other variable may be used instead of x).
This is used with functions of more than one variable, too.

Example 1 “Let f(x) be a continuous function.”
Example 2 “The function sinx is bounded.” Citations:

(GraKnuPat89.71), (Gro34.627), (Mor95.716).
(e) The defining expression as the name of a function It

is very common to refer to a function whose rule is given by an
expression f(x) by simply mentioning the expression, which is
called its defining expression. This is a special case of naming a
function by its value.

Example 3 “The derivative of x3 is always nonnegative.”
Remark 1 It is quite possible that this usage should be ana-

lyzed as simply referring to the expression, rather than a function.
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(f) Using the name to refer to all the values The name of
function can be used to stand for all values. Examples:

“f ≥ 0.”

“x2 is nonnegative.”

Compare collective plural. Citation: (Pow96.879)

The argument The element of the domain at which the function
is evaluated may be called the argument. I have heard lecturers
call it the input, but in print this usage seems to be limited to
inputs to operators (usually functions themselves) or to algorithms.

See also arity.

The rule for evaluation and the graph For a function f with
domain D, the The graph of the function is the set

{(x, f(x) | x ∈ D}
Citation: (Bau78.644). The word is often used for the picture of
the graph.

The rule for evaluation of the function is an expression or
algorithm that provides a means of determining the value of the
function. The rule can be a symbolic expression or an algorithm,
expressed informally or in a formal language. When the rule is
given by an expression e(x), the definition of the function often
includes the statement

y = e(x)
which is called the defining equation of the function.
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Example 4 “Consider the function given by y = x2 + 1.” The
defining equation is “y = x2 + 1”.

Example 5 “Consider the function f(x) = x2 + 1.” Note that
this gives the definition equation as a parenthetic assertion. In this
expression the variable x is bound (see Example 3 under bound
variable).

Remark 2 A subtle point, which perhaps students should not
be bothered with too early, is that a function will always have a
graph but it need not always have a defining rule. This is because
the number of possible rules (which are strings in a finite alphab-
vet) is only countably infinite, but the cardinality of the set of all
functions between two infinite sets is uncountable.

Citation: (Bar96.631), (Bez89.271), (Bre71.592), (Mol97.531),
(Sta70b.884), (SwaTho88.644).

Disjunctive definitions An expression involving disjunctions
can confuse students, who don’t recognize it as one expression
defining one function.

Example 6 “Let f(x) =

{
x+ 1 if x > 2
2x− 1 otherwise.

” Citation:

(Fra98.609), (MarDanSep98.116).
Because of the practice of using defining equations, students

often regard a function as an equation [Thompson, 1994], pp 24ff.
So do teachers [Norman, 1992].
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Variations in terminology It appears to me that many math-
ematicians avoid using the word “function” for functions that do
not act on numbers, perhaps for reasons of readability. Instead,
they use words such as functional, operator, or operation. I have
heard secondhand stories of mathematicians who objected to using
the word “function” for a binary operation such as addition on the
integers, but I have never seen that attitude expressed in print.

In this text functions are not restricted to operating on num-
bers. See also mapping.

How one thinks of functions A mathematician’s mental repre-
sentation of a function is generally quite rich and involves many
different metaphors. Some of the more common ways are noted
here. These points of view have blurry edges!

(a) Expression to evaluate Function as expression to evaluate.
This is the motivation for item (e) under “The identifier of a func-
tion” earlier in this entry. It is the image behind statements such
as “the derivative of x3 is 3x2”. This gives an intensional semantics
to the expression. Citation: (Chu42.390).

(b) Graph Function as graph. This provides a picture of the
function as a relation between argument and value; of course it is a
special kind of relation. Citation: (Cal74.217).

(c) Dependency relation Function as a dependency rela-
tion. This is the metaphor behind such descriptions as “let x
depend smoothly on t”. It is related to the graph point of view, but
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may not carry an explicit picture; indeed, an explicit picture may
be impossible. Citation: (Kno81.235).

(d) Transformer Function as transformer, or machine that
takes an object and turns it into another object. In this picture,
the function F (x) = x3 transforms 2 into 8. This is often explicitly
expressed as a “black box” interpretation, meaning that all that
matters is input and output and not how it is performed. This idea
is revealed by such language as “2 becomes 8 under f”.

(e) Algorithm Function as algorithm or set of rules that tell
you how to take an input and convert it into an output. This
is a metaphor related to those of function as expression and as
transformer, but the actual process is implicit in the expression
view (in the intensional semantics of the expression) and hidden in
the transformer (black box) view. Citations: (Sto95.619).

(f) Relocator Function as relocator. In this version, the
function F (x) = x3 moves the point at 2 over to the location
labeled 8. This is the “alibi” interpretation of [Mac Lane and
Birkhoff, 1993] (page 256). It is revealed by such language as “f
takes 2 to 8”. Citation: (Wit90.144).

(g) Map Function as map. This is one of the most powerful
metaphors in mathematics. It takes the point of view that the
function F (x) = x3 renames the point labeled 2 as 8. A clearer
picture of a function as a map is given by some function that maps
the unit circle onto, say, an ellipse in the plane. The ellipse is a
map of the unit circle in the same way that a map of Ohio has a
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point corresponding to each point in the actual state of Ohio (and
preserving shapes in some approximate way). This is something
like the “alias” interpretation of [Mac Lane and Birkhoff, 1993]:
The point on the map labeled “Oberlin”, for example, has been
renamed “Oberlin”. Citations: (LanTho91.126), (RosWri92.19).

References [Lakoff and Núñez, 1997], [Selden and Selden, 1992]

Mathematical definitions of function Texts in calculus and
discrete mathematics often define the concept of function as a
mathematical object. There are two nonequivalent definitions in
common use. One defines a function to be a set of ordered pairs
with the functional property (pairs with the same first coordinate
have the same second coordinate). The other specifies a domain
and a codomain as well as a set of ordered pairs with the functional
property, and requires that the domain be exactly the set of first
coordinates and the codomain include all the second coordinates.
In the latter case the set of ordered pairs is the graph of the
function.

Difficulties Typically, the definition of “function” does not cor-
respond very well with actual usage. For example, one generally
does not see the function expressed in terms of ordered pairs, one
more commonly uses the f(x) notation instead. To avoid this dis-
crepancy, I suggested in [Wells, 1995] the use of a specification
for functions instead of a definition. Another discrepancy is noted
under codomain.
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These discrepancies probably cause some difficulty for stu-
dents, but for the most part students’ difficulties are related to
their inability to reify the concept of function or to their insis-
tence on maintaining just one mental representation of a function
(for example as a set of ordered pairs, a graph, an expression or a
defining equation).

There is a large literature on the difficulties functions cause
students, I am particularly impressed with [Thompson, 1994].
Another important source is the book [Harel and Dubinsky, 1992]
and the references therein, especially [Dubinsky and Harel, 1992],

[Norman, 1992], [Selden and Selden, 1992], [Sfard, 1992]. See also
[Vinner and Dreyfus, 1989], [Eisenberg, 1992] and [Carlson, 1998].
[Hersh, 1997a] discusses the confusing nature of the word “function”
itself.

Acknowledgments Michael Barr.
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function of n variables See arity.
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functional The word functional is used as a noun to denote
some special class of functions. The most common use seems to
be to denote a function whose domain consists of vectors, func-
tions, or elements of some abstract space such as a normed linear
space whose motivating examples are function spaces. But not all
uses fit this classification. Citations: (Bez89.271), (Jam51.237),
(Kre94.903), (Mic50.86–87).
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functional knowledge Functional knowledge is “knowing
how”; explicit knowledge is “knowing that”. Functional knowl-
edge is also called implicit knowledge.

Example 1 Many people, upon hearing a simple tune, can
sing it accurately. If two successive notes differ by a whole step
(“Whole step” is a technical term in music theory for the relation
of the frequencies of the two notes.), as for examples the second
and third notes of “Happy Birthday”, they will sing the sequence
correctly. They have the functional knowledge to be able to copy a
simple enough tune. Some with musical training will be able to say
that this jump is a whole step, even though they had never thought
about the tune before; they are able to turn their functional knowl-
edge into explicit knowledge.

Example 2 Consider two students Hermione and Lucy in a
first course in number theory. The instructor sets out to prove that
if the square of an integer is odd, then the integer is odd. Her proof
goes like this:

“Suppose the integer n is even. Then n = 2k for some
integer k, so n2 = 4k2 Thus n2 is even as well. QED.”

Hermione immediately understands this proof and is able to pro-
duce similar proofs using the contrapositive even though she has
never heard of the word “contrapositive”. Lucy is totally lost; the
proof makes no sense at all.

In first classes involving rigorous proofs, this sort of thing hap-
pens all the time. Clearly, Hermione has some sort of functional
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knowledge that enables her to grasp the logical structure of argu-
ments without any explicit explanation. And Lucy does not have
this functional knowledge; she needs tutoring in logical reasoning.

Remark 1 Some students appear to me to have a natural
talent for acquiring the ability to grasp the logical structure of
arguments, without being explicitly taught anything about the
translation problem or logic. Indeed, many professional mathe-
maticians know very little of the terminology of logic but have no
trouble with understanding the logical structure of narrative argu-
ments. Other students have difficulty even when taught about the
logical structure explicitly.

This may be the fundamental difference between those who
have a mathematical mind and those who don’t. It is likely that (a)
most students can learn mathematics at the high school level even
though (b) some students have special talent in mathematics.

The situation seems to be similar to that in music. Music
educators generally believe that most people can be taught to
sing in time and on key. Nevertheless, it is obvious that some
children have special musical talent. The parallel with mathematics
is striking.
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fundamentalist See literalist.
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fuzzy See concept.
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generalization

Legitimate generalization To generalize a mathematical con-
cept C is to find a concept C ′ with the property that instances of C
are also instances of C ′.

(a) Expansive generalization One may generalize a concept
by changing a datum of C to a parameter. This is expansive
generalization.

Example 1 Rn, for arbitrary positive integer n, is a gener-
alization of R2. One replaces the ordered pairs in R2 by ordered
n-tuples, and much of the spatial structure (except for the rep-
resentation of R2 using complex numbers) and even some of our
intuitions carry over to the more general case.

(b) Reconstructive generalization A generalization may
require a substantial cognitive reconstruction of the concept. This
is reconstructive generalization.

Example 2 The relation of the concept of abstract real vector
space to Rn is an example of a reconstructive generalization. One
forgets that the elements are n-tuples and adopts axioms on a set
of points to make a real vector space. Of course, one can do an
expansive generalization on the field as well, changing R to an
arbitrary field.

Another example occurs under continuous.
Remark 1 The suspicious reader will realize that I have

finessed something in this discussion of vector spaces. If you have
only a naive idea of the real plane as a set of points, then before
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you can make an expansive generalization to Rn you must recon-
struct the real plane by identifying each point with its pair of
coordinates. It appears to me that this reconstruction happens to
some students in high school and to others in college.

Remark 2 The relation between reconstructive generalization
and abstraction should be studied further.

The names “expansive” and “reconstructive” are due to [Tall,
1992a].

Generalization from examples The idea of generalization just
discussed is part of the legitimate methodology of mathematics.
There is another process often called generalization, namely gen-
eralization from examples. This process is a special case of
extrapolation and can lead to incorrect results.

Example 3 All the limits of sequences a student knows may
have the property that the limit is not equal to any of the terms in
the sequences, so the student generalizes this behavior with some
(erroneous!) assertion such as, “A sequence gets close to its limit
but never equals it”. See also extrapolate and myths.

References This example is from the discussion in [Tall,
1992b], Sections 1.5 and 1.6. See also [Pimm, 1983].

Terminology It appears to me that the usual meaning of the
word “generalization” in colloquial English is generalization from
examples. Indeed, in colloquial English the word is often used in a
derogatory way. The contrast between this usage and the way it is
used in mathematics may be a source of cognitive dissonance.
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generally See in general.
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generic See mathematical object.
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give “Give” is used in many ways in the mathematical register,
often with the same sense it would be used in any academic text
(“we give a proof . . . ”, “we give a construction . . . ”). One par-
ticular mathematical usage: to give a mathematical object means
to describe it sufficiently that it is uniquely determined. Thus
a phrase of the form “give an X such that P” means describe a
object of type X that satisfies predicate P . The description may
be by providing a determinate identifier or it may be a definition of
the object in the mathematical register.

Example 1 “Problem: Give a function of x that is positive
at x = 0.” A correct answer to this problem could be “the cosine
function” (provide an identifier), or “the function f(x) = x2 + 1”
(in the calculus book dialect of the mathematical register).

“Given” may be used to introduce an expression that defines
an object.

Example 2 One could provide an answer for the problem in
the preceding example by saying:

“the function f : R→ R given by f(x) = 2x+ 1.”
The form given is also used like if.
Example 3 “Given sets S and T , the intersection S ∩ T is

the set of all objects that are elements of both S and T .”
See also find. Citations: (Bur94.17), (Epp95.534), (GelOlm90.65),

(JenMul00.634), (Len92.216), (Str93.17).
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global See local.
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global identifier A global identifier in a mathematical text is
an identifier that has the same meaning throughout the text. These
may be classified into three types:

Global to all of mathematics Some global identifiers are used
by nearly all authors, for example “=”, mostly without definition.
Some global identifiers such as π and e are sometimes overridden in
a particular text. Even “=” is sometimes overridden; for example,
one may define the rationals as equivalence classes of ordered pairs
of integers, and say we write a/b for (a, b) and a/b = a′/b′ if (a, b) is
equivalent to (a′, b′).

Global to a field Some are used by essentially all authors in a
given field and generally are defined only in the most elementary
texts of that field.

Example 1 The integral sign is global to any field that uses
the calculus. This seems never to be overridden in the context of
calculus, but it does have other meanings in certain special fields
(ends and coends in category theory, for example).

Global to a text A global identifier may be particular to a given
book or article and defined at the beginning of that text.

An identifier defined only in a section or paragraph is a local
identifier.

Remark 1 The classification just given is in fact an arbitrary
division into three parts of a continuum of possibilities.
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Difficulties Global identifiers specific to a given text impose a
burden on the memory that makes the text more difficult to read,
especially for grasshoppers. It helps to provide a glossary or list
of symbols, and to use type labeling. Steenrod [1975] says global
symbols specific to a text should be limited to five.

Mnemonic global identifiers of course put less burden on the
reader.

Acknowledgments Thanks to Michael Barr, who made valuable
suggestions concerning an earlier version of this entry.
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gothic The German fraktur alphabet is sometimes called gothic,
as is an alphabet similar to fraktur but easier to read that is used
as newspaper titles. Certain sans-serif typefaces are also called
gothic.
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graph The word “graph” has two unrelated meanings in under-
graduate mathematics:

a) The graph of a function.
b) A structure consisting of nodes with directed or undirected

edges that connect the nodes is called a (directed or undi-
rected) graph. The actual mathematical definitions in the
literature vary a bit. Citation: (Wil89.704).
Moreover, in both cases the word “graph” may also be used

for drawings of (often only part of) the mathematical objects just
described. Citations: (Dan78.539), (Cur90.524), (BakDewSzi74.835).
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grasshopper A reader who starts reading a book or article at
the point where it discusses what he or she is interested in, then
jumps back and forth through the text finding information about
the ideas she meets. Contrasted with someone who starts at the
beginning and reads straight through.

Terminology The terminology is due to Steenrod [1975]. Steen-
rod calls the reader who starts at the beginning and reads straight
through a normal reader, a name which this particular grasshop-
per resents.
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Greek alphabet Every letter of the Greek alphabet except
omicron (O,o) is used in mathematics. Knuth [1986], page 434)
said upsilon (Υ, υ) was not used, but it occurs in [Nyikos, 1984],
page 663. (Thanks to Gary Tee for this reference.)

All the lowercase forms and all those uppercase forms that
are not identical with the Roman alphabet are used. Students
and young mathematicians very commonly mispronounce some of
them. The letters are listed here with pronunciations and with
some comments on usage. Some information about the common
uses of many of these letters is given in [Schwartzman, 1994].

Pronunciation key: ăt, āte, bĕt, ēve, p̆ıt, r̄ıde, cŏt, gō,
fōōd, fŏŏt, bŭt, mūte, ´ the neutral unaccented vowel as in ago
(´gō) or focus (fōk´s). A prime after a syllable indicates primary
accent; double prime secondary accent, as in secretary (sĕ′kr´tă′′r̆ı)
(American pronunciation). (Br) indicates that the pronunciation is
used chiefly in countries whose education system derived from the
British system (including Britain, Australia, New Zealand, South
Africa).

A, α Alpha, ăl′f´. Citation: (Bil73.1107).
B, β Beta, bā′t´ or bē′t´ (Br). Citation: (Bil73.1107).
Γ, γ Gamma, gă′m´. Citation: (Det93.468), (EdeKos95.7),

(Fow96.2).
∆, δ Delta, dĕl′t´. Citation: (Bar96.626), (BieGro86.425).
E, ε or ε Epsilon, ĕp′s´l´n, ĕp′s´lŏn′′, or ĕps̄i′l´n. Note that

the symbol ∈ for elementhood is not an epsilon. Citation: (Dar-
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Gof70.729), (Sur90.321).
Z, ζ Zeta, zā′t´ or zē′t´ (Br). Citation: (Sny82.463).
H, η Eta, ā′t´ or ē′t´ (Br). Citation: (FarJon89.272).
Θ, θ or ϑ Theta, thā′t´ or thē′t´ (Br). Citation: (IpsMey95.905),

(Har93a.639), (Sur90.321).
I, ι Iota, ı̄ō′t´. Citation: (New67.911).
K, κ Kappa, kăp′´. Citation: (Car82.316).
Λ, λ Lambda, lăm′d´. Citation: (Car82.316).
M, µ Mu, mū. Citation: (KupPri84.86).
N, ν Nu, nōō or nū. Citation: (Gil60.622).
Ξ, ξ Xi. I have heard ksē, s̄ı and z̄ı. Note that the pronun-

ciation s̄ı is also used for ψ (discussed further there). Citation:
(DebHol91.795), (Mil89.714).

O, o Omicron, ŏ′mı̆krŏn′′ or ō′mı̆krŏn′′.
Π, π Pi, p̄ı. To the consternation of some students beginning

abstract mathematics, π is very commonly used to mean all sorts
of things besides the ratio of the circumference of a circle to its
diameter. Citation: (Har93a.639), (Lef77.643), (Oss79.18).

P, ρ Rho, rō. Citation: (Ost71.624), (Sri81.640).
Σ, σ Sigma, s̆ıg′m´. Citation: (Wit90.144), (Cur93.790),

(Mea93.387), (Tal86.257).
T, τ Tau, pronounced to rhyme with cow or caw. Citation:

(Sog89.494).
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Υ, υ Upsilon. The first syllable can be pronounced ōōp or ŭp
and the last like the last syllable of epsilon. Citation: (Ree86.509),
(Zan72.102).

Φ, φ or ϕ Phi, f̄ı or fē. For comments on the symbol for the
empty set, see empty set. Citation: (Lef77.643), (Oso94.760).

X, χ Chi, pronounced k̄ı. I have never heard anyone say kē
while speaking English (that would be the expected vowel sound
in European languages). German speakers may pronounce the first
consonant like the ch in “Bach”. Citation: (Sri81.640).

Ψ, ψ Psi, pronounced s̄ı, sē, ps̄ı or psē. I have heard two
different young mathematicians give lectures containing both φ and
ψ who pronounced one of them f̄ı and the other fē. I am sorry
to say that I did not record which pronunciation was associated
to which letter. I have also been to lectures in which both letters
were pronounced in exactly the same way. Citation: (Ost71.624),
(Sur90.321), (Tal86.257).

Ω, ω Omega, ōmā′g´ or ōmē′g´. Citation: (App71.56),
(Fin99.774), (Mcc89.1328) , (Tal86.257).

Remark 1 Most Greek letters are pronounced differently in
modern Greek; β for example is pronounced vē′ta (last vowel as “a”
in father).
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grounding metaphor See metaphor.
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grouping Various syntactical devices are used to indicate that
several statements in the mathematical register belong together
as one logical unit (usually as a definition or theorem). In the
symbolic language this is accomplished by delimiters. In general
mathematical prose various devices are used. The statement may
be delineated or labeled, or phrases from the general academic
register such as “the following” may be used. Examples are given
under delimiter and follow.
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guessing If the definition of a mathematical object determines
it uniquely, then guessing at the answer to a problem and then
using the definition or a theorem to prove it is correct is legitimate,
but many students don’t believe this.

Example 1 It is perfectly appropriate to guess at an antideriva-
tive and then prove that it is correct by differentiating it. Many
students become uncomfortable if a professor does that in class.

This attitude is a special case of algorithm addiction.
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hanging theorem A theorem stated at the point where its
proof is completed, in contrast to the more usual practice of stating
the theorem and then giving the proof.

References The name is due to Halmos [Steenrod et al.,
1975], page 34, who deprecates the practice, as does [Krantz, 1997],
page 68.
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hat See circumflex.
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hidden curriculum Covert curriculum.
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hold An assertion P about mathematical objects of type X holds
for an instance i of X if P becomes true when P is instantiated
at i.

Example 1 Let the type of x be real and let P be the predi-
cate

f(x) > −1
Then P holds when f is instantiated as the sine function and x is
instantiated as 0. Typical usage in the mathematical register would
be something like this: “P holds for f = sin and x = 0.”

“Hold” is perhaps most often used when the instance i is
bound by a quantifier.

Example 2 “x2 + 1 is positive for all x.”
Citation: (Bar96.631), (FarJon89.272), (SaaUre84.5).

288



contents wordlist index

hyphen A hyphen is sometimes used to indicate the variable in
the definition of a function, especially when the function is defined
by holding some of the variables in a multivariable function fixed.

Example 1 Let f(x, y) be a function. For a fixed a, let
f(−, a) be the corresponding function of one variable.
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hypothesis The hypothesis of a conditional assertion of the form
P ⇒ Q is P . Also called antecedent or assumption.
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I The symbol I has many common uses, often without explanation:
• I may be used to denote the unit interval, the set of real num-

bers x for which 0 ≤ x ≤ 1. It may however denote any
bounded interval of real numbers.

• I may be used as the name of an arbitrary index set.
• For some authors, I or I is defined to be the set of integers;

however, Z seems to be more common in this respect.
• I may be used to denote the identity function.
• I is also used to denote the identity matrix for a dimension

given by context.
Citations: (Bar96.631), (Bel75.476), (BriPre92.146), (CovHe-

dRho79.116), (LanTho91.126), (New67.911).
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I get it See aha.
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identifier An identifier is a name or symbol used as the name
of a mathematical object. Symbols and names are defined in their
own entries; each of these words has precise meanings in this Hand-
book that do not coincide with common use. In particular, a sym-
bol may consist of more than one character and a name may be a
word or a phrase.

We discuss the distinction between name and symbol here. A
name is an English noun phrase. A symbol is a part of the symbolic
language of mathematics.

Example 1 The expressions i, π and sin can be used in sym-
bolic expressions and so are symbols for certain objects. The phrase
“the sine function” is a name. If a citation is found for “sine” used
in a symbolic expression, such as “sine(π)”, then for that author,
“sine” is a symbol.

Remark 1 The number π does not appear to have a nonsym-
bolic name in common use; it is normally identified by its symbol
in both English discourse and symbolic expressions. The complex
number i is also commonly referred to by its symbol, but it can
also be called the imaginary unit. Citation: (HarJor67.559),
(Poo00.4).

Remark 2 I have not found examples of an identifier that
is not clearly either a name or a symbol. The symbolic language
and the English it is embedded in seem to be quite sharply distin-
guished.
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Terminology I have adopted the distinction between name and
symbol from [Beccari, 1997], who presumably is following the usage
of [ISO, 1982] which at this writing I have not seen yet.
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identify To identify an object A with another object B is to
regard them as identically the same object. This may be done via
some formalism such as an amalgamated product or a pushout in
the sense of category theory, but it may also be done in a way that
suppresses the formalism (as in Example 1 below).

Example 1 The Möbius strip may be constructed by identify-
ing the edge

{(0, y) | 0 ≤ y ≤ 1}
of the unit square with the edge

{(1, y) | 0 ≤ y ≤ 1}
in such a way that (0, y) is identified with (1, 1− y).

There is another example in Remark 1 under generalization.
Remark 1 One may talk about identifying one structure

(space) with another, or about identifying individual elements of
one structure with another. The word is used both ways as the
citations illustrate. Example 1 uses the word both ways in the same
construction.

Remark 2 One often identifies objects without any formal
construction and even without comment. That is an example
of conceptual blending; examples are given there. Citations:
(Has69.13), (Maz93.29), (Tei91.494).
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identity This word has three common meanings.

Equation that always holds An identity in this sense is an
equation that holds between two expressions for any valid values
of the variables in the expressions. Thus, for real numbers, the
equation (x+ 1)2 = x2 + 2x+ 1 is an identity. But in the statement

“If x = 1, then x2 = x,”
the equation x2 = x would not be called an identity. The difference
is that the equation is an identity if the only restrictions imposed
on the variables are one of type. This is a psychological difference,
not a mathematical one. Citation: (Bea96.201),

Sometimes in the case of an identity, the symbol ≡ is used
instead of the equals sign. Citation: (Bee71.705).

Identity element of an algebraic structure If x ∆ e = e ∆ x
for all x in an algebraic structure with binary operation ∆, then
e is an identity or identity element for the structure. Such an
element is also called a unit element or unity. This can cause
confusion in ring theory, where a unit is an invertible element.
Citation: (HadKer88.2), (Lan65.56).

Identity function For a given set S, the function from S to
S that takes every element of S to itself is called the identity
function. This is an example of a polymorphic definition.
Citation: (For52.394).

296



contents wordlist index

if

Introduces conditional assertion The many ways in which “if”
is used in translating conditional assertions are discussed under
conditional assertion.

In definitions It is a convention that the word if used to introduce
the definiens in a definition means “if and only if”.

Example 1 “An integer is even if it is divisible by 2.”
Citation: (GraTre96.105); (LewPap98.20). Some authors regularly
use “if and only if” or “iff”. Citation: (Epp95.534), (Sol95.144).
This is discussed (with varying recommendations) in [Gillman,
1987], page 14; [Higham, 1993], page 16; [Krantz, 1997], page 71;
[Bagchi and Wells, 1998a].

Remark 1 It is worth pointing out (following [Bruyr, 1970])
that using “if and only if” does not rid the definition of its special
status: there is still a convention in use. In the definition of “even”
above, the left side (the definiendum) of the definition, “An integer
is even”, does not attain the status of an assertion until the whole
definition is read. In an ordinary statement of equivalence, for
example “An integer is divisible by 2 if and only if it is divisible by
−2”, both sides are assertions to begin with. In a definition there
is a special convention in effect that allows one to use a syntax
that treats the definiendum as an assertion even though before the
definition takes place it is meaningless.

Because of this, insisting on “if and only if” instead of “if” in
definitions is not really an example of esilism; the usual formalisms
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for first order logic do not use logical equivalence for definitions but
use other syntactic devices, precisely because of the convention just
described.

In the precondition of a definition “If” can be used in the
precondition of a definition to introduce the structures necessary to
make the definition, in much the same way as let. See Example 5
under definition.

Citations: (Oso94.766).
See also the discussion under let.
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if and only if This phrase denotes the relation equivalent that
may hold between two assertions. See context-sensitive and if.

This phrase may be abbreviated by iff.
Citation: (Bre71.592), (DorHoh78.166), (Lau81.55).
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illustration A drawing or computer rendering of a curve or
surface may be referred to as an illustration. Thus a drawing
of (part of) the graph of the equation y = x2 would be called an
illustration.

The word is also used to refer to an instance of an object that
satisfies the hypotheses and conclusion of a theorem. (This is also
called an example of the theorem.)

Example 1 A professor could illustrate the theorem that a
function is increasing where its derivative is positive by referring to
a drawing of the graph of y = x2.

Example 2 The fact that subgroups of an Abelian group
are normal could be illustrated by calculating the cosets of the
two-element subgroup of Z6. This calculation might not involve a
picture or drawing but it could still be called an illustration of the
theorem.

Citations: (Bil73.1107), (BruMarWei92.140).
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image The word image, or the phrase concept image, is used
in mathematical education to refer to what is here called the men-
tal representation of a concept.

This word also has a polymorphic mathematical meaning (the
image of a function) discussed under overloaded notation.
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implication See conditional assertion.
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implicit knowledge See functional knowledge.
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imply See conditional assertion.
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in REVISE THIS In is used in mathematical discourse in all its
English meanings. In particular, “A is in B” can mean A ∈ B or
A ⊆ B, as well as many other possibilities. The reader must depend
on context. Compare inhabit.

in a formula (Ost71.624)
intersects in (Sch92.408)
in means contain (Rot81.12), (Sny82.463).
Citations: (Bar96.631), (Ekl76.786), (Gie71.37), (Had94.328),

(JacTho90.55), (Kan97.260), (Loe91.243), (Mea93.387).
defined in (Sto95.2614).
In particular, in is commonly used to name the independent

variable.
Example 1 “For a fixed y, x2 + y2 is differentiable in x.”
Citations: (HofLew96.349), (Kar72.706), (Man95.3219),

(Und54.525).
DEFINED IN Citations: (BelEvaHum79.121), (HasRee93.772),
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in general The phrase “in general” occurs in at least two ways in
mathematical statements. (One may often use “generally” with the
same meaning.)

Example 1 “The equation x2 − 1 = (x − 1)(x + 1) is true in
general.” Citation: (Geo71.19)

Example 2 “In general, not every subgroup of a group is
normal.”Citation: (ButSte92.44), (JaiKan71.643),
(KonKopMey91.904)

Example 1 asserts that the equation in question is always true.
Example 2 does not make the analogous claim. In searching for
citations I have found many uses of the phrase where it was quite
difficult to know which meaning the author intended: one must
have a good grasp of the subject matter to determine that. The
examples suggest that syntax may give a clue as to the author’s
intentions. This phrase, and indeed other uses of the word “gen-
eral” in mathematical discourse, should be investigated further.

This phrase should probably be deprecated.

Acknowledgments Owen Thomas.
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in other words This phrase means that what follows is equiva-
lent to what precedes. Usually used when the equivalence is easy to
see.Citation: (MacBir93.43).
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in particular Used to specify that the following statement is
an instantiation of the preceding statement, or more generally a
consequence of some of the preceding statements. The following
statement may indeed be equivalent to the preceding one, although
that flies in the face of the usual meaning of “particular”.

Example 1 “We now know that f is differentiable. In par-
ticular, it is continuous.” Citations: (Duk97.193), (Mau78.575),
(Zal80.162).

308



contents wordlist index

in terms of See term.
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in your own words Students are encouraged in high school
to describe things “in your own words”. When they do this in
mathematics class, the resulting reworded definition or theorem
can be seriously misleading or wrong. It might be reasonable for a
teacher to encourage students to rewrite mathematical statements
in their own words and then submit them to the teacher, who
would scrutinize them for dysfunctionality.

Example 1 Students frequently use the word “unique” inap-
propriately. A notorious example concerns the definition of function
and the definition of injective, both of which students may reword
using the same words:

“A function is a relation where there is a unique output
for every input.”

“An injective function is one where there is a unique
output for every input.”
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include For sets A and B, B includes A, written A ⊆ B or
A ⊂ B, if every element of A is an element of B. See the discus-
sions under contain and formal analogy. Citations: (Ekl76.786),
(HenLarMarWoo94.213), (LewQua89.886), (Pri70.321).
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increasing WRITE THIS increasing function
Define decreasing. Citations: (Kla78.668), increasing vari-

able: (Ric92.104) increasing sequence: (Sur77.728)
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indefinite article The word “a” or “an” is the indefinite
article, one of two articles in English.

Generic use In mathematical writing, the indefinite article may
be used in the subject of a clause with an identifier of a type of
mathematical object (producing an indefinite description) to indi-
cate an arbitrary object of that type. Note that plural indefinite
descriptions do not use an article. This usage occurs outside math-
ematics as well and is given a theoretical treatment in [Kamp and
Reyle, 1993], section 3.7.4.

Example 1
“Show that an integer that is divisible by four is divisible
by two.”

Correct interpretation: Show that every integer that is divisible
by four is divisible by two. Incorrect interpretation: Show that
some integer that is divisible by four is divisible by two. Thus
in a sentence like this it the indefinite article has the force of a
universal quantifier. Unfortunately, this is also true of the definite
article in some circumstances; more examples are given in the
entry on universal quantifier. Citation: (Gie71.37), (Hai81.175),
(Ros93.208) (for the indefinite article); (Ros93.223) (for the definite
article).

Remark 1 This usage is deprecated by Gillman [1987], page 7.
Hersh [1997a] makes the point that if a student is asked the ques-
tion above on an exam and answers, “24 is divisible by 4, and it is

313



contents wordlist index

divisible by 2”, the student should realize that with that interpreta-
tion the problem is too trivial to be on the exam.

Remark 2 An indefinite description apparently has the force
of universal quantification only in the subject of the clause. Con-
sider:

a) “A number divisible by 4 is even.” (Subject of sentence.)
b) “Show that a number divisible by 4 is even.” (Subject of

subordinate clause.)
c) “Problem: Find a number divisible by 4.” (Object of verb.)

This does not mean find every number divisible by 4; one will
do.
Remark 3 In ordinary English sentences, such as
“A wolf takes a mate for life.”

( [Kamp and Reyle, 1993], page 294), the meaning is that the asser-
tion is true for a typical individual (typical wolf in this case). In
mathematics, however, the assertion is required to be true without
exception. See concept.

The universal force of an indefinite description can be changed
by context, so that one cannot always tell merely from syntax
whether the universal quantification is intended.

Existential meaning An indefinite description may have existen-
tial force.

Example 2 “A prime larger than 100 was found in 2700 B.C.
by Argh P. Ugh.” This does not mean that Mr. Ugh found every
prime larger than 100. In this case the indefinite description is
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the subject of a passive verb, but in ordinary English indefinite
subjects of active verbs can have existential force, too, as in “A
man came to the door last night selling toothbrushes”. I have
found it difficult to come up with an analogous example in the
mathematical register. This needs further analysis.
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indefinite description An indefinite description is a noun
phrase that is marked with the indefinite article in the singular and
no article in the plural. It typically refers to something not known
from prior discourse or the physical context.

Example 1 Consider this passage:
“There is a finite group with the property that for some
proper divisor n of its order a subgroup of order n does
not exist. However, groups also exist that have subgroups
of every possible order.”

The phrases “a finite group”, “a subgroup”, and “subgroups” are
all indefinite descriptions.

An indefinite description may have a generic use, discussed
under indefinite article.

Remark 1 This description of indefinite descriptions does not
do justice to the linguistic subtleties of the concept. See [Kamp
and Reyle, 1993], section 1.1.3.
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inequality An inequality is an assertion of the form sαt,
where s and t are terms and α is one of the relations <, ≤, >
or ≥. Citation: (BanMoo89.641), (BriMor96.863), (Sto95.619),
(Wil86.682). I have not found a citation where the relation is �= or
�.

Remark 1 A few times, students have shown me that they
were confused by this concept, since an “inequality” sounds as if
it ought to mean a statement of the form P �= Q, not P < Q or
P ≤ Q. This is a mild case of semantic contamination.
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inert See mathematical object.

318



contents wordlist index

infinite The concept of infinity causes trouble for students in
various ways.

Failure of intuition concerning size Students expect their intu-
ition on size to work for infinite sets, but it fails badly. For exam-
ple, a set and a proper subset can have the same cardinality, and
so can a set and its Cartesian product with itself. (As Atish Bagchi
pointed out to me, the intuition of experienced mathematicians on
this subject failed miserably in the nineteenth century!) This is
discussed further under snow.

Infinite vs. unbounded Students may confuse “infinite” with
“unbounded”. Computer science students learn about the set A∗ of
strings of finite length of characters from an alphabet A. There is
an infinite number of such strings, each one is of finite length, and
there is no limit on how long they can be (except to be finite). I
have seen students struggle with this idea many times.

Treating “∞” as a number. Of course, mathematicians treat
this symbol like a number in some respects but not in others. Thus
we sometimes say that 1/∞ = 0 and we can get away with it.
Students then assume we can treat it like a number in other ways
and write ∞/∞ = 1, which we cannot get away with. This is an
example of extrapolation.

References The mathematical concepts of infinity are dis-
cussed very perceptively in [Lakoff and Núñez, 2000], Chapter 8.
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infix notation A function of two variables may be written with
its name between the two arguments. Thus one writes 3 + 5
rather than +(3, 5). Usually used with binary operations that
have their own nonalphabetical symbol. Relations are written this
way, too, for example “x < y”. See prefix notation and postfix
notation. Citations: (Fea82.161), (GraTre96.105), (MacBir93.43),
(Rib95.391).
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inhabit The meaning of a statement in mathematical discourse
that “A inhabits B” must be deduced from context. The citations
show that it can me A is an element of B, A is contained in the
delimiters B, A is in the Bth place in a list, and that A is a struc-
ture included in some sense in the space B. The situation is similar
with in. Lives in is used similarly in conversation, but I have
found very few citations in print.

Citation: (Ald94.232), (Arv74.464), (Mil89.714), (Sal81.114),
(Wil85.253).

Acknowledgments Guo Qiang Zhang.

321



contents wordlist index

injective A function f is injective if f(x) �= f(y) whenever x
and y are in the domain of f and x �= y. Also called one-to-one.
Citations: (Lea89.924), (Mey92.732), (Str93.27), (Zal80.162).

See also surjective.
Remark 1 When proving statements using this concept, the

contrapositive form of the definition is often more convenient.
Remark 2 Students often confuse this concept with the

univalent property of functions: this is the property that if (a, b)
and (a, b′) are both in the graph of the function, then b = b′, so
that the expression f(a) is well-defined. See in your own words.

Remark 3 The word injective is also used in a different sense
to denote a certain type of structure, as in “injective module”.
Searches on JSTOR turn up more occurrences of that usage than
the one given here.

Remark 4 I recall that in the sixties there were older math-
ematicians who became quite incensed if I said “injective” instead
of “one-to-one”. At the time I understood that this attitude was
connected with an anti-Bourbaki stance.

The last one who had this attitude (that I can remember) died
recently. That is how language changes.
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input See function.
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insight You have an insight into some mathematical phe-
nomenon if you have a sudden jump in your understanding of
the phenomenon. This may be accompanied by ejaculations such as
“aha!”, “eureka!”, or “I get it!” The jump may be in incremental
(but not gradual!) increase in understanding (worthy of “aha!”) or
a complete leap from incomprehension to clarity (“eureka!”).

Example 1 The geometric diagram below proves that
a2 − b2 = (a− b)(a+ b)

at least for positive real numbers a and b with b < a.
. . .

a− b
. . .

b
.
a− b

.
b
.

This causes many who have not seen it before to have a feeling
something like: “Aha! Now I really understand it!” or at least,
“Aha! Now I have a better grasp of why it is true.” Even if you
don’t feel that way about this proof, you may have experienced a
similar feeling about another theorem, perhaps one whose proof by
symbol manipulation was more obscure.

Compare this with the proof given under symbol manipulation.
Another example of the aha experience is given under conceptual.
In many cases, the gain in insight is irreversible, an instance of the
ratchet effect.
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Remark 1 It appears to me that in every case I can think of,
a gain in insight as described here consists of acquiring a metaphor
or model that allows one more easily to think about the problem,
or visualize it. (But the metaphor need not be graphical or visual.)

Remark 2 In my experience, the clarity that you feel after a
Eureka insight tends to become a bit cloudy as you become aware
of subtleties you didn’t originally notice.

References [Bullock, 1994], [Frauenthal and Saaty, 1979],
[Halmos, 1990], pages 574ff.
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instantiate To instantiate a variable in an expression is to
replace it with an identifier of a specific mathematical object of the
appropriate type. If all the variables in an expression are instanti-
ated, the expression should denote a specific object.

Example 1 If you instantiate x at 5 in the expression 2x + 1
you get an expression denoting 11.
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integer A whole number, positive, negative or zero. Citations:
(BleMccSel98.529), (Bur94.17), (DavPri90.3), (EdgUllWes97.574),
(JenMul00.634).

Remark 1 I have no citation in which “integer” means non-
negative integer or positive integer. However, students quite com-
monly assume that the word means nonnegative or positive integer.

Remark 2 Many computer languages are arranged so that an
integer is not a real number. This may be indicated by requiring
that every number be explicitly declared as one or the other, or by
the convention that a number is real only if it is represented using
a decimal point. Students often assume that mathematicians follow
that convention and need to be explicitly told that they don’t.

Example 1 In MathematicaR©, “32” is an integer and “32.0”
is a real number.

See divide.
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integral This word has three different meanings.

Antiderivative An integral of a function is an antiderivative
of the function. As such it is an operator from the set of integrable
functions to the set of continuous functions modulo the relation of
differing by a constant. In this usage the operator is often called
the “indefinite integral”. The indefinite integral of f is denoted∫
f(x) dx. One may also refer to a specific antiderivative using the

form
∫ x
c f(t) dt.

The word is also used to denote a solution of a more general
differential equation

Citations: (JaiKan71.643), (Mea61.152), (Zal80.162).

Definite integral “Integral” is also used to denote a “definite
integral”: this operator takes an integrable function and an interval
on which the function is defined and produces a number. The
definite integral of f on an interval [a, b] is denoted

∫ a
b f(x) dx or∫ a

b f . Citations: (Bar96.627), (Con34.228), (Fow96.2), (Kei89.273).

Being an integer “Integral” is used as an adjective to require
that the noun phrase it modifies denote an integer (8 is an integral
power of 2). Citations: (Ege92.257), (Fow96.2).

I have known students to be confused by these variant mean-
ings.
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intensional See semantics.
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interpretation An interpretation of a text is the current assign-
ment of a value (possibly a variable object) to each identifier used
in the discourse. With a given semantics, the text with that inter-
pretation may result in statements about the values of the identi-
fiers which may be true or false or (if some identifiers are variables)
indeterminate. See context and standard interpretation.

In mathematical logic the language is a formal language and
the values lie in some mathematical structure defined for the pur-
pose.
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intensional See semantics.
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interval WRITE THIS interval is particular kind of subset of R.
Citations: (Kla78.668), (LanTho91.126), (SwaTho88.644).
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intuitive See mental representation.
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inverse WRITE THIS
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irregular syntax The symbolic language contains some identi-
fiers with irregular syntax.

Example 1 In the commonest usage (using prefix notation),
the rule for applying functions puts the identifier of the function
on the left of the argument and puts parentheses around the argu-
mant. However, the notation “!” for the factorial function is put
on the right and the parentheses are omitted except when necessary
for grouping. Citations: (AldDia86.333), (Fow96.2), (Wil85.253).

Example 2 With some function identifiers the parentheses
are conventionally omitted by most authors who otherwise use
them. This causes trouble for some students learning programming
languages where something like sin(x) or sin[x] is required.

Examples: “sinπ = 0.”
“log 3

2 = log 3− log 2.”

“n! > 2n.”

Citation: (IpsMey95.905), (Mor88.814).
These phenomena are exactly analogous to the fact that

some verbs in English are irregular: for example, the past tense
of “hatch” is “hatched”, but the past tense of “catch” is “caught”.

Remark 1 The irregularity of “!” lies in the symbol, not the
meaning. If the factorial function were called Fac, then in the usual
practice one would write Fac(n), not nFac. Similarly, in English
one would say I “grabbed” the ball, not using an irregular form for
the past tense of “grab”, even though one would use the irregular
form for “catch”.
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Moreover, occasionally authors use the symbol “!” for some
function other than the factorial (although usually analogous to
it in some way), but they still write it on the right. Citation:
(Has69.13).

See also context-sensitive.
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isomorphic Each type of mathematical structure has its own
definition of “isomorphism”. The categorists’ definition of iso-
morphism (a morphism that has an inverse) has all these definitions
as special cases. Citations: (Tal90.9), (Fri92.33).

Difficulties Students frequently don’t catch on to the fact that,
if M and N are isomorphic structures of some type, there can be
many isomorphisms between M and N .

See copy and up to.
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italics A style of printing that looks like this. Many texts put a
definiendum in italics. See definition.

338



contents wordlist index

jump the fence If you are working with an expression whose
variables are constrained to certain values, and you instantiate the
expression at a value that violates the constraint, you jump the
fence.

Example 1 A student, in dealing with a sum of Fibonacci
numbers, might write

n∑
k=0

f(k) =
n∑

k=0

f(k − 1) +
n∑

k=0

f(k − 2)

not noticing that the sums on the right involve f(−1) and f(−2),
which may not have been defined when the definition of Fibonacci
number was given.

Terminology The name “jump the fence” is my variation of the
“fencepost error” discussed in [Raymond, 1991].
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just One use of the word “just” in mathematical discourse is to
indicate that what precedes satisfies the statement that occurs after
the word “just”.

Example 1 (Assuming r and s are known to be integers
greater than 1).

“ . . . Then m = rs. But that is just the definition of
“composite”.”

(Or “That just means that m is composite”.)
Remark 1 My own perception of this usage before I looked

for citations is that the word “just” meant that what followed was
equivalent to what preceded, but in many citations what follows is
only a consequence of what precedes. Indeed, in some citations it is
completely redundant.

Citations: (Shp95.1303),(Mor88.814),(Put73.82).
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just in case This phrase means that what follows is logically
equivalent to what precedes.

Example 1 “An integer is even just in case it is divisible by
2.” Citation: (Put73.82),
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juxtaposition Two symbols are juxtaposed if they are writ-
ten down one after the other. This most commonly indicates the
numerical product (but see Example 2 under number). Juxtapo-
sition is also used to denote other binary operations, for example
the concatenate of strings and the application of trigonometric
functions. Citations: (Cli59.106), (Fea82.161).
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labeled style The labeled style of writing mathematics requires
labeling essentially everything that is written according to its
intent: definition, theorem, proof, remark, example, discussion,
and so on. Opposed to narrative style.

The most extreme examples of labeled style are proofs, often in
geometry, that are tabular in nature with the proof steps numbered
and justified by referring to previous steps by number.

References The labeled style was named and discussed in
[Bagchi and Wells, 1998b].
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lambda notation A notation for referring to a function. The
function is denoted by λx.e(x), where e is some expression that
allows one to calculate the value at x. The x is bound in the
expression λx.e(x).

Example 1 “The function λx.x2 has exactly one critical
point.” This notation is used in mathematical logic, computer
science, and linguistics, but not generally by mathematicians.

Citation: (Bez89.271).
Compare barred arrow notation.
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large A text that says one set is larger than another may be
referring to the inclusion ordering, or may be referring to cardinal-
ity.

Citations: (Sil92.155), (Van92.35). Note that in the second
citation the authors feel obligated to explain that they mean cardi-
nality, not inclusion.

“Large” said of a number can mean large positive or large
negative, in other words large in absolute value.

Citations: (Bir08.389), (Mil72.170).
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lemma A theorem. One may typically expect that a lemma is
not of interest for itself, but is useful in proving other theorems.
However, some lemmas (König’s Lemma, Schanuel’s Lemma, Zorn’s
Lemma) have become quite famous.

Acknowledgments Owen Thomas. Citations: (BhaSer97.502),
(Ekl76.786), (Lew91.353), (Rei66.272).
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lemmata Lemmas. An obsolete plural.
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let “Let” is used in several different ways in the mathematical
register. What follows is a tentative classification. Some of the
variations in usage (as in Examples 1 and 2) make no difference to
the logical argument that the usage expresses. This may make the
classification seem excessively picky. I am not aware of research on
students’ misunderstandings in these situations.

Assume, Suppose and If In many cases, assume, suppose and
if can be used instead of “let”. The syntax is different; thus one
says “Let x be . . . ” but “Assume [Suppose] x is . . . ” Also, “If
x = 1” cannot be a complete sentence, but “Let x = 1” can be.
The words “assume” and “if” are used in some situations where
“let” is inappropriate; those usages are discussed under assumption
and if. There are other subtle differences about the way “assume”,
“suppose”, “let” and “if” are used that need further investigation.

Introducing a new symbol or name The most common use of
“let” is to introduce a new symbol or name. This, of course, is a
species of definition.

Example 1 Consider the theorem
“An integer divisible by 4 is divisible by 2.”

A proof could begin this way:
“Let n be an integer divisible by 4.”

This introduces a new variable symbol n and constrains it to be
divisible by 4.

348



contents wordlist index

Example 2 Suppose the theorem of the preceding example
had been stated this way:

“Let n be an integer. If n is divisible by 4 then it is
divisible by 2.”

Then the proof could begin
“Let n be divisible by 4.”

In this sentence, n is introduced in the theorem and is further
constrained in the proof.

Remark 1 These two examples illustrate that whether a
new symbol is introduced or a previous symbol is given a new
interpretation is a minor matter of wording; the underlying logical
structure of the argument is the same.

Remark 2 “Define” is sometimes used in this sense of “let”;
see Example 2 under mathematical definition. Of course, there
is no logical distinction between this use of “let” and a formal
definition; the difference apparently concerns whether the newly
introduced expression is for temporary use or global and whether it
is regarded as important or not. Further investigation is needed to
spell the distinction out.

If, assume and suppose can be used in this situation, with
requisite changes in syntax: “is” instead of “be” for assume and
suppose, and the sentences must be combined into one sentence
with “if”.

Citations: (BhaSer97.502), (GibBra85.691), (Bru93.370).

To consider successive cases
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Example 3 “Let n > 0. . . . Now let n ≤ 0. . . . ” If, assume
and suppose seem to be more common that “let” in this use. See
now. Citation: (Ant84.121), (Djo82.233).

To introduce the precondition of a definition
Example 4 “Definition Let n be an integer. Then n is even

if n is divisible by 2.” If, assume and suppose can be used here.
Citation: (BleMccSel98.535), (Exn96.35), (PamTho99.362).

To introduce an arbitrary object To pick an unrestricted
object from a collection with the purpose of proving an asser-
tion about all elements in the collection using universal gener-
alization. Example 1 above is an example of this use. Often
used with arbitrary. If, assume and suppose can be used here.
Citations: (Fre90.715), (BivSim98.96)

To name a witness To provide a local identifier for an arbitrary
object from a collection of objects known to be nonempty. Equiva-
lently, to choose a witness to an existential assertion that is known
to be true. If, assume and suppose can be used here.

Example 5 In proving a theorem about a differentiable func-
tion that is increasing on some lninterval and decreasing on some
other interval, one might write:

“Let a and b be real numbers for which f ′(a) > 0 and
f ′(b) < 0.”

These numbers exist by hypothesis.
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Example 6 In the context that G is known to be a noncom-
mutative group:

“Let x and y be elements of G for which xy �= yx . . . ”
The following is a more explicit version of the same assertion:

“Let the noncommutative group G be given. Since G is
noncommutative, the collection {(x, y) ∈ G×G | xy �= yx}
is nonempty. Hence we may choose a member (x, y) of this
set . . . ”
Example 7 In proving a function F : S → T is injec-

tive, one may begin with “Let x, x′ ∈ S be elements for which
F (x) = F (x′)”. These elements must exist if F is non-injective: in
other words, this begins a proof by contradiction. The existential
assertion which the elements x, x′ ∈ S are witnesses is implied by
the assumption that F is not injective.

Remark 3 The choice of witness may be a parametrized
choice: Given that (∀x)(∃y)Q(x, y) and given c, let d be an object
such that Q(c, d).

Example 8 Assuming c is a complex number:
“Let d be an nth root of c.”
Citations: (Ben87.14), (Gul68.308), (Lef77.643), (Mey92.732),

(Zal80.162).

“Let” in definitions Let can be used in a definition proper.
Example 9 “Let an integer be even if it is divisible by 2.”
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Remark 4 This usage strikes me as unidiomatic. It sounds
like a translation of a French (“Soit . . . ”) or German (“Sei . . . ”)
subjunctive. If, assume and suppose cannot be used here. Cita-
tions needed.

Remark 5 The way “let”, assume, suppose and if differ in
their usage needs much more analysis.

References This entry follows the discussion in [Bagchi and
Wells, 1998a]. See also [Selden and Selden, 1999].

Acknowledgments Atish Bagchi, Owen Thomas.
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lg See logarithm.
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linking metaphor See metaphor.
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literalist A literalist or fundamentalist believes that the for-
malism used to give a mathematical definition or to axiomatize a
set of mathematical phenomena should be taken as the “real mean-
ing” of the idea and in extreme cases even as the primary way one
should think about the concepts involved.

Example 1 In the study of the foundations of mathematics,
one of the problems is to show that mathematics is consistent. One
standard way to do this is to define everything in terms of sets (so
that math is consistent if set theory is consistent). In particular, a
function is defined as a set of ordered pairs, an ordered pair (a, b)
is defined to be {a, {a, b}}, and the nonnegative integers may be
defined recursively:

0 = {} the empty set
1 = {0} = {{}}
2 = {0, 1} = {{}, {{}}}
3 = {0, 1, 2} = {{}, {{}}, {{}, {{}}}

and so on.
Many mathematicians (but not all) would agree that it is

desirable to do this for the purposes of foundations. (see reduction-
ist). A literalist will insist that this means that an ordered pair
and the number 3 really are the sets just described, thus turning
a perfectly legitimate consistency proof into a pointless statement
about reality.

That sort of behavior is not damaging as long as one does not
engage in it in front of students (except in a foundations class).
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Is it a good idea to send students out in the world who believe
the statement “2 is even” is on a par with the statement “2 is
an element of 3 but not an element of 1”? What matters about
natural numbers and about ordered pairs is their specification.

References A good place to read about defining integers in
terms of sets is [Simpson, 2000].

Example 2 Literalists object to regarding an equivalence rela-
tion and its associated partition as the “same structure”. They say
things like “How can a set of subsets be the same thing as a rela-
tion?” It seems to me that this literalist attitude is an obstruction
to understanding the concept.

The mature mathematician thinks of a type of structure as
a whole rather than always coming back to one of the defining
aspects. Students don’t always get to that stage quickly. The set of
subsets and the relation are merely data used to describe the struc-
ture. To understand the structure properly requires understanding
the important objects and concepts (such as a function being com-
patible with the partition) involved in these structures and all the
important things that are true of them, on an equal footing (as in
the concept of clone in universal algebra), and the ability to focus
on one or another aspect as needed.

Example 3 First order logic is a mathematical model of
mathematical reasoning. The literalist attitude would say: Then
the expression of our mathematical reasoning should look like first
order logic. This is esilism.
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Example 4 Literalists may also object to phrases such as
“incomplete proof” and “this function is not well-defined”. See
radial concept.

See also the discussions under mathematical definition, mathe-
matical logic and mathematical structure.

Remark 1 One could argue that “fundamentalist” should be
restricted to being literal-minded about foundational definitions,
but not necessarily other definitions in mathematics, and that
“literalist” should be used for the more general meaning.

Acknowledgments Eric Schedler, Peter Freyd, Owen Thomas
and also [Lewis and Papadimitriou, 1998], page 9, where I got the
word “fundamentalist”. Lewis and Papadimitriou did not use the
word in such an overtly negative way as I have.

References [Benaceraff, 1965], [Lakoff and Núñez, 1997], pages
369–374, and [Makkai, 1999].
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lives in See inhabit.
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ln See logarithm.
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local With respect to a structure M, an object is defined locally
if it is in some sense defined only on a substructure of M. It is
defined globally if it is defined on all of M. This usage is usually
informal, but in some cases the word “local” or “global” has a
formal definition.

Citations: (Bol80.294), (Bri85.184), (Cal74.217), (GriRab90.692),
(HofLew96.349), (Whi60.15).

The words may be used in settings outside the mathematical
register. For example, one might complain that one understands a
proof “locally but not globally”, meaning that one can follow the
individual steps but has no overall grasp of the proof.

Example 1 The phrases local identifier and global identifier
in this text (borrowed from computer science) are examples of
informal usage of the terms.

Citations: (BorBorBai89.204).
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local identifier A local identifier in a segment of a mathematical
text is an identifier for a particular mathematical object that has
that meaning only in the current block of text. The block of text
for which that meaning is valid is called the scope of the identifier.

The scope may be only for the paragraph or subsection in
which it is defined, with no explicit specification of the scope given.
If the scope is at the chapter level or higher the author may make
it explicit.

Example 1 “Throughout this chapter f will be a continuous
function.”

Citations: (Had94.328), (JacTho90.55), (MacBer93.237),
(Maz93.29).

See also global identifier.
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location In mathematical discourse, words such as where, any-
where and wherever, and local prepositions such as “in” and so
on are used to refer to physical locations in the same way that they
are used in ordinary discourse. By extension, they are used to refer
to locations in a particular discourse.

Example 1 “In this section, φ is a continuous function.” (See
also local identifier.) This is a normal part of academic discourse.

In mathematics, it is common to refer to a subset of elements
of any set as if it were a location.

Example 2 “The function φ is positive wherever its derivative
is positive.”

This presumably originated from the many examples where the
set in question is the set of elements of a space (see mathematical
structure.)

See also time.
Citations: (GelOlm90.85), (Law96.243), (New67.912).
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logarithm The expression “log x” has a suppressed parameter,
namely the base being used. My observation is that in pure math-
ematics the base is normally e, in texts by scientists it may be 10,
and in computer science it may be 2, and that in all these cases the
base may not be explicitly identified.

Students in particular need to know that this means there
are three different functions in common use called “log”. See also
trigonometric functions.

Remark 1 In calculus texts, loge may be written “ln”, and in
computer science log2 may be written “lg”.

Citation: (Bar84.429), (GreHoo98.36), (LleTovTri88.913).

Acknowledgments Owen Thomas.
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look ahead When performing a calculation to solve a problem,
one may look ahead to the form the solution must take to guide
the manipulations one carries out.

Example 1 Given a right triangle with legs a and b and
hypoteneuse c, one can derive the Pythagorean Theorem a2 + b2 =
c2 from the identity

sin2 θ + cos2 θ = 1
by rewriting it as

a2

c2
+
b2

c2
= 1

and then multiplying by c2. Olson [1998] discovered that when
asked to reverse the process to derive the trig identity from the
Pythagorean Theorem, some students balked at the first step,
which is to divide the equation a2 + b2 = c2 by c2, because “there is
no reason to divide by c2”:

The students apparently could think of no method or algo-
rithm which said to do this. Of course there is a method — look
ahead to see what form of the equation you need. More about this
example in section (a) under attitudes. This is related to walking
blindfolded.
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lowercase See case.
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Luddism Luddism is an unreasoning opposition to all techno-
logical innovation. Luddites appear in mathematics, most notice-
able lately concerning the use of calculators and computers by
students. There is also resistance to new terminology or notation
(see Remark 4 under injective).

Example 1 There is a legitimate debate over such questions
as: Should calculators be withheld from students until they can
do long division rapidly and accurately? Should Mathematica be
withheld from students until they can carry out formal integration
rapidly and accurately?

Not everyone opposed to calculators or computers is a Luddite.
Unfortunately, professors by their nature tend to be skilled in
argumentation, so it may take long anthropological observation to
distinguish a Luddite from a rational opponent of a particular piece
of technology.

Remark 1 The two questions in the preceding remark do
not have to be answered the same way. Nor do they have to be
answered the same way for math majors and for other students.

References Thomas Pynchon [1984] discusses Luddism intelli-
gently and in depth.

366



contents wordlist index

macron See bar.
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malrule A malrule is an incorrect rule for syntactic transforma-
tion of a mathematical expression. Examples are given in the entry
for extrapolate.

This name comes from the mathematics education literature.
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matchfix notation Same as outfix notation.
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map Also mapping. Some texts use it interchangeably with the
word “function”. Others distinguish between the two, for exam-
ple requiring that a mapping be a continuous function. See also
section (g) under function.

Citation: (HocYou61.13), (LanTho91.126), (Mey92.732),
(RosWri92.19).

Acknowledgments Michael Barr.
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marking See defintion.
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matchfix notation See outfix notation.
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mathematical education One purpose of this Handbook is to
raise mathematicians’ awareness of what specialists in mathemati-
cal education have found out in recent years. The following entries
discuss that and have pointers to the literature.

abstraction
and
APOS
behaviors
cognitive dissonance
compartmentalization
concept
conceptual blend
constructivism
covert curriculum
definition
equations
example
extrapolate

function
generalization
if
malrule
mathematical object
mental representation
order of quantifiers
proof
representation
self-monitoring
symbolic expression
syntax
universal quantifier

The Handbook’s website provides links to some resources in
mathematical education.
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mathematical logic Mathematical logic is any one of a num-
ber of mathematical structures that models many of the assertions
spoken and written in the mathematical register. Such a structure
typically is provided with rules for proof and rules for giving mean-
ing to items in the structure (semantics). The phrases formal logic
and symbolic logic are also used.

First Order Logic The most familiar form of mathematical logic
is first order logic, in which, as in many other forms of logic,
sentences are represented as strings of symbols. For example,

“There is an m such that for all n, n < m”
would typically be represented as “∃m∀n (n < m)”.

First order logic is a useful codification of many aspects of
mathematical formalism, but it is not the only possible result of
any attempt of formalizing mathematics. For example, Hintikka

[1996] has developed a logic, somewhat stronger than first order logic
(but without some of its nice completeness properties), in which the
dependencies among variables does not depend on the order of the
quantifiers. The approach of category theory to model theory, as
expounded in [Makkai and Reyes, 1977], [Makkai and Paré, 1990],
and [Adámek and Rosičky, 1994], produces formal systems that are
very different in character from standard first order logic and that
vary in strength (in both directions) from first order logic.

Nevertheless, first order logic has better formal properties
than many other codifications of mathematical reasoning, and
many mathematicians operate in the belief that the assertions and
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proofs they give in the mathematical register can in principle be
translated into first order logic. This is desirable because in theory
a purported proof in the formal symbolism of mathematical logic
can be mechanically checked for correctness.

In practice no substantial proof gets so far as to be expressed
in logical symbolism; in fact to do so would probably be impossibly
time-consuming and the resulting proof not mechanically checkable
because it would be too large. What does happen is that someone
will challenge a step in a proof and the author will defend it by
expanding the step into a proof containing more detail, and this
process continues until everyone is satisfied. The mathematicians
mentioned in the preceding paragraph may believe that if this
expansion process is continued long enough the proof will become a
proof in the sense of mathematical logic, at least in the sense that
every step is directly translatable into logical formalism.

The best place to see the argument that every mathematical
proof can in principle be translated into first order logic is the
book [Ebbinghaus, Flum and Thomas, 1984] (read the beginning of
Chapter XI). In particular, proofs involving quantification over sets
can be expressed in first order logic by incorporating some set of
axioms for set theory. Even if this is so, caveats must be attached:

1. First order logic may be optimal for mathematical reasoning,
but not for reasoning in everyday life or in other sciences.

2. First order logic is clearly not the ideal language for communi-
cating mathematical arguments, which are most efficiently and
most clearly communicated in the mathematical register using
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a mixture of English and the symbolic language.
Aside from those caveats there is a more controversial point.

Consider the proof involving the monk given in Example 2 under
conceptual blend. This proof can probably be transformed into a
proof in first order logic (making use of continuous mappings and
the intermediate value theorem), but the resulting proof would not
be the same proof in some sense. In particular, it loses its phys-
ical immediacy. Many geometric proofs as well have a (physical?
visual?) immediacy that is lost when they are translated into first
order logic.

One could defend the proposition that all proofs can be trans-
lated into first order logic by either denying that the monk proof
(and a pictorial geometric proof) is a mathematical proof, or by
denying that the translation into first order logic changes the proof.
The first approach says many mathematicians who think they are
doing mathematics are not in fact doing so. The second violates my
own understanding of how one does mathematics, because what is
lost in the translation is for me the heart of the proof. Specifically,
the checking one could do on the first order logic form of the proof
would not check the physical or geometric content.

I do not deny that the translation process may correctly model
one sort of proof as another sort of proof, and that it is a Good
Thing that this can be done, as it usually is when one kind of
mathematics is modeled in another. My point is that the two kinds
of proof are different and both must be regarded as mathematics.
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There is more about the suitability of mathematical logic in
Remark 3 under esilism.

Remark 1 I mentioned that different attempts at formalizing
mathematical reasoning have not given equivalent results. This
situation is in contrast to the facts about the theory of computa-
tion, where various attempts to give a mathematical definition of
“computable function” have all given the same class of functions.

See order of quantifiers, translation problem, and esilism.
References First order logic is presented in the textbooks

[Mendelson, 1987], [Ebbinghaus, Flum and Thomas, 1984],
[van Dalen, 1989]. The formalisms in these books are different
but equivalent. The book [Lakoff and Núñez, 2000], Chapter 6,
discusses logic from the point of view of cognitive science.

Acknowledgments Discussions with Colin McLarty.
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mathematical mind People who have tried higher level math-
ematical courses and have become discouraged often say, “I just
don’t have a mathematical mind” or “I am bad at math”. Some
possible reasons for this attitude are discussed under ratchet effect,
trivial and yes it’s weird. Reasons for people being discouraged
about mathematics (or hating it) are discussed in [Kenschaft,
1997].

Remark 1 I do not deny that some people have a special
talent for mathematics. In particular, the best undergraduate
mathematics students tend not to have most of the difficulties
many students have with abstraction, proof, the language used to
communicate logical reasoning, and other topics that take up a lot
of space in this book. It appears to me that
• We who teach post-calculus mathematics could do a much

better job explaining what is involved in abstract mathematics,
to the point where many more students could get through the
typical undergraduate abstract algebra or analysis course than
do now.

• The students who need a lot of such help are very likely not
capable of going on to do research at the Ph.D. level in math-
ematics. (Thus the people who believe in osmosis would be
right – if the only students who studied mathematics were
future research mathematicians.)

These two points do not contradict each other! They are both fac-
tual claims that could be tested by a (long, expensive) longitudinal
study.
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mathematical object Mathematical objects are what we
refer to when we do mathematics.

Citations: (EinBar44.1),

The nature of mathematical objects Mathematicians talk
about mathematical objects using most of the same grammatical
constructions in English that they use when talking about phys-
ical objects. In this discussion I will take the way we talk about
mathematical objects as a starting point for describing them. I will
not try to say what they really are but rather will observe some
properties that they must have given the way we talk about them.

Repeatible Experience Mathematical objects are like physical
objects in that our experience with them is repeatable: If you ask
many mathematicians about a property of some particular math-
ematical object that is not too hard to verify, they will generally
agree on what they say about it, and when there is disagreement
they commonly discover that someone has made a mistake or has
misunderstood the problem.

Inert Mathematical objects are inert. They do not change
over time, and they don’t interact with other objects, even other
mathematical objects. Of course, a particular function, such as for
example s(t) = 3t2, may model a change over time in a physical
object, but the function itself is the same every time we think of it.

Eternal Mathematical objects are eternal. They do not come
into and go out of existence, although our knowledge of them may
come and go.
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Example 1 A dentist may tell you that he has a hole in his
schedule at 3PM next Monday; would you like to come then? That
hole in his schedule is certainly not a physical object. It is an
abstract object. But it is not a mathematical object; it interacts
with physical objects (people!) and it changes over time.

Example 2 A variable, say Height, in a Fortran program is
an abstract object, but it is not a mathematical object. At different
times when the program is running, it may have different values, so
it is not inert. It may be in a subroutine, in which case it may not
exist except when the subroutine is running, so it is not eternal.
And it can certainly interact (in a sense that would not be easy
to explicate) with physical objects, for example if it keeps track of
the height of a missile which is programmed to explode if its height
becomes less than 100 meters.

Types of mathematical objects It is useful to distinguish
between specific mathematical objects and variable ones.

Example 3 The number 3 is a specific mathematical object.
So is the sine function (once you decide whether you are using
radians or degrees). But this is subject to disagreement; see unique.

Example 4 Consider the discourse:
“Let G be a group with identity element e and an element
a for which a2 = e but a �= e. Then a = a−1.”

The author or speaker may go on to give a proof of the claim that
a = a−1, talking about G, e, and a with the same syntax used to
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refer to physical objects and to specific mathematical objects such
as 3 or the sine function.

Because of the way the proof is written, the writer will appear
to have in mind not any specific group, and not all possible groups,
but a nonspecific or variable group. The symbol G is a variable; it
varies over groups.

There are several ways to think about variables and several
ways for formalize them.

How to think about variables
Variable objects One way of understanding the symbol G is

that it refers to a variable or generic mathematical object.
From this point of view, what G refers to is a genuine math-

ematical object just like 3 or R, the difference being that it is an
object that is variable as opposed to uniquely determined. This
is justifiable: there are various methods using mathematical logic
or category theory that give a formal mathematical definition of
“variable object”.

Incomplete specification There is another point of view about
G that I suspect many mathematicians would come up with if
asked about this topic: G refers to any group that meets the con-
straint (in this case having a nontrivial element whose square is
the identity element). It is thus incompletely specified. Statements
made about it become true if one deduces the statements from
the axioms for groups and the given constraints, and not from any
other specific properties a group might have.

381



contents wordlist index

Variable as role A metaphor that in some manner incorpo-
rates the “incomplete specification” point of view is that a variable
is a role; in Example 4, G is a role that can be played by any group
satisfying the constraint. Then the proof is like a play or a movie;
when it stars a particular group in the role of G it becomes a proof
of the theorem about that group.

References The idea of role comes from [Lakoff and Núñez,
2000].

Formalisms for variables
Logicians’ formalism In classical logic an interpretation of

discourse such as that in Example 4 assigns a specific group to G,
its identity element to e, an element of that group to a, and so on.
An assertion containing identifiers of variable mathematical objects
is said to be true if it is true in all interpretations. I will call this
the logician’s semantics of variables. It would be reasonable to
identify the variable object with the symbol in the formal language
(such as G in the example above) corresponding to it.

Another possibility would be to identify the variable object
with the set of all possible interpretations, although to do that
correctly would require dealing with the fact that that “set” might
actually be a proper class.

Categorists’ semantics of variable objects Categorists have
another approach to the concept of variable mathematical object.
One defines a theory, which is a specific category (the theory
for groups, for example). The theory contains a specific object g.
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Every group is the value at g of a certain type of functor based on
that theory. It is natural to interpret the object g of the theory
(or, perhaps better, the entire theory) as the object denoted by the
identifier G in Example 4 above.

References The categorical approach is worked out in [Four-
man, 1977], [Makkai and Reyes, 1977], [Fourman and Vickers,
1986], [Lambek and Scott, 1986].

Specific approaches The approaches suggested so far are gen-
eral ways of understanding variable objects. Certain specific con-
structions for particular types of variable objects have been known
for years, for example the familiar construction of the variable x in
the polynomial ring of a field as an infinite sequence that is all 0’s
except for a 1 in the second place.

See also determinate, variate and Platonism.

Difficulties A central difficulty for students beginning the study
of mathematics is being able to conceive of objects such as the sine
function as an object, thus reaching the third stage of the APOS
theory. This is the problem of encapsulation. Students also confuse
a mathematical object with the symbols denoting it. [Pimm, 1987]
discusses this in children, pages 17ff, and much of the mathematical
education literature concerning function mentions that problem,
too, as well as the more severe problem of encapsulation. See also
Example 2 under literalist.

Some of the difficulties students have when reasoning about
mathematical objects may have to do with the properties we regard
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them as having. The difficulties students have with conditional
sentences may be related to the inert and eternal nature of mathe-
matical objects discussed previously in this entry; this is discussed
further under only if and contrapositive.

Acknowledgments I learned the idea that mathematical objects
are inert and eternal from [Azzouni, 1994]. The example of the
hole in the schedule comes from [Hersh, 1997b], page 73. Michael
Barr made insightful comments.
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mathematical register This is a special register of the English
language used for mathematical exposition: communicating math-
ematical definitions, theorems, proofs and examples. Distinctive
features of the mathematical register of English include

a) Ordinary words used in a technical sense, such as “function”,
“include”, “integral”, and “group”.

b) Technical words special to the subject, such as “topology”,
“polynomial”, and “homeomorphism”.

c) Syntactic structures used to communicate the logic of an argu-
ment that are similar to those in ordinary English but with
differences in meaning. Examples: “all”, “if . . . then”, “let”,
“or”, “there is”, “the”, . . .
Any register belonging to a technical subject has items such

as (a) and (b). Some words like these are listed in this Handbook,
including words that cause special problems to students and words
that are used with multiple meanings.

The syntactic structures mentioned in (c) are major stumbling
block for students. It appears to me that these structures make the
mathematical register quite unusual even among technical registers
in general in how far its semantics deviates from the semantics of
ordinary English. (However, every tribe thinks it is “more differ-
ent” than any other tribe . . . ). Some of these syntactic structures
involve expressions that are used with meanings that are subtly
different from their meanings in ordinary English or even in the
general scientific register. Some of these are discussed in detail in
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the following entries:

arbitrary
but
conditional assertion
contrapositive
definite article
disjunction
existential quantifier
if
indefinite article
just
large

necessary
negation
only if
or
order of quantifiers
some
such that
sufficient
universal generalization
universal quantifier
vacuous implication

References There seem to be very few articles that specifically
study the mathematical register. A brief overview is given by

[Ferrari, 2002]. Some aspects are described in [Epp, 1999a], [Pimm,
1987], [Pimm, 1988], [Schweiger, 1994a], [Schweiger, 1994b],
[Schweiger, 1996]. Steenrod [1975], page 1, distinguishes between
the mathematical register (which he calls the “formal structure”)
and other registers.

N. J. de Bruijn [1994] introduces the concept of the math-
ematical vernacular. He says it is “the very precise mixture
of words and formulas used by mathematicians in their better
moments”. He excludes some things, for example proof by instruc-
tion ( [de Bruijn, 1994], page 267), which I would include in the
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mathematical register. He makes a proposal for turning a part
of the mathematical vernacular into a formal system and in the
process provides a detailed study of part of (what I call the) math-
ematical register as well as other types of mathematical writing.

Remark 1 Many mathematical texts include discussions of
history, intuitive descriptions of phenomena and applications, and
so on, that are in a general scientific register rather than the math-
ematical register. Some attempts to classify such other types of
mathematical writing may be found in [Bagchi and Wells, 1998b],

[de Bruijn, 1994], and in Steenrod’s article in [Steenrod et al., 1975].
References Much of the current discussion is drawn from

[Bagchi and Wells, 1998b].

Acknowledgments Cathy Kessel.
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mathematical structure A mathematical structure is a set
(or sometimes several sets) with various associated mathematical
objects such as subsets, sets of subsets, operations of various ari-
ties, and relations, all of which must satisfy various requirements.
The collection of associated mathematical objects is called the
structure and the set is called the underlying set. Two exam-

ples of definitions of mathematical structures may be found under
equivalence relation.

Example 1 A topological space is a set S together with a set
T of subsets of S satisfying certain requirements.

Remark 1 The definition above of mathematical structure
is not a mathematical definition. To give a proper mathematical
definition of “mathematical structure” results in an unintuitive and
complicated construction. In any case, the only reason for giving
the idea a mathematical definition is for purposes of foundations.
In this category theorist’s mind, the concept of set-with-structure is
anyway the wrong way to do foundations of mathematics.

Citations: (Hai81.175), (SaeZam87.413).

Difficulties The approach of defining a space as a set of points
with associated structure doesn’t fit the naive picture of a space.
Intuitively, a space ought to be a chunk with parts, not a collection
of points. The points ought to be hard to see, not the first thing
you start with in the definition. This point of view has been devel-
oped by category theorists such as William Lawvere. [Lawvere and
Schanuel, 1997] provides an easy introduction to the categorical
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approach.
Remark 2 Presenting a complex mathematical idea as a

mathematical structure involves finding a minimal set of associ-
ated objects (the structure) and a minimal set of conditions on
those objects from which the theorems about the structure follow.
The minimal set of objects and conditions may not be the most
important aspects of the structure for applications or for one’s
mental representation.

Example 2 A function is commonly defined as a set of
ordered pairs with a certain property. A mathematician’s picture
of a function has many facets: how it models some covariation (for
example, velocity), its limiting behavior, algorithms for calculating
it, and so on. The set of ordered pairs is not what first comes to
mind, except perhaps when one is thinking of the function’s graph.

Remark 3 Another aspect of definitions of structure is that
the same structure can have two very different looking definitions.
An example is given under literalist.

Remark 4 The word “structure”, sometimes in the phrase
“mathematical structure”, is also used to describe the way certain
types of mathematical objects are related to each other in a system.
This sense is similar to the meaning of schema.

Example 3 One could investigate the structure of the solu-
tions of a particular type of differential equation. Citations:
(Sch92.408), (TraBel89.749).
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maximize To maximize a function is to find values of its argu-
ment for which the function has a maximum. Minimize is used
similarly. Citations: (For57.28), (Kre94.903), (Ogi60.70).
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mean

To form a definition “Mean” may be used in forming a defini-
tion. Citation: (Adl77.619), (Gro78.537).

Example 1 “To say that an integer is even means that it is
divisible by 2.”

Implies To say that a statement P means a statement Q may
mean that P implies Q. Citation: (Shp95.1303).

Example 2 “We have proved that 4 divides n. This means in
particular that n is even.”

Remark 1 Of course, mean is also a technical term (the
average).
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member See element.
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mental representation One’s mental representation (also
“internal representation”) of a particular mathematical concept
is the cognitive structure associated with the concept, including
associated metaphors, mental pictures, examples, properties and
processes.

The mental representation is called the concept image by
many writers in mathematical education. The definition just given
is in fact a modification of the definition of concept image given
by Tall [1992b], page 7. The way human concepts are organized,
as described by cognitive scientists such as George Lakoff [Lakoff,
1986], includes much of the structure of the mental representation
of the concept in my sense. This is discussed further under concept,
prototype and radial concept.

In written or spoken mathematical discourse, discussion of
some aspect of the mental representation of a concept is often
signaled by such phrases as intuitively or “you can think of . . . ”.
Citation: (Hal56.365).

Mental representations and definitions The contrast between
a student’s mental representation of a concept and its mathematical
definition is a source of cognitive dissonance. Students may avoid
the disparity by ignoring the definition. The disparity comes about
from inappropriate learning strategies such as generalization and
extrapolation.

Professional mathematicians who are learning a subject know
they must adjust their mental representation to the definition. In
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contrast, in doing research they often quite correctly adjust the
definition instead of their mental representation. That is a primary
theme of [Lakatos, 1976].

References Many articles in the book [Tall, 1992a] discuss
mental representation (under various names often including the
word “image”) in depth, particularly [Tall, 1992b], [Dreyfus, 1992]
and [Harel and Kaput, 1992]. See also [Dieudonné, 1992] V.6,
page 163, [Kieran, 1990], [Meel, 1998] (expecially pages 168–170),

[Piere and Kieren, 1989], [Presmeg, 1997a], [Tall and Vinner, 1981],
[Wells, 1995], [Wheatley, 1997].

Mental imagery is discussed from a philosophical point of
view, with many references to the literature, by Dennett [1991],
Chapter 10. The book [Lakoff, 1986] is concerned with concepts in
general, with more of a linguistic emphasis.

A sophisticated mental representation of an important concept
will have various formalisms and mental pictures that fit together
by conceptual blending or metaphor. [Lakoff and Núñez, 1997]
regard metaphor as central to understanding what mathematics is
all about.

Remark 1 I have known logicians and computer scientists
(but not many, and no mathematicians) who deny having any
nonsymbolic mental representations of mathematical concepts.
Some of them have claimed to be entirely syntax directed; all they
think of is symbols. Perhaps some of these colleagues do have
mental representations in the broad sense, but not pictorial or
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geometric ones. Possibly the phrase “mental image” should be
restricted to cases where there is geometric content.

See also aha, conceptual, mathematical object, Platonism and
representation.
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metaphor A metaphor is an implicit conceptual identification
of part of one type of situation with part of another. The word is
used here to describe a type of thought configuration, a form of
conceptual blend. The word is also used in rhetoric as the name
of a type of figure of speech – a linguistic entity which of course
corresponds to a conceptual metaphor. (Other figures of speech,
such as simile and synecdoche, correspond to conceptual metaphors
as well.)

Lakoff and Núñez [1997], [1998], [2000] divide metaphors in
mathematics into two fundamental types: grounding metaphors,
based on everyday experience, and linking metaphors that link
one branch of mathematics to another.

Example 1 The interior of a closed curve or a sphere is called
that because it is like the interior in the everyday sense of a bucket
or a house. This is a grounding metaphor. It also illustrates the
fact that names in mathematics are often based on metaphors.

The fact that a closed curve is two-dimensional instead of
three-dimensional illustrates my description of a metaphor as iden-
tifying part of one situation with part of another. One aspect is
emphasized; another aspect (where they differ) is ignored. For both
the two dimensional and three dimensional examples we ignore
the fact that for real objects but not for mathematical objects the
boundary has thickness.

Example 2 The representation of a number as a location
on a line, and more generally tuples of numbers as locations in a
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space, links numbers to geometry. The primitive concept of line is
grounded in the everyday notion of path.

Example 3 The insight in the previous example got turned
around in the late nineteenth century to create the metaphor of
space as a set of points. Topology, differential geometry, and other
branches of mathematics were invented to turn this metaphor into
a mathematical definition, which both made the study of spaces
more rigorous and also created unexpected structures such as space
filling curves.

This metaphor enables one to model the Earth, for example,
as an ellipsoid (a mathematical object which is a set of points with
certain properties). One can use analytic geometry on an ellipsoid
to calculate the distance between two points on the Earth. Thus
the physical sense of space motivated the mathematical notion of
space, which then, reversing the direction of the metaphor, allows
one to do useful calculations about physical objects such as the
Earth.

See also conceptual blend, snow and Remark 1 under mathe-
matical structure.

Difficulties Most important mathematical concepts are based on
several metaphors, some grounding and some linking; for examples
see the discussion under function. The daily use of these metaphors
by mathematicians cause enormous trouble to students, because
each metaphor provides a way of thinking about an A as a kind
of B in some respects. The student naturally thinks about A as a
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kind of B in inappropriate respects as well.
Students also notoriously have difficulty in switching between

different sutiable metaphors for the same object; possessing that
ability is a reliable sign of a successful student of mathematics.

Example 4 The name “set” is said to be grounded in the
metaphor of “set as container”. This has at least two problems
caused by the fact that some aspects of real world containers don’t
carry over to the mathematics. For one thing, the intersection
of two sets A and B is defined to be the set that contains those
elements that are in both A and B. Thus an element of A ∩ B
is also in A and in B. In real life, the elements are in only one
container at a time. Another discrepancy is that, for example, your
wallet may contain a credit card, and the wallet may be contained
in your pocket. In normal conversation, you would say the credit
card is in your pocket. In mathematics, however, ε is not transitive.

I have seen both these gaps cause trouble for students.
Example 5 In college level mathematics we have another

metaphor: set as object which can be the subject of operations.
This is a linking metaphor (set as element of an algebra). This
causes difficulties for students, particularly “set as element of a
set”; see object-process duality.

Remark 1 The concept of set may indeed have been histor-
ically grounded in the concept of container. However, that meta-
phor has never played much part in my thinking. For me, the set
is a mathematical object distinct from its elements but completely
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determined by them. It is the unique such object of type “set”. I
visualize the set as a node connected by a special relationship to
exactly each of its elements and nothing else.

The description of a set as for example {1, 2, 3} is of course
also determined by the elements of the set, but the description
is a linguistic object, not a mathematical one. I realize that in
mathematical logic linguistic objects are modeled by mathematical
objects; in particular, one could have “{1, 2, 3}” occur as a term
in a logical theory. But linguistic objects are clearly not the same
things as mathematical objects, and those who teach logic should
make it clear that their terms are mathematical models of the
linguistic objects, not identical with them.

Example 6 One metaphor for the real line is that it is a set
of points (as in Example 3.) It is natural to think of points as tiny
little dots; that is the way we use the word outside mathematics.
This makes it natural to think that to the left and right of each
point there is another one, and to go on and wonder whether two
such neighboring points touch each other. It is valuable to think
of the real line as a set of points, but the properties of a “line of
points” just described must be ignored when thinking of the real
line. In the real line there is no point next to a given one, and
the question of two points touching brings inappropriate physical
considerations into an abstract structure.

This example comes from [Lakoff and Núñez, 2000].
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Remark 2 The discussion in Example 6 is the tip of an ice-
berg. It may be that most difficulties students have, especially with
higher-level mathematics (past calculus) are based on not knowing
which aspects of a given metaphor are applicable in a given situa-
tion, indeed, on not being consciously aware that one has to restrict
the applicability of the mental pictures that come with a metaphor.

Why not tell them? It would be appropriate for textbooks
to devote considerable space to how mathematicians think of each
concept, complete with a discussion of which aspects of a metaphor
are apt and which are not.

References See [Lanham, 1991] for figures of speech and
[Lakoff and Núñez, 2000], Chapter 2, for an introduction to metaphors
in cognitive science. See also [Bullock, 1994], [English, 1997],
[Lakoff and Núñez, 1997], [Lakoff and Núñez, 1998], [Mac Lane,
1981], [Núñez, Edwards and Matos, 1999], [Núñez, 2000], [Núñez
and Lakoff, 1998], [Pimm, 1988], [Sfard, 1994], [Sfard, 1997].
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minimize See maximize.
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minus The word minus can refer to both the binary operation
on numbers, as in the expression a − b, and the unary operation
of taking the negative: negating b gives −b. In current usage in
American high schools, a− b would be pronounced “a minus b”, but
−b would be pronounced “negative b”. The older usage for −b was
“minus b”. Students are still frequently confused by this usage from
older teachers.

Remark 1 In ordinary English, if you subtract from a collec-
tion you make it smaller, and if you add to a collection you make
it bigger. In mathematics, adding may also refer to applying the
operation of addition; a + b is smaller than a if b is negative. Sim-
ilarly, subtracting b from a makes the result bigger if b is negative.
Both these usages occur in mathematical writing. See sign.

Citations: (Mor95.720), (FriMen32.407), (Mck75.187).
References [Hersh, 1997a].
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mnemonic A mnemonic identifier is one that suggests what it
is naming.

Example 1 Mathematical mnemonic identifiers usually con-
sist of the initial letter of the word the identifier suggests, as f for
a function, G for a group, and so on.

Example 2 Category theorists use “Ab” for the category of
Abelian groups.

[Bagchi and Wells, 1998a] urge the use of mnemonic identifiers
and that use is exemplified in their research articles [Bagchi and
Wells, 1997a] and [Bagchi and Wells, 1997b].

See predicate symbol.

Acknowledgments Michael Barr.
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model

1. Model as mathematical object
In its most common use in mathematical discourse, a model,
or mathematical model, of a phenomenon is a mathematical
object that represents the phenomenon. In fact, the mathematical
object is often called a representation of the phenomenon. The phe-
nomenon being modeled may be physical or another mathematical
object.

Example 1 A moving physical object has a location at each
instant; this may be modeled by a function. One then observes that
there is a relation between the derivative of the function and the
average velocity of the physical object that allows one to define the
instantaneous velocity of the object.

Example 2 A “word problem” in algebra or calculus texts is
an invitation to find a mathematical model of the problem (set it
up as a mathematical expression using appropriate operations) and
then solve for the appropriate variable. This example is of course
closely related to Example 1,

Example 3 Mathematical logic has a concept of model of a
theory; a theory is a mathematical object abstracting the notion
of structure subject to axioms. A model of the theory is then a
set valued function that preserves both the mathematical and the
inferential structure of the theory.
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Example 4 In computing science, a mathematical model of
algorithm is defined. It may also be called an algorithm (but other
names are used in some texts).

Remark 1 As the examples just discussed illustrate, a model
and the thing it models are often called by the same name. Thus
one refers to the velocity of an object (a physical property) and one
also says that the derivative of the position function is the velocity.
In fact a mathematical model is a special kind of metaphor (see
Example 3 under metaphor), and to refer to the mathematical
model as if it were the thing modeled is a normal way of speaking
about metaphors. It would be worth investigating whether and how
this confuses students.

2. Physical model
A mathematical object may also have a physical model.

Example 5 A Möbius strip may be defined mathematically,
and then modeled by taking a rectangular strip of paper, twisting
it around halfway, and gluing the ends together.

Citations: (Jef90.636), (MacNisZec93.98), (Sch90.890),
(Vau73.3).
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modulo The phrase “x is the same as y modulo ∼” means that x
and y are elements of some set, ∼ is an equivalence relation on the
set, and x ∼ y. One would also say that x is the same as y up to ∼.

This is also used colloquially in phrases such as “The adminis-
tration kept my salary the same modulo [or mod] inflation”.

In number theory one writes a ≡ b mod n, pronounced “a is
equivalent to b mod n”, to mean that a−b is divisible by n, for a, b,
n integers. Thus 20 ≡ 11 mod 3. In this usage, the symbol “mod”
occurs as part of a three-place assertion.

Many computer languages use an expression such as “a (mod n)”
(the syntactic details may differ) to mean the remainder obtained
when a is divided by n; they would write 20 (mod 3) = 2. In this
usage, mod is a binary operation.

Mathematics majors often enter a number theory class already
familiar with the computer usage, to their resultant confusion.

Citations: (BumKocWes93b.499), (Jur96.765), (JonPea00.95),
(Sol96.31)
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monster See example.
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multiple meanings Many names and symbols in the mathe-
matical register have more than one meaning.

Example 1 I recall as a graduate student being puzzled at
the two meanings of domain that I then knew, with the result that
I spent a (mercifully short) time trying to prove that the domain of
a continuous function had to be a connected open set.

Following is a list of entries in this Handbook of words and
symbols that have two or more distinct meanings. I have gener-
ally restricted this to cases where students are likely to meet both
usages by the time they are first year graduate students in mathe-
matics. See also trigonometric functions.

algebra
algorithm
argument
bracket
category
composite
constructivism
contain
continuous
continuum hypothe-

sis
definition
divide
domain
elementary
equivalent

family
field
formal
function
graph
I
identity
if
image
in general
injective
integral
inverse
large
logarithm
map

minus
model
modulo
or
order
parenthesis
permutation
power
prime
proposition
range
result
revise
sign
subscript
superscript
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tangent
term

It is a general phenomenon that the same phrase means dif-
ferent things in different branches of mathematics or science. Some
of the words listed above fit this, for example category, construc-
tivism, continuum hypothesis, domain, field, graph, integral. Of
course, there are innumerable examples of others like this in mathe-
matics or in any part of science. However, many of the words listed
above can occur in both their meanings in the same document, for
example contain, equivalent, identity, and the notations (a, b) (see
parenthesis) and fn(x) (see superscript).
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must One frequently finds “must be” used in the mathematical
register when “is” would give the same meaning. It is used with
verbs other than “be” in the same way. I presume this is to empha-
size that the fact being asserted can be proved from facts known in
the context.

Other uses of “must” in mathematical discourse are generally
examples of the way the words is used in ordinary discourse.

Example 1 “If m is a positive integer and 2m − 1 is prime,
then m must be prime.”

Example 2 “Let C = {1, 2, 3}. If C ⊂ A ∪ B, then one of A
and B must contain two elements of C.”

Citation: (And93.864), (Hil48b.241), (Mel93.917), (Mel97.119).
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myths Students in mathematics courses have many false beliefs
about the subject which are perpetuated explicitly from class to
class in their discussions with each other in attempting to explain
a concept “in their own words”. Some of the myths, sadly, are
perpetuated by high school teachers. I list two here; it would be
helpful to give them names as discussed under behaviors. Another
example is given under element.

The empty set Students in my discrete math classes frequently
believe that the empty set is an element of every set. Readers of
early versions of this book have told me that many high school
teachers and even some college-level mathematicians believe this
myth.

Other problems with the empty set are discussed in the entry
about them.

Limits Many students believe that a sequence with a limit “approaches
the limit but never gets there”. This is discussed under cognitive
dissonance.

Remark 1 Dysfunctional behavior is included as a “myth” in
this Handbook only if it is the result of belief in statements made
explicitly by the students. See attitudes.
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N The symbol N usually denotes the set of natural numbers.
Citation: (Epp95.76), (DavPri90.3).
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name The name of a mathematical object is an English word or
phrase used as an identifier of the object. It may be a determinate
identifier or variate. It should be distinguished from a symbol
used as an identifier. The distinction between name and symbol is
discussed under identifier.

Sources of names
Common words as names A suggestive name is a a common

English word or phrase, chosen to suggest its meaning. Thus it is a
metaphor.

Example 1 “Slope” (of a curve), or “connected subspace” (of
a topological space). See the discussion of suggestive names in
[Wells, 1995] and [Bagchi and Wells, 1998a].

Remark 1 The discussion under continuum hypothesis shows
the dangerous side of a name being suggestive.

Learnèd names A name may be a new word coined from
(usually) Greek or Latin roots. Such an identifier is a learned
name. (Pronounce “learned” with two syllables.)

Example 2 “Homomorphism”.
Personal names A concept may be named after a person.
Example 3 L’Hôpital’s Rule, Hausdorff space.
Typography A mathematical object may be named by the

typographical symbol(s) used to denote it. This is used both for-
mally and in on-the-fly references.

Citations: (BenDav94.295), (DayWei80.139), (Ver91.501).
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Difficulties The possible difficulties students may have with com-
mon words used as identifiers are discussed under formal analogy
and semantic contamination. See also cognitive dissonance and
multiple meanings.

References This discussion is drawn from [Bagchi and Wells,
1998a]. [Hersh, 1997a] gives many examples of dissonance between
the mathematical meaning and the ordinary meaning of mathemat-
ical words.
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namely Used to indicate that what follows is an explication
(often a repetition of the definition) of what precedes.

Example 1 “Let G be an Abelian group, namely a group
whose multiplication is commutative.”

Example 2 “We now consider a specific group, namely S3”.
The word is also used after an existence claim to list those

things that are claimed to exist. (Of course, this is a special case of
explication.)

Example 3 “12 has two prime factors, namely 2 and 3.”
Citations: (MacBer93.237), (MacBer93.241), (Mey59.560),

(Nev94.875). (Ste72.122).
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names from other languages Mathematicians from many
countries are mentioned in mathematical discourse, commonly to
give them credit for theorems or to use their names for a type of
mathematical object. Two problems for the student arise: Pronun-
ciation and variant spellings.

Pronunciation During the twentieth century, it gradually became
an almost universal attitude among educated people in the USA
to stigmatize pronunciations of words from common European lan-
guages that are not approximately like the pronunciation in the
language they came from, modulo the phonologies of the other lan-
guage and English. This happened in the USA before it happened
in other English speaking countries, and it did not affect the most
commonly-used words. The older practice was to pronounce a name
as if it were English, following the rules of English pronunciation.

For example, today many mathematicians pronounce “Lagrange”
the French way, and others, including (in my limited observation)
most engineers, pronounce it as if it were an English word, so that
the second syllable rhymes with “range”. I have heard people who
used the second pronunciation corrected by people who used the
first (this happened to me when I was a graduate student), but
never the reverse when Americans are involved.

Forty years ago nearly all Ph.D. students had to show mastery
of two foreign languages; this included pronunciation, although that
was not emphasized. Today the language requirements in the USA
are much weaker, and educated Americans are generally weak in
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foreign languages. As a result, graduate students pronounce foreign
names in a variety of ways, some of which attract ridicule from
older mathematicians. (Example: the possibly apocryphal graduate
student at a blackboard who came to the last step of a long proof
and announced, “Viola!”, much to the hilarity of his listeners.)
There are resources on the internet that allow one to look up the
pronunciation of common foreign names; these may be found on the
website of this handbook.

Remark 1 The older practice of pronunciation is explained
by history: In 1200 AD, the rules of pronunciation of English,
German and French, in particular, were remarkably similar, and
Latin was not too different. Over the centuries, the sound systems
changed, and Englishmen, for example, changed their pronunciation
of “Lagrange” so that the second syllable rhymes with “range”,
whereas the French changed it so that the second vowel is nasalized
(and the “n” is not otherwise pronounced) and rhymes with the “a”
in “father”.

Transliterations from Cyrillic Another problem faced by the
mathematics graduate student is the spelling of foreign names. The
name of the Russian mathematician most commonly spelled “Cheb-
yshev” in English is also spelled Chebyshov, Chebishev, Chebysheff,
Tschebischeff, Tschebyshev, Tschebyscheff and Tschebyschef. (Also
Tschebyschew in papers written in German.) The correct spelling
of his name is Qebyxev, since he was Russian and Russian used
the Cyrillic alphabet. The only spelling in the list above that could
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be said to have some official sanction is Chebyshev, which is used
by the Library of Congress. This is discussed by Philip J. Davis in

[1983]. Other citations: (ErdTur37.147), (For57b.79), (Ged81.844),
(Gor58.693), (Hig44.440), (Sch89.141).

Remark 2 In spite of the fact that most of the transliter-
ations show the last vowel to be an “e”, the name in Russian is
pronounced approximately “chebby-SHOFF”, accent on the last
syllable.

German spelling and pronunciation The German letters “ä”,
“ö” and “ü” may also be spelled “ae”, “oe” and “ue” respectively.
The letters “ä”, “ö” and “ü” are alphabetized in German docu-
ments as if they were spelled “ae”, “oe” and “ue”. It is far better
to spell “Möbius” as “Moebius” than to spell it “Mobius”.

The letter “ö” represents a vowel that does not exist in
English; it is roughly the vowel sound in “fed” spoken with pursed
lips. It is sometimes incorrectly pronounced like the vowel in
“code” or in “herd”. It is more acceptable to pronounce it like the
vowel in “fade”. Thus, “Mabius” rather than “Moe-bius” or “Mer-
bius”. Similar remarks apply to “ü”, which is “ee” with pursed lips
(and it is better to pronounce it “ee” than “oo”.) The letter “ä”
may be pronounced like the vowel in “fed”.

In addition, the German letter “ß” may be spelled “ss” and
often is by Swiss Germans. Thus Karl Weierstrass spelled his last
name “Weierstraß”. Students sometimes confuse the letter “ß” with
“f” or “r”. In English language documents it is probably better to
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use “ss” than “ß”.
Another pronunciation problem that many students run into

are the combinations “ie” and “ei”. The first is pronounced like
the vowel in “reed” and the second like the vowel in “ride”. Thus
“Riemann” is pronounced REE-mon.
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narrative style The narrative style of writing mathematics
is a style involving infrequent labeling; most commonly, the only
things labeled are definitions, theorems, proofs, and major subsec-
tions a few paragraphs to a few pages in length. The reader must
deduce the logical status of each sentence from connecting phrases
and bridge sentences. This is the way most formal mathematical
prose is written.

Difficulties Students have difficulties of several types with narra-
tive proofs.

a) The proof may leave out steps.
b) The proof may leave out reasons for steps.
c) The proof may instruct the reader to perform a calculation

which may not be particularly easy. See proof by instruction.
d) The proof may not describe its own structure, which must be

determined by pattern recognition. See proof by contradiction.
e) The proof may end without stating the conclusion; the reader

is expected to understand that the last sentence of the proof
implies the conclusion of the theorem via known facts. Exam-
ple 6 under pattern recognition gives a proof that two sides of
a triangle are equal that ends with “Then triangle ABC is con-
gruent to triangle ACB . . . ”; the reader must then see that
the congruence of these two triangles implies that the required
sides are the same.
Contrast labeled style.
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References This style is named and discussed in [Bagchi and
Wells, 1998b].
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natural number For some authors, a natural number is a pos-
itive integer. For others it is a nonnegative integer, and for others
it is any integer. It appears to me that the most common mean-
ing these days is that a natural number is a nonnegative integer.
Citation: (Epp95.76), (DavPri90.3), (Hat87.162), (New81.39).

Remark 1 As the citations show, the disagreement concern-
ing the meaning of this phrase dates back to the nineteenth cen-
tury.
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necessary Q is necessary for P if P implies Q. Examples are
given under conditional assertion.

The motivation for the word “necessary” is that the statement
“P implies Q” is logically equivalent to “not Q implies not P” (see
contrapositive), so that for P to be true it is necessary in the usual
sense of the word for Q to be true.
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negation The negation of an assertion P is an assertion that
denies P . In some circumstances that is the effect of the English
word not. Citation: (Ste72.122).

Negation of quantified statements If P (x) is a predicate pos-
sibly containing the variable x, then the negation of the asser-
tion ∀xP (x) is ∃x¬P (x). Similarly, the negation of the assertion
∃xP (x) is (∀x)¬P (x). Here, the symbol “¬” means “not”.

Remark 1 Both of these rules cause difficulty in translating
to and from English. It is my experience that many students need
to be explicitly taught these rules and how to express them in
English.

Example 1 The negation of the assertion
“All multiples of 4 are even.”

is not
“All multiples of 4 are not even.”

but rather
“Multiples of 4 are not all even.”

or, equivalently,
“Not all multiples of 4 are even.”
Remark 2 This illustrates the fact that simply putting a

“not” into a sentence may very well give the wrong results.
Example 2 In colloquial English as spoken by many people

(including students!), the sentence
“All multiples of 3 are not odd.”
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means that some multiples of 3 are not odd (a true statement). A
similar remark holds for “Every multiple of 3 is not odd.” I believe
that most mathematicians would interpret it as meaning that no
multiple of 3 is odd (a false statement). See esilism. Citations
needed.

Remark 3 This phenomenon quite possibly interferes with
students’ understanding of negating quantifiers, but I have no
evidence of this.

Remark 4 Negation is also used sometimes to denote the
operation of taking the negative of a number.

Citation: (Mey59.560).
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negative See minus.
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never An assertion about a variable mathematical object of the
form “A is never B” means that for all A, A is not B. An assertion
of that form when A is a function means that no value of A is B.

Example 1 “A real number never has a negative square.”
Example 2 “The sine function is never greater than 1.”
Citation: (Duk97.193), (Hil48b.241), (Pom96.1478).
See also always and universal quantifier.
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not See negation.
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nonnegative A real number r is nonnegative if it is not nega-
tive, in other words if r ≥ 0. Citations: (Epp95.76), (Mat94.661).

Note that in an ordered set containing an element denoted
0, the statement r ≥ 0 and the statement “not r < 0” are not
equivalent if the set is not totally ordered.
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notation Notation is a system of signs and symbols used as a
representation of something not belonging to a natural language.
The symbolic language of mathematics is a system of notation. See
establish notation.
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now
Introduce new notation “Now” may indicate that new notation
or assumptions are about to be introduced. This is often used to
begin a new argument. This use may have the effect of canceling
assumptions made in the preceding text. Citation: (Aig95.813),
(Cli59.106), (Djo82.233), (HocYou61.13), (Maz93.29).

Example 1 “We have shown that if x ∈ A, then x ∈ B. Now
suppose x ∈ B. . . . ”

Bring up a fact that is needed “Now” may be used to point out
a fact that is already known or easily deduced and that will be used
in the next step of the proof.

Example 2 In a situation where we already know that x = 7,
one could say:

“ . . . We get that x2 +y2 = 100. Now, x is 7, so y =
√

51.”
This is similar to meaning (b) of but.

Citation: (Arv74.464).

“Here” “Now” may simply refer to the point in the text at which
it occurs. The metaphor here is that the reader has been reading
straight through the text (unlike a grasshopper) and at the current
moment she sees this word “now”. As such it does not really add
anything to the meaning. Citation: (Pin64.108), (Rub89.421).

Remark 1 The three usages described here are not always
easy to distinguish.

Acknowledgments Atish Bagchi
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number Numbers in mathematics are usually written in base-10
notation, although most students these days are familiar with other
bases, particularly 2, 8 and 16.

Type of number The word number in most mathematical
writing is used for one of the types natural number (whatever it
means), integer, rational number, real number or complex num-
ber. A piece of discourse will commonly establish right away how
the word is being used. If it does not, it is commonly because the
type is clear from context, for example because it is being used to
refer to the size of a collection. Occasionally, the context does not
immediately make the usage clear, though further reading usually
determines it. In the citations I have found where the context does
not immediately make the usage clear, it always turns out to be
real.

Citations: (Duk97.193), (IpsMey95.905), (Kno81.235).

Variables and base-10 notation The syntax for the usual base-
10 notation and for variables of type integer (or other type of
number) are different in ways that sometimes confuse students.

Example 1 Any nonzero number in base-10 notation with a
minus sign in front of it is negative. This may cause the student
to assume that the number represented by −n (for example) is
negative. Of course, it need not be, for example if n = −3.

Example 2 If x and y are numerical variable, xy is their
product. However, the juxtaposition of numbers in base-10 notation
does not represent their product: 32 is not the product of 3 times
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2. This causes some difficulty, perhaps mostly in high school. It
is widely believed that college students sometimes cancel the x in
expressions such as

sinx
cosx

but I have not met up with this phenomenon myself.
See also item (a) under behaviors.
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number theory In spite of what the phrase suggests, number
theory is the study of the integers, particularly with respect to
properties of prime numbers.

Citations: (Car32.142), (Hat87.162), (Sta96.285).
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object See mathematical object.
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object-process duality Mathematicians thinking about a
mathematical concept will typically hold it in mind both as a
process and an object. As a process, it is a way of performing
mathematical actions in stages. But this process can then be con-
ceived as a mathematical object, capable for example of being an
element of a set or the input to another process. Thus the sine
function, like any function, is a process that associates to each
number another number, but it is also an object which you may be
able to differentiate and integrate.

The mental operation that consists of conceiving of a process
as an object is called encapsulation, or sometimes reification or
entification. Encapsulation is not a one-way process: while solving
a problem you may think of for example finding the antiderivative
of the sine function, but you are always free to then consider both
the sine function and its antiderivative as processes which can give
values – and then you can conceive of them encapsulated in another
way as a graph in the x− y plane.

This is discussed in a more extended setting under APOS.
Remark 1 The preceding discussion makes it sound as if the

mathematician switches back and forth between process and object.
In my own experience, it is more like holding both conceptions in
my mind at the same time. See [Piere and Kieren, 1989].

References [Gray and Tall, 1994], [Sfard, 1991], [Sfard, 1992]
(who gives a basic discussion of mathematical objects in the con-
text of functions), [Carlson, 1998], [Dubinsky and Harel, 1992], and
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[Hersh, 1997b], pages 77ff.
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object See APOS and mathematical object.
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obtain Most commonly, “obtain” means “get”, as in ordinary
English.

Example 1 “Set x = 7 in x2 + y2 = 100 and we obtain
y =
√

51.”
In the mathematical register, “obtain” may also be used in

much the same way as hold. This usage appears uncommon.
Example 2 “Let G be a group in which g2 = e obtains for

every element g.”
Citations: (Bau78.644), (FurMar91.842), (GelOlm90.85),

(Zab95.486).

Acknowledgments Atish Bagchi
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on A function F is defined in, defined on or defined over a set
A if its domain is A. Primary citation (Thi53.260)

Citations: (Bla79.122), (Cal74.217), (Dan78.539), (Exn96.35),
(Fra82.11), (Fre90.715), (GibBra85.691), (MacNisZec93.98).

(Gow00.74)
(Gro34.627) (Ree86.509)
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one to one Injective.
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only if In the mathematical register, if P and Q are assertions,
“P only if Q” means P implies Q. The phrase “only if” is not often
used this way in ordinary English discourse.

Example 1 The sentence
“4 divides n only if 2 divides n”

means the same thing as the sentence
“If 4 divides n, then 2 divides n.”
Example 2 The sentence
“I will carry my umbrella only if it rains.”

does not mean the same thing as
“If I carry my umbrella, it will rain.”

Difficulties Students often get sentence in Example (1) backward,
taking it to mean

(2 divides n)⇒ (4 divides n)
Some of them flatly refuse to believe me when I tell them the cor-
rect interpretation. This is a classic example of semantic contami-
nation, a form of cognitive dissonance – two sources of information
appear to contradict each other, in this case the professor and a
lifetime of intimate experience with the English language, with the
consequence that one of them is rejected or suppressed. It is hardly
suprising that many students prefer to suppress the professor’s
unnatural and unmotivated claims.

McCawley [1993] also rejects the equivalence of “A only if B”
with “If A, then B”, for ordinary discourse, but in the mathemat-
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ical register the sentence must be taken to be equivalent to the
others. This difference may have come about because conditional
assertions in ordinary English carry connotations of causality and
time dependence. Because mathematical objects are thought of
as inert and eternal, the considerations that distinguish the two
sentences in the example do not apply to statements such as the
sentence in Example (1); the truth of the statement is determined
entirely by the truth table for implication.

The remarks in the preceding paragraph may explain some of
the difficulties students have with the contrapositive, as well.
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onto Surjective.
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open sentence An open sentence is an assertion containing
free variables. In many circumstances such an assertion is taken as
being true for all instantiates of its variables.

Citation: (GraTre96.105). See universal quantifier for exam-
ples.
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operation Used to refer to a function of two variables that is
written in infix notation. May be called a binary operation

Example 1 The operation of addition on the set of real num-
bers is a binary operation.

Citation: (Fra82.11); (MacBir93.43). Some authors use “oper-
ation” in certain contexts to refer to any function. Citation:
(Sto95.619).
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operator Operator means function. Most authors seem to use
“operator” only in certain restricted situations. It is often used
when the domain is a set of functions or when the operator is a
function from a space to itself. Citation: (Buc97.60). (But a
“linear operator” can be between different spaces.)

The text [Grassman and Tremblay, 1996] uses “operator” to
refer to a binary operation used in infix notation (see the discussion
on pages 104 through 108). The text [Gries and Schneider, 1993]
takes a similar approach (page 7 and page 387). The word is used
to refer both to the symbol and to the function. This usage may be
associated with authors having a background in computer science.

Acknowledgments Atish Bagchi and Michael Barr.

447



contents wordlist index

or Or placed between two assertions produces the disjunction of
the assertions.

Example 1 “x is nonnegative or x < 0”.

Difficulties As the truth table for disjunction indicates, “P or Q”
allows both P and Q to be true, although they cannot both be true
in the example just given. The assertion

“ x > 0 or x < 2 ”
is true for any real number x. A student may feel discomfort at
this assertion, perhaps because in many assertions in conversational
English involving “or” both cases cannot happen. Authors often
emphasize the inclusiveness by saying something such as “or both”.

See [Hersh, 1997a] for more examples.
Citation: (BumKocWes93b.499), (Cho99.444), (Mol97.531).
Students also have trouble negating conjunctions and disjunc-

tions. A statement such as
“x is not (P or Q)”

means
“x is not P and x is not Q.”

So does
“x is neither P nor Q.”
See also both and Example 3 under yes it’s weird.
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or equivalently This phrase means that what follows is equiva-
lent to what precedes. It is usually used when the equivalence is
easy to see. This usage has no relation to the connective “or”.
Citation: (BhaSer97.503).
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order

Ordering “Order” may be a variant of “ordering”.
Example 1 “Let ≤ be the usual order on the real numbers.”

Citation: (DavPri90.3), (Kon00.902).

Cardinality The order of a structure such as a group is the
cardinality of (the underlying set of) the structure.

Citations: (Sen90.330). But the meaning can be more devious
than that: See (Lam91.305).

Parameter The word “order” may refer to a nonnegative integer
parameter of the structure. Of course, the cardinality meaning just
mentioned is a special case of this.

Example 2 The order of a differential equation is the highest
derivative occurring in the equation.

Remark 1 The word degree is also used in this way, but the
uses are not interchangeable. Indeed, a structure may have both an
order and a degree, for example a permutation group.

Citations: (HawKis95.333), (Ros95.504).
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order of quantifiers The distinction between continuity and
uniform continuity shows that the order in which quantifiers are
applied can make a crucial difference in the meaning of a definition.

Example 1 The statement
∀x∃y(xy = e)

about elements x and y of a group with identity e, says that every
element has a right inverse and is satisfied by all groups. In con-
trast, the statement

∃x∀y(xy = e)
is satisfied only by the trivial group. The idea is that the element y
in the first sentence depends on the element x, and that according
to the customary interpretation of sentences in mathematical logic,
this is signaled by the fact that the x comes first. (See esilize for
more about this example.)

Example 2 The definition of continuity is commonly begun
this way:

“For every ε > 0, there is a δ > 0 for which. . . ”
Here δ depends on ε, but in contrast to the preceding example,
the dependence is not functional. This is discussed in [Bagchi and
Wells, 1998a].

Difficulties In ordinary English the way quantifiers are ordered
does not always obey these rules. A student might say, “there is
an inverse for every element” and be understood in much the same
way as one would understand a statement such as “there is an ice
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cream cone for every child”. The latter statement, translated mind-
lessly into first order logic, brings up the picture of n children lick-
ing one cone. But no one in everyday discourse would understand
it that way, and only a few esilists would think it bad English.
Nevertheless, in writing mathematical arguments in English, such
constructions should be avoided (see esilize).

It appears to me that the meaning of sentences such as “There
is an ice cream cone for every child” is extracted using a mecha-
nism similar to that for a distributive plural, but I have not found
anything in the linguistics literature about this.

See also all, and and mathematical logic.
References [Dubinsky, 1997].
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orthogonal A system of notation is orthogonal if any construc-
tion possible in the notation can be used anywhere it is appropri-
ate.

Example 1 The notation for derivatives is not orthogonal.
The prime notation can be used for functions of one variable but
not for functions of more than one variable.

Example 2 The notation involving d is used for functions of
one variable; for more than one variable one must change it to ∂.

Remark 1 These two examples are of different sorts. The
prime notation cannot be used for more than one variable because
it would become ambiguous. The difference between d and ∂ is
discussed in Example 3 under context-sensitive.

Example 3 Early forms of Fortran were not orthogonal; one
could use an arithmetic expression (for example, i + 2j2) that
evaluated to an integer in most places where one could use an
integer — but not in the subscript of an array. In other words, one
could write the equivalent of Ai but not of Ai+2j2 . This context is
where I first met the word “orthogonal” used.

Terminology I borrowed this terminology from the usage in com-
puter language design. Some computer scientists have told me they
never heard the word used in this way, but there are many exam-
ples of its use on the internet and some in the printed computer
science literature. Citations: (AtkDayJorPriSpe96.Abstract),
(PaaKarSil90.Abstract).
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Of course, “orthogonal” has a meaning as a technical word in
mathematics, as well.
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osmosis theory The osmosis theory of teaching is this atti-
tude: We should not have to teach students to understand the way
mathematics is written, or the finer points of logic (for example
how quantifiers are negated). They should be able to figure these
things on their own — “learn it by osmosis”. If they cannot do that
they are not qualified to major in mathematics. (See mathematical
mind).

Remark 1 We learned our native language(s) as children by
osmosis. That does not imply that college students should learn
mathematical reasoning that way. It does not even mean that
college students should learn a foreign language that way.
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outfix notation A function is displayed in outfix notation if
its symbol consists of characters or expressions put on both sides of
the argument.

Example 1 The most familiar example is indefinite integral
notation: The indefinite integral of a function f is denoted by∫
f(x) dx. The definite integral is more complicated, since it has

three arguments (two numbers and a function) placed in three
different locations.

Example 2 The absolute value of a number r is denoted |r|.
Example 3 The greatest integer in x is sometimes denoted by

�x�.
Other examples are described under brace, angle bracket and

bracket.
Also called matchfix notation The latter name is used in

Macsyma. Citations: (Ant84.121).
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output See function.
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over TALK ABOUT defined over citats(RicRic93.475).
Having a property over a substructure Citations: (Niv56.83),

(Tit64.321) (Lef77.643)
over meaning in domain of a function Citations: (Bil73.1107),

(GulOssRoy73.757), integral over (Kei89.273)
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overloaded notation This phrase usually applies to a symbol
or a name for a function that takes on different meanings depending
on which type of element it is evaluated at. Such a function is also
called polymorphic

Example 1 The identity function is a polymorphic name; in
the usual formalism there is a different identity function on each
set.

Example 2 A familiar example is the symbol ×, which is
overloaded in college mathematics courses. When a and b are
numbers, a×b is their product. When A and B are matrices, A×B
is the matrix product. When v and w are 3-vectors, v × w is their
vector product.

Example 3 Another example is the common treatment of the
image for arbitrary functions: Let F : S → T be a function.

a) If x ∈ S, F (x) is the value of F applied to x. It is called the
image of x under F .

b) If A is a subset of S, then F (A) = {F (x) | x ∈ A} (see
setbuilder notation). It is called the image of A under F .

c) The image of F is the set of all t in T for which there is an
x ∈ S such that F (x) = t, which is the image in the sense
of (b) of the domain of F . The word “range” is also used for
this meaning.
Remark 1 The preceding example is in a way fake. One could

simply stipulate that every function F : S → T has values defined
for every element of S and (in the way illustrated above) for every
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subset of S. However, the phrase “the image of F” would still
overload the word “image”.

Example 4 A functor F from a category C to a category D is
defined on both objects and arrows of C. This, too is a fake exam-
ple, since the value of the functor at identity arrows determines its
value on objects.

Example 5 A text on vector spaces will very likely use + for
addition of vectors in every vector space. Similarly, some texts on
group theory will use e or 1 for the identity element for any group
and juxtaposition for the binary operation of any group.

Remark 2 Example 5 illustrates the common case of using
the same symbol in every model for a particular operation in an
axiomatically defined mathematical structure.

Remark 3 The operation × does not require the same algo-
rithm on matrices as it does on 3-vectors. This is the sort of phe-
nomenon computer scientists call ad-hoc polymorphism. It is
contrasted with parametric polymorphism, an example of which
is the algorithm “swap the two entries in an ordered pair”, which
applies to ordered pairs of any type of element. (The parameter
that gives rise to the name “parametric” is the type of element.)
See algorithm. The identity function provides a trivial example of
parametric polymorphism.

Many mathematicians think and speak informally of a para-
metrically polymorphic function as one single function. (“ . . . the
identity function is injective”).
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Remark 4 The concept “overloaded” is natural in computer
science because operations on different data types are typically
implemented differently. For example, addition of integers is imple-
mented differently from addition of floating point numbers in most
computer languages. The concept is less natural in mathematics,
where you could define the operation on the disjoint union of all the
sets under consideration (for ×, the set might be R plus the set of
all 3-dimensional real vectors plus the set of all n × n real matrices
for each n). Even there, however, the implementation algorithm
differs for some of the subsets. (See cases.)

Remark 5 When students start taking college mathematics,
the sort of phenomena mentioned here means that they have to
read the surrounding text to understand what a symbolic expres-
sion means: the expression is no longer self-sufficient. When I first
came across this aspect of mathematics in a matrix theory course
at Texas Southmost College, I felt that I had been ejected from
paradise.

See also superscript.
Citations: (KulMir86.36)
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parameter A parameter is a variate identifier used in the
definition of a mathematical object. When the parameters are all
instantiated, the object becomes specific. The parameters may or
may not be shown explicitly in the identifier for the object; see
synecdoche and suppression of parameters. See also Example 2
under definite description.

Example 1 Let [a, b] be a closed lninterval. Here the parame-
ters are a and b. A particular instantiation gives the specific closed
interval [π, 2π].

Example 2 Consider the polynomial x2 + ax+ b. The param-
eters are again a and b. (See Remark 1 below.)

Example 3 Consider the function f(x) = x2 +ax+ b. Again a
and b are parameters and x is not. This might typically be referred
to as a “two-parameter family fa,b(x) = x2 + ax+ b of functions”.

Remark 1 A parameter in a symbolic expression is necessar-
ily a free variable, but the converse is not true. In the polynomial
x2 + ax + b mentioned in Example 2, for example, all the vari-
ables a, b and x are free. One calls a and b parameters because
the expression x2 + ax + b is called a polynomial and because the
convention is that the variable required by the definition of polyno-
mial is usually represented by a letter near the end of the alphabet.
Similarly, in Example 3, the variable x is not free because the defi-
nition of f uses a defining expression based on the named input
variable x. Observe that in this remark I am saying the meaning of
each expression is determined by linguistic usage, not mathematical
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definitions.
Remark 2 People outside science, particularly businessmen,

often use “parameter” to mean “boundary”, presumably because
they confused the word with “perimeter”.

Citations: (BivSim98.93), (LanTho91.126), (NeiAnn96.642),
(Oss90.732).
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parenthesis Parentheses are the symbols “(” and “)”. Paren-
theses are used in various ways in expressions.

Grouping Parentheses are very commonly used as bare delimiters
to group subexpressions.

Example 1 Parentheses are used for grouping in the expres-
sions (x2+1)2 and x(y+z). Citation: (DarGof70.729), (Bea96.201),
(Yu98.656).

Tuples and matrices Parentheses may be used to denote an
ordered n-tuple, as in (3, 1, 2), and are the standard notation for
matrices. Citation: (Bau78.644), (Bea96.201), (Knu81.732)

Open interval The symbol (a, b) may denote the real lninterval
{x | a < x < b}. Citation: (Fra98.609).

Greatest common divisor The symbol (m,n) may denote the
greatest common divisor of the integers m and n. Citation:
(Fra98.609). Note that the citations for this and the last usage come
from the same sentence. It appears to me quite unlikely that any
experienced mathematician would be confused by that sentence.
Students are another matter.

Function values It is not clear whether the use of parentheses
to delimit the argument in denoting the value of a function, in for
example f(x + 1), is a simple matter of grouping, or whether it
is part of a special syntax for function application. See irregular
syntax
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Terminology Parentheses are also called brackets, but “bracket”
may also refer to other delimiters. Sometimes parentheses are
called round parentheses for emphasis.
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parenthetic assertion A symbolic assertion is parenthetic if
it is embedded in a sentence in a natural language in such a way
that its pronunciation becomes a phrase (not a clause) embedded in
the sentence. In contrast, when a symbolic assertion is a clause it is
pronounced in such a way as to be a complete sentence.

Example 1 “For any x > 0 there is a y > 0 such that y <
x.” The assertion “x > 0” in isolation is a complete sentence,
typically pronounced “x is greater than 0”. In the sentence quoted
above, however, it is pronounced “x greater than 0” or “x that is
greater than 0”, becoming a noun phrase embedded in the main
sentence. Note that in the quoted sentence, “x > 0” and “y > 0”
are parenthetic but “y < x” is a full clause.

Citation: (Bar96.631); (BleMccSel98.535); (Dra95.258);
(Gou94.213); (Pow96.879); (Zul96.227).

Remark 1 In seeking citations I was struck by the fact that
some authors use parenthetic assertions in almost every paragraph
and others essentially never do this: the latter typically use sym-
bolic assertions only as complete clauses. Compare the articles
[Bartle, 1996] and [Neidinger and Annen III, 1996], in the same
issue of The American Mathematical Monthly.

Example 2 “. . .we define a null set in I : = [a, b] to be a set
that can be covered by a countable union of lnintervals with arbi-
trarily small total length.” This is from [Bartle, 1996], page 631.
It would be read in this way: “. . .we define a null set in I, which
is defined to be [a, b], to be a set. . . ”. In other words, the phrase
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“I : = [a, b]” is a definition occurring as a parenthetic assertion.
Example 3 “Consider the circle S1 ⊆ C = R2” This example

is adapted from [Zulli, 1996]. Notice that the parenthetic remark
contains another parenthetic remark inside it.

See also context-sensitive.
References [Gillman, 1987], pages 12–13; [Krantz, 1997],

page 25; [Lamport, 1994], page 18.
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partition See equivalence relation.
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pathological See example.
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pattern recognition Mathematicians must recognize abstract
patterns that occur in symbolic expressions, geometric figures, and
in their own mental representations of mathematical objects. This
is one small aspect of human pattern recognition; for a general
view, see [Guenther, 1998], Chapter 3.

One particular type of pattern recognition that students find
immensely difficult it recognizing that a given expression is an
instance of a substitution into a known expression.

Example 1 This Handbook’s definition of “at most” says
that “x is at most y” means x ≤ y. To understand this definition
requires recognizing the pattern “x is at most y” no matter what
occurs in place of x and y. For example,

“sinx is at most 1”
means that sinx ≤ 1.

Example 2 The assertion
“x2 + y2 > 0”

has as a special case
“(−x2 − y2)2 + (y2 − x2)2 > 0.”

where you must insert appropriate parentheses. Students have
trouble with expressions such as this one not only in recognizing it
as an instance of substitution but in performing the substitution in
the first place (see substitution).

Example 3 Students in postcalculus courses must recognize
patterns of proof without being told. Examples are given under
contrapositive and proof by contradiction.
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Example 4 The rule for differentiation the square of a func-
tion is

“The derivative of (f(x))2 is 2f(x)f ′(x).”
Consider the complexities involved in using this rule to calculate
the derivatives of these functions:

a) 1
x2 .

b) sin2 x (Exponent not where it is in the pattern, no parentheses
around the x.)

c) e2x (What is the function? Do you recognize it as being
squared?)
Remark 1 Some proofs involve recognizing that a symbolic

expression or figure fits a pattern in two different ways. This is
illustrated by the next two examples. I have seen students flum-
moxed by Example 5, and Example 6 may for all I know be the
proof that flummoxed medieval geometry students (see pons asino-
rum).

Example 5 In set with an associative binary operation and
an identity element e, suppose x is an element with an inverse x−1.
(In this situation, it is easy to see that x has only one inverse.)

Theorem: (x−1)−1 = x.
Proof: By definition of inverse, y is the inverse of x if and only

if
xy = yx = e (2)
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It follows by putting x−1 for x and x for y in Equation (2) that we
must show that

x−1x = xx−1 = e (3)
But this is true by that same Equation (2), putting x for x and x−1

for y.
Example 6 Theorem: If a triangle has two equal angles, then

it has two equal sides.
Proof: In the figure below, assume ∠ABC = ∠ACB. Then

triangle ABC is congruent to triangle ACB since the sides BC and
CB are equal and the adjoining angles are equal.

.A

�������������������

��������������������

.B .C

See also explicit assertion.

Acknowledgments Atish Bagchi.
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permutation A permutation is defined in the literature in two
different ways:

a) A permutation of an n-element set is a sequence of length n in
which each element of the set appears once.

b) A permutation of a set is a bijection from the set to itself.
Remark 1 Of course, the two definitions can be converted

into each other, but psychologically they are rather different. Both
definitions are given by [Kolman, Busby and Ross, 1996], pages 75
and 181.

Citation: (JacTho90.55), (Str93.27).
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Platonism Often used by mathematicians to refer to the attitude
that mathematical objects exist in some manner analogous to the
existence of physical objects.

All mathematicians, whether they regard themselves as Platon-
ists or not, refer to mathematical objects using the same grammati-
cal constructions as are used for references to physical objects. For
example, one refers to “a continuous function” (indefinite reference)
and “the sine function” (definite reference), in the way one refers
to “a boy” and “the boss”, not in the way one refers to nonmathe-
matical abstract concepts such as “truth” or “gravity” (no article).
(This behavior is not limited to mathematical objects: “the orbit
of the moon” for example.) Symbols are generally used in the same
way as proper nouns.

See also mathematical object and Remark 2 under symbol.
Citations: (Ade97.806), (AlpBraGor70.16), (Axl95.153),

(Bar96.627), (BruMarWei92.140), (Mor88.814), (VanLutPrz77.435).
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plug into “Plug a into f” means evaluate f at a. Here, f may be
a function or an expression, and a may be an expression.

Example 1 “If you plug π into the sine function, you get 0.”
Remark 1 Some find the use of the phrase “plug into” offen-

sive. I judge this phrase to have low status.
Citations: (Ken83.166), (Mcc89.1328), (TemTra92.518).
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plural Many authors form the plural of certain learnèd words
using endings from the language from which the words originated.
Students may get these wrong, and may sometimes meet with
ridicule for doing so.

Plurals ending in a vowel Here are some of the common mathe-
matical terms with vowel plurals.

singular plural
automaton automata
polyhedron polyhedra
focus foci
locus loci
radius radii
formula formulae

Linguists have noted that such plurals seem to be processed
differently from s-plurals ( [Pinker and Prince, 1999]). In partic-
ular, when used as adjectives, most nouns appear in the singular,
but vowel-plural nouns appear in the plural: Compare “automata
theory” with “group theory”.

The plurals that end in a (of Greek and Latin neuter nouns)
are often not recognized as plurals and are therefore used as singu-
lars. (This does not seem to happen with my students with the -i
plurals and the -ae plurals.) In the written literature, the -ae plural
appears to be dying, but the -a and -i plurals are hanging on. The
commonest -ae plural is “formulae”; other feminine Latin nouns
such as “parabola” are usually used with the English plural. In the
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1990–1995 issues of six American mathematics journals (American
Journal of Mathematics, American Mathematical Monthly, Annals
of Mathematics, Journal of the American Mathematical Society,
Proceedings of the American Mathematical Society, Transactions
of the American Mathematical Society), I found 829 occurrences of
“formulas” and 260 occurrences of “formulae”, in contrast with 17
occurrences of “parabolas” and and no occurrences of “parabolae”.
(There were only three occurrences of “parabolae” after 1918.) In
contrast, there were 107 occurrences of “polyhedra” and only 14 of
“polyhedrons”.

Plurals in s with modified roots
singular plural
matrix matrices
simplex simplices
vertex vertices

Students recognize these as plurals but produce new singu-
lars for the words as back formations. For example, one hears
“matricee” and “verticee” as the singular for “matrix” and “ver-
tex”. I have also heard “vertec”.

Remark 1 It is not unfair to say that many scholars insist on
using foreign plurals as a form of one-upmanship. But students and
young professors need to be aware of these plurals in their own self
interest.

It appears to me that ridicule and put-down for using standard
English plurals instead of foreign plurals, and for mispronouncing
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foreign names, is much less common than it was thirty years ago.
However, I am assured by students that it still happens.

The use of plurals in the mathematical register is discussed
under collective plural and distributive plural.

Acknowledgments Atish Bagchi, Eric Schedler .
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pointwise See coordinatewise.
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pointy bracket See delimiter.
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Polish notation Polish notation consists in using prefix nota-
tion without parentheses. This requires that all function names
have a single arity, so that which symbols apply to which inputs is
unambiguous.

Example 1 In Polish notation,
2 sinx+ sin y

would be written
+ ∗ 2 sin x sin y

with ∗ denoting multiplication.
See also reverse Polish notation.
Remark 1 Polish notation originated with the Polish logic

school of the 1920’s. In particular the phrases “Polish notation”
and “reverse Polish notation” originated from that fact and were
not intended as ethnic slurs.

Terminology Some authors use the phrase “Polish notation” even
though parentheses are used (they are always redundant but add
intelligibility). Polish notation is occasionally called left Polish
notation. Citations: (Sin78.366), (Mck75.187), (Bau77.318).
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polymorphic See overloaded notation.
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pons asinorum The theorem in plane geometry that if a triangle
has two equal angles then it has two equal sides has been called
the pons asinorum (bridge of donkeys) because some students
found its proof impossible to understand. A proof is discussed in
Example 6 under pattern recognition.

Remark 1 I assume, like Coxeter [1980], that the name
“bridge” comes from the fact that an isosceles triangle looks like
a old arched stone footbridge, particularly if the triangle is drawn
wider than it is tall as in the proof just mentioned.

Remark 2 The problem of proving the Pythagorean Theorem
has also been called the pons asinorum.

Difficulties It would be worthwhile to find out what are the
concepts or proofs that could be called a pons asinorum for modern
undergraduate math majors. Some possibilities:
• The difference between continuity and uniform continuity

eludes many students. This is probably because of a general
problem they have with order of quantifiers.
• Students find it difficult to reify the equivalence classes of an

equivalence relation. It is a standard tool in higher mathemat-
ics to take the classes of a partition and make them elements
of a structure, points in a space, and so on, for example in the
construction of quotient spaces or groups. Students may not
understand that (for example in a quotient group) one must
think of multiplying the cosets themselves instead of multiply-
ing their elements.
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positive In most (but not all) North American texts and univer-
sity courses, the phrase “x is positive” means x > 0. In a European
setting it may mean x ≥ 0. See convention and private language.
This may have been an innovation by Bourbaki. Similar remarks
may be made about negative.
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postcondition A postcondition in a definition or statement of
a theorem is a condition stated after the definition or theorem.

“If n is divisible by four then it is even. This holds for any
integer n.”

The second sentence is a postcondition. Another example is given
under where. Citation: (Kle99.678), (Kop88.93), (Law96.243),
(MacNisZec93.98), (Ran95.641).
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postfix notation Postfix notation consists in writing the
name of the function after its arguments.

Example 1 The expression x+ y in postfix notation would be
(x, y)+. Citations: (Yet90.44), (Fra82.41).

Most authors write functions of one variable in prefix notation,
but some algebraists use postfix notation. The symbol “!” denoting
the factorial function is normally written in postfix notation.

See also Polish notation and prefix notation.
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power The integer 53 is a power of 5 with exponent 3. One
also describes 53 as “5 to the third power”. I have seen students
confused by this double usage. A statement such as “8 is a power
of 2” may make the student think of 28.

Citations: (Pow96.879), (Rib96.529).
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precedence If ∆ and ∗ are two binary operators, one says that
∆ has higher precedence than ∗ if the expression x∆y ∗ z denotes
(x∆y) ∗ z rather than x∆(y ∗ z).

Example 1 The expression xy + z means (xy) + z, not x(y +
z), because in the symbolic language, multiplication has higher
precedence than addition.

Unary operations (functions with one input) in mathematical
writing typically have low precedence.

Example 2 One writes sinx but sin(x + y) because sinx + y
may be perceived as either ambiguous or as (sinx) + y. As this
example illustrates, in the traditional symbolic language the prece-
dence relationship of some pairs of operations is not necessarily
well-defined.

Remark 1 The metaphor behind the word “precedence” is
that if one carries out a calculation of the expression, one must
apply the operator with higher precedence before the other one.
Thus in calculating (x∆y)∗z one calculates u = x∆y and then u∗z.
Citation: (Job62.415). See delimiter and evaluation.
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predicate symbol A symbol may be used in mathematical logic
to form an assertion. It is then called a predicate symbol.

Example 1 The familiar binary relations <, ≤, > and ≥ are
predicate symbols. The expressions 3 < 5, 3 ≤ 5, 3 > 5 and
3 ≥ 5 are all assertions (although only the first two are correct
assertions). Citations: (Epp95.534), (Mca66.994).

Example 2 Mathematics texts may use mnemonic predicate
symbols. Thus a text might use a predicate symbol Sq, meaning “is
a square”, in assertions such as Sq(9).
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prefix notation An expression is in prefix notation if the
function symbols are written on the left of the argument.

Example 1 The expression x + y written in prefix notation
would be +(x, y)

Remark 1 In the traditional mathematical symbolic lan-
guage, functions of one variable are used in prefix notation but
a few, for example the symbols for the factorial and the greatest
integer function, are used in other ways. Most binary operations
denoted by special nonalphabetical symbols are written in infix
notation, but those with alphabetical symbols are generally writ-
ten in prefix notation and others such as an inner product may be
written in outfix notation. Citations: (Yet90.44), (GraTre96.105),
(Ant84.121).

See also postfix notation, Polish notation, reverse Polish nota-
tion and outfix notation.
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prescriptivist A prescriptivist is someone who gives rules for
which forms and syntax are correct in English (or another lan-
guage). Prescriptivists are those who say we should not use double
negatives, split infinitives, and “ain’t”. Opposed to descriptivist.

esilism is a special form of prescriptivism.
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prime (The typographical symbol). The symbol “′” is pro-
nounced “prime” or “dash”. For example, x′ is pronounced “x
prime” or “x dash”. The pronunciation “dash” is used mostly
outside North America.
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private language Sometimes an author or teacher will give
a different definition to a term that has acquired a reasonably
standard meaning. This may even be done without warning the
reader or student that the definition is deviant. I would say that
the person doing this is using a private language. Such an author
has no sense of being in a community of scholars who expect to
have a common vocabulary: to use recent slang, the author is on
“another planet”.

Example 1 It has been standard usage in the research liter-
ature for fifty years to write A ⊂ B to mean that A is included
as a subset in B, in particular allowing A = B. In recent years,
authors of high school and lower-level college texts commonly write
A ⊆ B to mean that A is included in B. Citation: (Str93.3). Some
of these write A ⊂ B to mean that A is properly included in B
(citations (GraTre96.234), (Sol95.144)), thereby clashing with the
usage in research literature. This was probably the result of formal
analogy.

Using A ⊂ B to mean A is properly included in B seems to be
much less common that the usage of “⊆” and in my opinion should
be deprecated.

Acknowledgments Michael Barr, Eric Schedler.
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process See APOS and algorithm.
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program See algorithm.
Some students have told me that they find it necessary to be

able to pronounce an expression that occurs in a text; if they can’t,
they can’t read the text. One student brought this up with the
common notation “F : S → T” See plural, context-sensitive and
mental representation.
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proof A proof is a step by step argument intended to persuade
other mathematicians of the correctness of an assertion.

Mathematical logic also has a concept called proof: that is a
mathematical object intended to model mathematicians’ proofs.
Proofs in mathematical logic may be called formal proofs, but
that phrase is also used to indicate a particularly careful and
detailed proof in the ordinary sense.

Proofs may be in narrative style or labeled style, discussed
under those headings.

Sentences in a proof The individual sentences in a proof can be
classified as follows:

Proof steps A proof will contain formal mathematical state-
ments that follow from previous statements. We call these proof
steps. They are assertions in the mathematical register, like the-
orems, but unlike theorems one must deduce from the context the
hypotheses that make them true.

Restatements These state what must be proved, or, part way
through a proof, what is left to be proved or what has just been
proved.

Pointers Pointers give the location of pieces of the proof that
are out of order, either elsewhere in the current proof or elsewhere
in the text or in another text. References to another text are
commonly called citations.

This discussion is drawn from [Bagchi and Wells, 1998b].
[Hanna, 1992] discusses the role of proofs in mathematics (with
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lots of references to the literature) and issues for mathematical
education. Other discussions of proof in mathematical education
may be found in [Dreyfus, 1999], [Epp, 1999b], [Nardi, 1998].
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proof by contradiction There are two somewhat different
formats for proof that mathematicians refer to as proof by contra-
diction.

Proof by deducing a false statement To prove P , assume P is
false and deduce some assertion Q that is known to be false. This is
the form of one well-known proof that

√
2 is irrational; one assumes

it is rational and then concludes by violating the known fact that
every fraction can be reduced to lowest terms.

Authors, even writing for undergraduates, often give such
a proof by contradiction without saying they are doing it. The
format of such a proof would be:

a) Theorem: P .
b) Assume P is false.
c) Argument that R is true, where R is some statement well

known to be false. The argument that R is true will assume
that P is true, possibly without saying so.

d) End of proof.
The proof of Theorem 1 in [Herzog, 1998] has this form. The stu-
dent must recognize the pattern of proof by contradiction without
being told that that is what it is. (See pattern recognition.)

Proof by contrapositive A proof that a conditional assertion
P ⇒ Q is true may have the following format:

a) Theorem: P implies Q.
b) Assume that Q is false.
c) Argument that not P follows from not Q.
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d) Conclude that P implies Q.
e) End of proof.

Most commonly, P is a conjunction of several hypotheses and
one concludes that if Q is false then some particular one of the
hypotheses is false. It follows that the conjunction P is also false,
although this may not be stated specifically.

Remark 1 It is often simpler to prove the contrapositive
directly (as described in the entry under contrapositive) instead of
carrying out the procedure described in the preceding paragraph.

Citations: (Kra95.40), (Mey92.732).
See also Example 7 under let.
References [Krantz, 1997], page 68, discusses how to write

proofs by contradiction.

Acknowledgments Atish Bagchi, Eric Schedler.
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proof by instruction A proof by instruction consists of
instructions as to how to write a proof or how to modify a given
proof to obtain another one. They come in several types.

Geometric instructions As an example, I could have worded
the proof in Example 6 under pattern recognition this way: “Flip
triangle ABC around the bisector of side BC and you must get the
same triangle since a side and two adjoining angles are equal. Thus
AB = AC.”

Algebraic instructions An example is the instruction in
Example 1 under look ahead to divide the Pythagorean identity
a2 + b2 = c2 by c2 to obtain the identity sin2 θ + cos2 θ = 1.

Citations: (Apo69.93), (Pol65.7).
Proof modification This is the sort of instruction such as

“interchange the role of x and y in the preceding proof and you get
a proof of . . . ”.

Citation: (Fin99.774). Citations needed.
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proper A subset T of a set S is a proper subset if it is not
S. This is also used with substructures of a structure (proper
subgroup, and so on).

The word is also used to mean nontrivial; for example, a
proper automorphism would be a non-identity automorphism.

Citations: (GraTre96.234), (LeeMye99.428), (Rib96.529).
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property A property that an instance of a class of mathematical
objects may have determines a subclass of those objects.

Example 1 Being even is a property that integers may have.
This property determines a subset of integers, namely the set of
even integers.

One states that an object has a property using a form of “to
be” and an adjective or a noun.

Example 2 One can say
“4 is even.”

or
“4 is an even integer.”

Citations: (Gro78.537), (KupPri84.86), (Mol97.531).
In some cases the property may also be given by a verb. See

vanish for examples.
Remark 1 Some authors and editors object to using a prop-

erty named after a person as a predicate adjective. Instead of say-
ing “The space S is Hausdorff” they would prefer “S is a Hausdorff
space.”

Remark 2 Mathematical texts sometimes identify a property
with the class of objects having that property. (Similarly one may
define a relation as a set of ordered pairs.) In my experience, this
causes students quite a bit of difficulty at first.
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proposition Proposition is used as another word for theorem.
Some texts distinguish between propositions and theorems, reserv-
ing the word “theorem” for those that are considered especially
important. This is the practice in [Epp, 1995], for example (see her
discussion on page 129). Citation: (Epp95.2), (Lau81.55).

The word “proposition” is used in some texts to denote an
assertion that is definitely true or definitely false. Citation:
(Epp95.2), (Vau73.11).
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prototype Commonly a human concept has typical members,
called prototypes by Lakoff.

Example 1 For most of us, a sparrow is a prototypical bird,
and a penguin is not.

Example 2 Many students believe the myth that a sequence
that has a limit “approaches the limit but never get there”. They
have presumably constructed their prototypical sequence based on
the examples they have seen in class or in the text, most of which
behave that way. This is a form of cognitive dissonance. The two
forms of learning required by the definition of cognitive dissonance
are the definition versus the normal way we learn concepts via
examples. This difficulty with limits is discussed in detail by
[Cornu, 1992] and [Tall and Vinner, 1981].

The concept of “prototype” is subtle; these examples only hint
at its depth. See also radial concept.
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provided that Used like if to give a definition.
Example 1 “The integer n is squarefree provided that no

square of a prime divides n.” Also providing that. Citations:
(Che88.744), (Str93.3). Citations needed.

Acknowledgments Atish Bagchi.
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put Used in definitions, mainly to define a symbol.
Example 1 “Put f(x) = x2 sinx.” Citation: (BasKul90.845).
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Q The symbol Q usually denotes the set of rational numbers.
Citation: (DavPri90.3).
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quantifier In this text, a quantifier is either the existential
quantifier or the universal quantifier. Linguists and logicians study
other quantifiers not discussed here.
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R The symbol R usually denotes the set of real numbers. Some-
times it is used for the rationals. Citations: (BelEvaHum79.121),
(Mor88.814), (Nov50.212).
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radial concept A radial concept or radial category is a con-
cept with some central prototypical examples and other examples
described by phrases using the basic name of the concept that devi-
ate from the prototypical examples in various ways. Our mental
representation of the world is to a great extent organized around
radial categories. The practice of adding new deviant members to a
radial category is common and largely unconscious.

Some members of a radial category deviate only slightly from
the prototypes, others are highly metaphorical, and some contrast
in some way with the prototypes. The members are not necessarily
automatically generated from the prototypical examples; member-
ship is to a considerable extent a matter of convention.

Example 1 The concept of “mother” is a radial concept.
Various members of the category among English-speakers include
birth mother, adoptive mother, foster mother, earth mother, house
mother, stepmother, grandmother, expectant mother and mother-
in-law. Aside from these there are words such as motherboard,
mother lode and mother of pearl that seem to me to have a differ-
ent status from those in the the first list but which some authors
would classify as part of the category.

Example 2 Many phrases used by mathematicians are instances
of radial categories. Consider
• Incomplete proof (compare expectant mother).
• Multivalued function (compare apartment house)
• Left identity (compare half-brother).
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• Strict ordering, partial ordering and total ordering.
According to the very special way mathematical concepts are for-
mulated, by accumulation of attributes, an incomplete proof is not
a proof, a multivalued function is not a function, and a left identity
may not be an identity. And the way many texts define the words,
there is no concept “ordering” of which strict, partial and total
orderings are special types. Literalists may object to such usages,
but they are fighting a losing battle against a basic method built
into the human brain for organizing our mental representation of
the world. Citations: (Hun90.56), (GulOssRoy73.757), (Lau81.55).

Acknowledgments The name “radial” and the mother examples
come from [Lakoff, 1986]. Also thanks to Gerard Buskes.
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range Depending on the text, the range of a function can denote
either the codomain or the image. The texts [Krantz, 1995] takes
the first approach, and [Epp, 1995] and [Grassman and Tremblay,
1996] take the second approach.
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ratchet effect Once you acquire an insight, you may not be able
to understand how someone else can’t understand it. It becomes
obvious, or trivial to prove. That is the ratchet effect.

This process probably involves synthesizing a new concept, as
discussed by Dreyfus [1992], section 3.2. See also [Thurston, 1990].

Remark 1 It is distressingly common that a mathematician
for whom a concept has become obvious because of the ratchet
effect will then tell students that the concept is obvious or trivial.
This is the phenonemon discussed in Remark 1 under trivial. It is a
major point made in [Kenschaft, 1997], page 30.
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real number A real number is the sort of number used in
freshman calculus courses. The word real is frequently used as
a predicate adjective, as in “Let x be real,” meaning x is a real
number.

Remark 1 I have heard students use the phrase “real num-
ber” to mean “genuine number”, that is, not a variable.

Remark 2 Computer languages typically treat integers as if
they were distinct from real numbers. In particular, many lan-
guages have the convention that the expression 2 denotes the inte-
ger and the expression 2.0 denotes the real number. I have known
students who assumed that professors of mathematics were all
familiar with this fact (probably nearly true in recent years) and
that we all use notation this way (almost never true).

Citations: (CalVel93.373), (RabGil93.168).
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recall Used before giving a definition, theorem or proof.
Example 1 “Recall that an integer is even if it is divisible by

2.” The intent seems to be that the author expects that the reader
already knows the meaning of the defined term, but just in case
here is a reminder. See Remark 5 under mathematical definition.

Citation: (Fou93.377), (Fri95.29).
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reconstructive generalization See generalization.
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reductionist A reductionist or eliminativist believes that all
mathematical concepts should be reduced to as few as possible, at
least for purposes of foundations. This is usually done by reducing
everything to sets. Not all mathematicians (especially not category
theorists) agree with this.

This becomes a problem only if the reductionists insist on
thinking of mathematical objects in terms of their reductions, or on
insisting that their reductions are what they really are. See literal-
ist. Most mathematicians, even those who agree with reductionism
for foundational purposes, are more relaxed than this.

Acknowledgments The word “eliminativist” comes from [Lakoff
and Núñez, 2000].
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redundant A given discourse is redundant if it contains words
and expressions that could be omitted without changing the mean-
ing. As an example, type labeling is a form of redundancy. Such
redundancy is often essential for readability; redundancy is not
always a bad thing.

Redundancy in definitions Another form of redundancy occurs
in definitions. For example, the definitions of partition and of
equivalence relation given in the entry on equivalence relation both
mention the set S as part of the basic data. Giving S is redundant
in both cases, in the sense that partitions and reflexive relations
both determine the set on which they are defined. Including the
underlying set of a structure in a definition even when the require-
ments determine the underlying set is the main instance I know of
where it is conventional to include redundant data in a definition.
(Rudin [1966] point out this phenomenon on page 21.)

There are some other examples where the definition is redun-
dant and the redundancy cannot be described as a matter of con-
vention. For example, in defining a group one usually requires an
identity and that every element have a two-sided inverse; in fact,
a left identity and left inverses with respect to the left identity are
enough. In this case it is properties, rather than data, that are
redundant. See radial concept.

Acknowledgments Michael Barr.
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register A register in linguistics is a choice of grammatical
constructions, level of formality and other aspects of the language,
suitable for use in a given social context. The scientific register
is the distinctive register for writing and speaking about science.
It is marked in particular by the use of complex nominal phrases
connected by verbs that describe relations rather than actions.
That register and the difficulties students have with it is discussed
in detail in [Halliday and Martin, 1993]. In that book the scientific
register is called “scientific English”, but the remarks in chapters 3
and 5 make it clear that the authors regard scientific English as a
register. A distinctive subregister of the scientific register is used in
mathematics, namely the mathematical register.
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reification See object-process duality.
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relation Texts frequently define a (binary) relation on a set S
to be a subset of the cartesian product S × S. The relation in use,
however, is used as a two-place infixed predicate symbol.

Example 1 On the set of real numbers, let R be relation
{(x, x+ 1) | x ∈ R}

Then R is a relation, so for example the statement 3R4 is true but
the statement 3R5 is false. These statements use R as a predicate
symbol, although it has been defined as a set. This caused much
cognitive dissonance among my students. See also property.

Citations: (Epp95.534), (KolBusRos96.109).
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representation Mathematicians and their students make use of
both external representations and internal representations of
mathematical objects. These phrases are used in the mathematical
education literature. I take internal representations to be the same
thing as mental representations or concept images.

An external representation of a phenomenon is a mathematical
or symbolic system intended to allow one to deduce assertions
about the phenomenon. Certain aspects of the phenomenon being
represented are identified with certain mathematical objects; thus a
representation involves a type of conceptual blend.

This is related to and may for some purposes be regarded as
the same as the concept of model. Among mathematicians, the
word “representation” is more likely to be used when mathemat-
ical objects are the phenomena being represented and “model” is
more often used when physical phenomena are being represented
by mathematical objects. This distinction must be regarded as
preliminary and rough; it is not based on citations.

Logicians use “model” in a technical sense, roughly a mathe-
matical object that fulfils the requirements of a theory; the “the-
ory” in this case is itself a mathematical object.

Example 1 The expressions 101
2 , 10.5 and 21

2 are three dif-
ferent representations of the same mathematical object. See beha-
viors, (f).

Example 2 Some of the ways in which one may represent
functions are: as sets of ordered pairs, as algorithms, as maps (in
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the everyday sense) or other pictures, and as black boxes with
input and output. Some of these representations are mathematical
objects and others are mental representations. Other examples
occur under model.

It may be seen from these examples that the internal and
external representations of an idea are not sharply distinguished
from one another. In particular, the internal representation will
in general involve the symbolism and terminology of the external
representation, as well as nonverbal and nonsymbolic images and
relationships.

The book [Janvier, 1987] is a primary source of information
about representations. [Thompson, 1994] discusses confusions in
the concept of representation on pages 39ff. See also [Vinner and
Dreyfus, 1989].

Remark 1 Of course, “representation” is also a mathematical
word with various definitions in different disciplines. These defi-
nitions are generally abstractions of the concept of representation
discussed here.
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respectively Used to indicate term-by-term coreference between
two lists of objects. Rarely used with lists with more than two
entries.

Example 1 “The smallest prime divisors of 9 and 10 are
3 and 2, respectively.” Citations: (Bur94.17), (Jur96.765),
(Kra95.57), (Ros93.293).

See also comma, as well as citation (Niv56.41).
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result The value produced by function at a given input is called
the result of the function at that input. The word is also used to
denote a mathematical fact that has been proved.
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reverse Polish notation A form of postfix notation that is
used without parentheses. This requires that the arity of all the
symbols used be fixed.

‘
Example 1 In reverse Polish notation,

2 sinx+ sin y
would be written

x sin 2 ∗ y sin +
with ∗ denoting multiplication. Citation: (Sin78.366).

Reverse Polish notation is used by some Hewlett-Packard cal-
culators and by the computer languages Forth and Postscript. It
has come into prominence because expressions in a reverse Pol-
ish language are already in the form needed for an interpreter or
compiler to process them.

See Polish notation. Reverse Polish notation is sometimes
called right Polish notation.
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revise In the United States, to “revise” a document means to
change it, hopefully improving it in the process. Speakers influ-
enced by British English use “revise” to mean “review”; in partic-
ular, students may talk about revising for an upcoming test. In
this case there is no implication that anything will (or will not) be
changed.

Remark 1 This entry has nothing directly to do with math-
ematics or the mathematical register, but I have several times
witnessed the confusion it can cause in academic circles and so
thought it worth including here.

Citations: (Pri89.394)
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rewrite using definitions One of the secrets of passing a first
course in abstract mathematics that teaches proofs (first algebra
course, first discrete math course, advanced calculus, and so on) is
to take every statement to be proved and first rewrite it using the
definitions of the terms in the statement. It is remarkably difficult
to convince students to try this.

Example 1 A relation α is defined on the set of real numbers
by

x α y if and only if x < y − 1
Prove that α is transitive. Proof: Rewrite the definition of tran-
sitive: We must show that if x α y and y α z then x α z.
Rewrite using the definition of α: This means we must show that if
x < y − 1 and y < z − 1 then x < z − 1. The hypotheses show that
x < y − 1 < (z − 1)− 1 < z − 1 as required.

This technique is useful for finding counterexamples, as well.
Try it when α is defined by

x α y if and only if x < y + 1
Another example is given under trivial. See also unwind.

Acknowledgments pnameEricSchedler
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rightists Occasionally naive young authors start using postfix
notation for functions so that functional composition can be read
in its natural order. They are rightists (my name). Thus they
will write xf instead of f(x) or fx, hence xfg instead of g(f(x)),
allowing them to write the composite as f ◦ g instead of g ◦ f .
Obviously, they think, everyone ought to do this. Then they get
complaints from people who find their papers hard or impossible
to read, and they revert to the usual prefix notation. I was one of
those naifs in the 1970’s.

Postfix notation has in fact caught on in some fields, particu-
larly some branches of abstract algebra.

Some French authors stick with prefix notation but then
express functions in the straight arrow notation so that the hor-
izontal arrows go to the left: thus f : B ←− A or more commonly

B A�� f

instead of f : A → B; they draw commutative diagrams in that
direction, too. Then g ◦ f is pictured as

C B�� g
A�� f

instead of

A ��f
B ��g

C

However, most mathematicians who use straight arrow notation
stick with the latter form even though they write the composite as
g ◦ f .
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See also artificial language.
References [Osofsky, 1994].
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root A root of an equation f(x) = 0 is a value c for which
f(c) = 0. This value c is also called a root or a zero of the function
f .

Remark 1 Some hold it to be incorrect to refer c as a “root
of f” instead of “zero of f”. The practice is nevertheless quite
widespread, particularly when the function is a polynomial.
Citations: (Bre71.592), (Pin64.108).

Remark 2 “Root” is of course used with a different but
related meaning in phrases such as “square root”, “nth root”,
and so on.

Acknowledgments Gary Tee.
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round parentheses See delimiter.
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sanity check A simple test to check if something you have
formulated makes sense.

Example 1 If you write down 6s = p for the student-professor
problem and check your work by plugging in s = 12, p = 2, you
immediately discover your error.
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satisfy A mathematical structure satisfies an assertion that con-
tains variables if the assertion makes a meaningful statement about
the structure that becomes true for every possible instantiation of
the variables.

Example 1 “Every group satisfies the statement ∀x∃y(xyx =
x).”

Citation: (AlpBraGor70.16), (Fra98.614), (KleRic98.196),
(Sto95.614).
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say
To signal a definition Say may be used to signal that a defini-
tion is being given.

Example 1 “We say that an integer n is even if n is divisible
by 2.” Variation:

“An integer n is said to be even if it is divisible by 2.”

To introduce notation The word “say” is also used to introduce
notation, especially to give a working name to a variable object
used in a universal generalization.

Example 2 Let f(x) be a polynomial with complex coeffi-
cients, say

f(x) = a0 + a1x+ . . .+ anx
n

One could then prove, for example, that an−1 is the sum of the
roots of f (counting multiplicity), a result that then holds for any
complex polynomial.

To give an example
Example 3 Let p be a prime, say 23. One might then cal-

culate that 323 is congruent to 3 mod 23, providing an example of
Fermat’s Little Theorem (that for any prime p and any integer a,
ap ∼= a (mod p).)

Remark 1 Note that the syntax used with “say” for defini-
tions is different from that of the other uses.

Citations: (Niv56.41), (GraTre96.105), (Mol97.531).

Acknowledgments Atish Bagchi, Eric Schedler.
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schema See APOS.
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scope The scope of an assumption and the scope of a local iden-
tifier are discussed in those entries.

In a symbolic expression, a variable is within the scope of
an operator if its meaning or use is affected by the operator. I
will discuss the use of this word here only for operators that bind
variables.

Example 1 In the expression∫ b

a
x2 dx

the variable x is bound by the integral operator.
Example 2 In the expression∫ b

a
(x+ y)2 dx

the x is bound but not the y, so that one would expect the value to
be in terms of a, b and y, but not x.

Example 3 In the expression
x < 2 or ∀x(x > 0)

the first occurrence of x is not bound by the ∀ operator, but the x
in “x > 0” is bound. In particular, one can substitute for the first x
only. Thus an instance of that expression is the (false) statement

5 < 2 or ∀x(x > 0)
It would not make sense to write

5 < 2 or ∀5(5 > 0)
See bound variable.
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Remark 1 A mathematical definition of the scope of an oper-
ator, like that of bound variable, requires a formal recursive defini-
tion of “symbolic expression”. The definition given in this entry is a
dictionary definition. This is discussed in more detail in Remark 2
under free variable.
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self-monitoring Self-monitoring is the activity a student
engages in when she notices that some practice she uses in solv-
ing problems is counterproductive (or is helpful) and modifies her
behavior accordingly. It is discussed in [Resnick, 1987], [Schoen-
feld, 1987b], and [Wells, 1995].
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semantic contamination The connotations or implicit metaphors
suggested by a word or phrase that has been given a mathematical
definition sometimes create an expectation in the reader that the
word or phrase has a certain meaning, different from the correct
meaning given by the definition. This is semantic contamina-
tion. It is a form of cognitive dissonance. In this case the two
modes of learning in the definition of cognitive dissonance are
learning the meaning from the definition and learning the meaning
implicitly from connotations of the word used (which is a common
mode of learning in the humanities.) A mathematics student may
suppress the information given by the definition and rely only on
the connotations.

Examples of semantic contamination related to implication are
given under conditional assertion, continuum hypothesis, contra-
positive, formula, inequality and only if.

References [Hersh, 1997a] gives many examples of disparities
between the ordinary meaning and the mathematical meaning of
mathematical words. Any of them could be the source of semantic
contamination.

Terminology The name “semantic contamination” is due to
Pimm [1987], page 88.
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semantics A semantics is a method of determining the mean-
ing of an expression in a natural or artificial language or in a sys-
tem of notation.

Example 1 Symbolic expressions in the mathematical reg-
ister have both intensional (note the spelling) and extensional
semantics. Speaking very roughly, the intensional semantics car-
ries information concerning how its meaning is constructed or
calculated; the extensional semantics is merely the mathematical
object(s) denoted by the expression. For example, the intensional
interpretation of

3 + 5
2

in the mathematical register is something like:
“The result of adding 5 and 3 and dividing the result by
2.”

The extensional interpretation of that fraction is 4. Other examples
of this are given in item (a) under “How one thinks of functions” in
the entry on function, and in Example 1 under equation.

Difficulties
Example 2 The semantics of natural languages is currently

the object of intensive study by linguists. Good starting places
to find out about this are [Chierchia and McConnell-Ginet, 1990]
and [Partee, 1996]. Some of what semanticists have learned sheds
light on students’ misunderstandings: see for example the related
discussions of definite article, indefinite article, universal quantifier
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and existential quantifier.
Example 3 Mathematical logic typically constructs an inter-

pretation of a text in some formal language. For example, an
interpretation of the symbolic assertion x + 2 = 7 might take the
universe of the interpretation to be the set of integers, and could
interpret x as 2. A familiar semantics for algebraic expressions
causes it to be interpreted as the assertion that 4 = 7, and under
the usual method of determining truth for that assignment, this
statement is “invalid” in that interpretation. If x is interpreted as
5 then the symbolic assertion is valid for that interpretation. One
also says that 5 satisfies the assertion but 2 does not.

See also declarative semantics
Remark 1 Many computer scientists use the word “seman-

tics” to mean interpretation in the sense it is used in the Hand-
book. Here, a semantics is a method of interpretation, not a partic-
ular interpretation.
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sequence WRITE THIS. Citations: (Bar96.631), (Cho99.444),
(Rei66.272) (exact sequence). (Ric92.104).

543



contents wordlist index

series WRITE THIS. Point out difficulty with metaphor: “series”
ought to mean “sequence”.

Citations: (Jac34.70), (New81.39) (note uses series to mean
sequence).

544



contents wordlist index

set

1. Verb
Use in definitions, usually to define a symbol.

Example 1 “Set f(t) = 3t2.” Citation: (Ant80.364).

2. Noun
In abstract mathematics courses one may be tempted to “define”
set, only to quail at the prospect of presenting Zermelo-Fränkel
set theory. This may result in a total cop-out accompanied by
mutterings about collections of things. One way out is to give a
specification for sets. Two crucial properties of sets that students
need to know are

a) A set is not the same thing as its elements.
b) A set is determined completely by what its elements are.

Most facts about sets as used in undergraduate mathematics
courses are made reasonable by knowing these two facts. See also
element, empty set and setbuilder notation.

References [Wells, 1995], [Wells, 1997].

Difficulties In advanced mathematics course structures such as
quotient groups are built on sets whose elements are sets; this
requires reifying the sets involved. See [Lakoff and Núñez, 1997].

Students sometimes express discomfort when faced with sets
that seem too arbitrary. See yes it’s weird.
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setbuilder notation The expression {x | P (x)} defines a set. Its
elements are exactly those x for which the predicate P (x) is true.
(The type of x is often deduced from the context.) This is called
setbuilder notation (a low-status name) or set comprehension
(a higher status but confusing name). Setbuilder notation is a form
of structural notation.

Difficulties The basic rule of inference for setbuilder notation
is that P (a) is true if and only if a ∈ {x | P (x)}. This means
in particular that if P (a) then a ∈ {x | P (x)}, and if not P (a),
then a /∈ {x | P (x)}. Students may fail to make use of the latter
fact. This may be related to the phenomenon in Example 2 under
coreference ({x | P (x)} is the set of those x for which P (x)).

Variations A colon is used by many authors instead of a vertical
line.

One may put an expression before the vertical line. This can
be misleading.

Example 1 The set {x2 | x ∈ R and x �= 3} does contain 9,
because 9 = (−3)2.

[Gries and Schneider, 1993], Chapter 11, give examples that
show that putting an expression before the vertical line can be
ambiguous. They introduce a more elaborate notation that elimi-
nates the ambiguity.

Citation: (Fra82.41), (KolBusRos96.109), and (for the colon
variation) (Bri93.782).
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short-circuit semantics Mathematicians sometimes refer to a
typographical object or a syntactical entity in order to refer to a
mathematical object that the typographical object or syntactical
entity refers to. Thus they short-circuit the semantic reference.
This is reminiscent of the use of a handle in programming (a handle
is a pointer to a pointer). This is commonly done with words such
as “term” and “factor”, and with various types of brackets.

Example 1 “Since x > 2, the expression x2 − 1 is not neg-
ative.” This means that the expression x2 − 1 does not have a
negative value. Citations: (Alf64.19), (Sog89.494), (Str89.107).

Examples are also given under bracket.
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show To prove (see proof). Some scientists and possibly some
high school teachers use “show” in a meaning that is something like
“provide evidence for” or “illustrate”. It appears to me that the
collegiate level usage is that “show” is synonymous with “prove”,
but I don’t have citations.

Comments on this point would be welcome. See [Maurer,
1991], page 15. Citation: (EdgUllWes97.574).

548



contents wordlist index

sign The word sign is used to refer to the symbols “+” (the plus
sign) and “−” (the minus sign). It is also sometimes used for
other symbols, for example “the integral sign”.

The word “sign” is also used to refer to the question of
whether an expression represents a numerical quantity that is posi-
tive or negative.

Example 1 Let f(x) = x2. Then for negative x, f(x) and
f ′(x) are opposite in sign. Perhaps because of this, students some-
time assume that an expression of the form −t must be negative.
(But compare Remark 1 under minus.) Citations: (Aba97.827),
(Wat94.141).
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snow Professors sometimes try to snow the students, meaning
to confront them with unbelievable or difficult to understand asser-
tions without preparing the ground; this is done in an effort to
make them realize just how wonderfully knowledgable the professor
is and what worms the students are. (This use of the word “snow”
is old slang, probably dying out.)

Notions of infinite cardinality are a favorite tool for such put-
downs. Thus it is a scam to try to startle or mystify students
with statements such as “There are just as many even integers as
integers!” The would-be snower is taking advantage of the math-
ematician’s use of “same number of elements” as a metaphor for
infinite sets in bijective correspondence, a metaphor with severe
limitations of applicability. (See [Lakoff and Núñez, 2000], pages
142–144.)

That scam is like asking a student “Please bring me that stick
over there on the other blackboard” without mentioning the fact
that you have decided to call a piece of chalk a “stick”. It is true
that there is some analogy between a piece of chalk and a stick
(more than, say, between a piece of chalk and an elf), but I would
expect the student to look confusedly for a long narrow thing made
out of wood, not immediately guessing that you meant the piece of
chalk.

Remark 1 Math majors are well known for trying to snow
each other, too.
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some The word some is used in the mathematical register to
indicate the existential quantifier. Some examples are given under
existential quantifier.
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space WRITE THIS
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specification A specification of a mathematical concept
describes the way the concept is used in sufficient detail for the
purposes of a particular course or text, but does not give a math-
ematical definition. Specifications are particularly desirable in
courses for students beginning abstract mathematics for concepts
such as set, function and “ordered pair” where the standard defi-
nitions are either difficult or introduce irrelevant detail. Examples
may be found under set and function.

References [Wells, 1995] and [Bagchi and Wells, 1998b].
Remark 1 On pages 48ff of [Rota, 1996] the distinction is

made between “description” and “definition” in mathematics. As
an example of a description which is not a definition, he mentions
D. C. Spencer’s characterization of a tensor as “an object that
transforms according to the following rules”. That sounds mighty
like a specification to me.

Remark 2 Definitions in category theory, for example of
“product”, are often simply precise specifications. That is revealed
by the fact that a product of sets in the categorical sense is not
a uniquely defined set in the way it appears to be in the classical
definition as a set of ordered pairs. Category theory has thus made
the practice of specification into a precise and dependable tool.
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split definition A definition by cases.
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specification See definition.
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square bracket Square brackets are the delimiters [ ]. They are
occasionally used as bare delimiters and to enclose matrices, and
may be used instead of parentheses to enclose the argument to a
function in an expression of its value (as in f [x] instead of f(x)).
They are also used as outfix notation with other special meanings,
for example to denote closed lnintervals. See bracket.

Citations: (DarGof70.729), (Dum95.1419), (FeeMar00.381),
(HasRee93.774), (MacNisZec93.98), (Sta70b.884), (Tew70.730).
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squiggle See tilde.
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standard interpretation The standard interpretation of a
mathematical discourse is the meaning a mathematician competent
in a given field will understand from a discourse belonging to that
field. (One aspect of being “competent”, of course, is familiarity
with the standard interpretation!)

I will state two theses about the standard interpretation here
and make some comments.

First thesis There is such a thing as the standard interpretation
and it is a proper subject for study in linguistics.

My evidence for this is that for most mathematical discourse,
most mathematicians in the appropriate field who read it will agree
on its meaning (and will mark students’ papers wrong if they have
a nonstandard interpretation). Furthermore, rules for how the
interpretation is carried out can be apparently formulated for much
of the symbolic part (see the discussion of MathematicaR© under
symbolic language), and some of the structure of the expressions
that communicate logical reasoning is used outside mathematics
and has been the subject of intensive study by semanticists; for
example, see [Chierchia and McConnell-Ginet, 1990] and [Kamp
and Reyle, 1993].

My claim that most of the time mathematicians agree on the
meaning of what they read must be understood in the way that the
claims of physics are understood. If an experiment disagrees with
an established law, the experimenter can often discover a flaw that
explains the disagreement. If mathematicians disagree about the
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meaning of a text, they often discover a flaw as well: one of them
had the wrong definition of a word, they come to agree that the
text is genuinely ambiguous, or the author tells them about a typo
. . .

Second thesis One of the major tasks of an instructor in mathe-
matics is to show a student how to extract correctly the standard
interpretation of a piece of text.

This thesis is based on my own experience. I have always been
sensitive to language-based misunderstandings, and not just in
mathematics. I have kept records of such misunderstandings and
learned some basic ideas of linguistics as a result of my curiosity
about them. It appears to me from my teaching experience that
language based misunderstandings are a common cause of problems
in learning mathematics at the post-calculus level.

Many mathematical educators seem to advocate the point of
view that the student’s interpretation, however nonstandard, is just
as valid as the mathematician’s. There is much merit in honoring
the validity of the student’s “misuse” of standard terminology, for
example, that described under excluding special cases, particularly
when the misuse is customary linguistic behavior outside of mathe-
matics. Nevertheless, it is vital that the student be told something
like this: “Your usage may be perfectly natural in everyday dis-
course, but it is not the way mathematicians talk and so to be
understood, you must speak the standard dialect.”
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status I have had a few experiences that lead me to believe that
some phrases in the mathematical register are “in” (have high
status) and others are “out” (low status).

Example 1 To some mathematicians, “dummy variable” may
sound high-schoolish and low status; it is much more refined to say
“bound variable”.

Example 2 The phrase “setbuilder notation” may have lower
status than “comprehension”.

Remark 1 Variations in status no doubt differ in different
mathematical disciplines.

Remark 2 I believe that in both examples just given, the low
status word is much more likely to be understood by high school
and beginning college students in the USA.

Remark 3 A reviewer of a book I wrote said, “ . . . and he
even referred to ‘setbuilder notation’ . . . ” without any further
explanation as to why that was a bad thing. I was mightily puz-
zled by that remark until it occurred to me that status might be
involved.

See also plug into.
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straight arrow notation The notation f : S → T means that
f is a function with domain S and codomain T . It is read “f is a
function from S to T” if it is an independent clause and “f from S
to T” if it is parenthetic. Compare barred arrow notation. See
rightists.

Citation: (Che88.744), (Thi53.260).
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structure See mathematical structure.
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structural notation Structural notation for a mathematical
object is a symbolic expression that, in the given context, describes
the (possibly variable) mathematical object unambiguously without
providing an symbol for it. Also called anonymous notation.

Example 1 The expression {1, 2, 4} is structural notation for
the unique set that contains the elements 1, 2 and 4 and no other
elements.

Example 2 The expression(
a2 ab
−ab b2

)
is structural notation for a matrix, given the parameters a and b.

Example 3 Setbuilder notation is a type of systematic struc-
tural notation. So are barred arrow notation and lambda notation
for functions.
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subscript A string of characters is a subscript to a character if
the string is placed immediately after the character and below the
base line of the text. (But see Remark 1.)

Example 1 In the expression x23, the string 23 is a subscript
to x.

Subscripts are normally used for indexing.
Example 2 The tuple a = (3, 1, 5) is determined by the fact

that a1 = 3, a2 = 1, and a3 = 5.
Example 3 The Fibonacci sequence f0, f1, . . . is defined by

f0 = 0, f1 = 1, and fi = fi−1 + fi−2 for i > 1. (Some authors define
f0 = 1.)

Citations: (Bar96.631).
Subscripts may also be used to denote partial derivatives.
Example 4 If F (x, y) = x2y3 then Fx = 2xy3.
Citations needed.

Difficulties The tuple in Example 2 can be seen as a function
on the set {1, 2, 3} (“a tuple is a function on its index set”), and
the Fibonacci sequence can be seen as a function on the nonneg-
ative integers. The ith entry of Fibonacci sequence could thus be
written indifferently as fi or f(i). This fact is familiar to working
mathematicians, but in a classroom where the Fibonacci function is
denoted by fi a remark such as

“The Fibonacci sequence is an increasing function of i.”
can cause considerable confusion to beginners.
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Remark 1 Occasionally, as for example in dealing with ten-
sors, a string is used as a left subscript by placing it immediately
before the character and below the base line of the text.

Example 5 Let kai denote the ith coefficient of the kth poly-
nomial kP .

Citation: (Hoc62.264).

Acknowledgments Gary Tee.
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substitution To substitute an expression e for a variable x
that occurs in an expression t is to replace every occurrence of x
by e (in a sophisticated way — see the remarks under “Difficulties”
below). The expression resulting from the substitution has a pos-
sibly different denotation which can generally be determined from
the syntax.

Example 1 Let e be x + y and t be 2u. Then substituting t
for x in e yields 2u+ y.

Citations: (Alf64.19), (HilMaz95.147), (Pol65.7)

Difficulties The act of substituting may require insertion of paren-
theses and other adjustments to the expression containing the vari-
able. In general, substituting is not a mechanical act, but requires
understanding the syntax of the expression.

Example 2 Substituting 2u for x in x2 + 2x+ y gives (2u)2 +
2(2u) + y; note the changes that have to be made from a straight
textual substitution.

Example 3 Substituting 4 for x in the expression 3x results
in 12, not 34 (!).

Example 4 Suppose f(x, y) = x2−y2. What is f(y, x)? What
is f(x, x)? Many students have trouble with this kind of question.

See also pattern recognition.
Remark 1 A fundamental fact about the syntax and seman-

tics of all mathematical expressions (as far as I know) is that sub-
stitution commutes with evaluation. This means that if you replace
a subexpression by its value the value of the containing expression
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remains the same. For example, if you instantiate the variable x in
the expression 3x + y with 4 and replace the subexpression 3x by
its value 12, you get the expression 12 + y, which must have the
same value as 3x + y as long as x has the value 4. This is a basic
fact about manipulating mathematical expressions.

Acknowledgments Michael Barr.
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subtract See minus.
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such that For a predicate P , a phrase of the form “c such that
P (c)” means that P (c) holds.

Example 1 “Let n be an integer such that n > 2.” means
that in the following assertions that refer to n, one can assume that
n > 2.

Example 2 “The set of all integers n such that n > 2.” refers
to the set {n | n > 2}. (See setbuilder notation.)

Citations: (And93.864), (BanMoo89.641), (Gow00.74).
Remark 1 Note that in pronouncing ∃xP (x) the phrase “such

that” is usually inserted. This is not done for the universal quanti-
fier.

Example 3 “∃x(x > 0)” is pronounced “There is an x such
that x is greater than 0”, but “∀x(x > 0)” is pronounced “For all
x, x is greater than 0”.

Remark 2 Yes, I know that “∀x(x > 0)” is false.

Acknowledgments Susanna Epp.
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sufficient P is sufficient for Q if P implies Q. One also says P
suffices for Q. Examples are given under conditional assertion.

Citation: (HofLew96.349).
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superscript A string of characters is a superscript to a charac-
ter if the string is placed immediately after the character and raised
above the base line of the text.

Example 1 In the expression x23, the string 23 is a super-
script to x.

Superscripts are used in many ways:
a) To indicate a multiplicative power of a number or a func-

tion. Citation: (BumKocWes93b.499), (KloAleLar93.757),
(Pow96.879).

b) To indicate repeated composites of a function. Thus f2(x)
could mean either f(x)f(x) or f(f(x)), but I have not found a
citation for the former usage. It appears to me that f(x)f(x)
would customarily be written (f(x))2.Citation: (CovHe-
dRho79.116).

c) As an index. A superscript used as an index may indicate
contravariance. Citation: (Fra98.609).

d) To indicate the domain of a function space. Citation: (Bar96.631).
e) To indicate the dimension of a space. Citation: (Zul96.227).
f) As a bound on an operator. Citation: (Mea93.387), (GelOlm90.65).
g) A few authors use a superscript to the left of the base charac-

ter, as in 23x, Citation: (Tit64.321).

Difficulties Superscripting numbers is a heavily overloaded opera-
tion. A serious confusion in lower level college math courses occurs
between f−1 as the reciprocal of a function and f−1 as the inverse.
This is a special case of items a and b above.
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Remark 1 Sometimes in my classes students give answers
that show they think that the Cartesian power {1, 2, 3}2 is {1, 4, 9}.
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suppose Discussed under let.
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suppression of parameters An identifier or other mathemat-
ical notation may omit a parameter on which the meaning of the
notation depends.

Example 1 A common form of suppression of parameters is
to refer to a mathematical structure by its underlying set. Thus
a group with underlying set G and binary operation ∗ may be
called G, so that the notation omits the binary operation. This is
also an example of synecdoche.

Example 2 A parameter that is suppressed from the notation
may or may not be announced explicitly in the text. For example,
a text may, by the expression log x, refer to the logarithm with base
e, and may or may not announce this fact explicitly. Note that this
is not an example of synecdoche.

See also abuse of notation.
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surjective A function f : A → B is surjective if for every
element b of B there is an element a of A such that f(a) = b.
One also says f is onto B. Citations: (Bri85.184), (Lea89.924),
(Str93.27), (Thi53.260).

Remark 1 Strictly speaking one should either adopt the
stance that every function is equipped with a codomain, or one
should always attach a phrase of the form “onto B” to any occur-
rence of the word “surjective”.

Remark 2 A phrase such as “f is a map onto S” does not
always mean it is surjective onto S. Citation: (Mor88.814).

See also trivial and Remark 4 under injective.
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symbol A symbol is an identifier used in the symbolic language
which is a minimal arrangement of characters. “Minimal” means it
is not itself constructed of (mathematical) symbols by the rules of
construction of symbolic expressions.

Example 1 The symbol for the ratio between the circumfer-
ence and the diameter of a circle is “π”. This is a mathematical
symbol consisting of one character.

Example 2 The symbol for the sine function is sin. This
is a symbol made up of three characters. Although one of the
characters is i and i is itself a symbol, its role in the symbol “sin”
is purely as a character. (One could think “sin” is the product of s,
i and n, and indeed students do sometimes assume such things, but
that would not be the author’s intent.)

This is in contrast to the role of i in the symbolic expression
3i2, a compound expression (not called a symbol in this Handbook)
whose meaning is determined synthetically by the meanings of the
symbols 3, i and 2 and the way they are arranged.

Remark 1 Many authors, for example [Fearnley-Sander,
1982] and [Harel and Kaput, 1992], use “symbol” to mean what I
call symbolic expression. Others use “symbol” to mean character.

Remark 2 The syntax of symbols and symbolic expressions
in the mathematical register needs analysis. It appears to me that
they are treated like proper nouns: In particular, they don’t take
the article.
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Example 3 Compare “Sym3 is noncommutative” with “Flicka
is a horse”.

They are also used in apposition like proper nouns.
Example 4 Compare “The group Sym3” with “my friend

Flicka” or “that boy Albert”.
This applies to variables as well as determinate symbols, as in

“the quantity x2 + 1” and “for all integers n”.
See also name.
References This discussion derives in part from [de Bruijn,

1994], page 876.
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symbolic assertion See assertion.
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symbolic expression A symbolic expression (or just expres-
sion) is a collection of mathematical symbols arranged

a) according to the commonly accepted rules for writing mathe-
matics, or

b) according to some mathematical definition of a formal lan-
guage.

Every expression is either a term or an symbolic assertion.
The meaning of a symbolic expression is normally determined

synthetically from the arrangement and the meanings of the indi-
vidual symbols. In particular, every symbol is a symbolic expres-
sion.

Example 1 The expressions x2 and sin2 π mentioned under
symbol are symbolic expressions. “sin2 π” is an arrangement of
three symbols, namely sin, 2 and π. The arrangement itself is
meaningful; “sin2 π” is not the same symbolic expression as 2 sinπ
even though they have the same value; see semantics.

Remark 1 As the example indicates, the “arrangement” need
not be a string.

Citations: (Chu42.390), (HilMaz95.147), (Ogi60.70), (Rog63.930),
crefTro751.

An expression may contain a subexpression. The rules for
forming expressions and the use of delimiters allow one to deter-
mine the subexpressions.

Example 2 The subexpressions in x2 are x2, x and 2. Two
of the subexpressions in (2x + 5)3 are 2x and 2x + 5. The rules of
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algebra require the latter to be inclosed in parentheses, but not the
former.

Example 3 Is sinπ a subexpression of sin2 π? This depends
on the rules for construction of this expression; there is no book to
consult because the rules for symbolic expressions in the mathemat-
ical register are not written down anywhere, except possible in the
bowels of MathematicaR©(see Remark 1 under symbolic language).
One could imagine a rule that constructs the function sin2 from sin
and notation for the squaring function, in which case sinπ is not
a subexpression of sin2 π. On the other hand, one could imagine a
system in which one constructs (sinπ)2 and than a Chomsky-style
transformation converts it to sin2 π. In that case sinπ is in some
sense a subexpression of sin2 π.

This example shows that determining subexpressions from the
typographical arrangement is not a trivial task. One must under-
stand the rules for forming expressions, implicitly if not explicitly.

Example 4 The set
{f | f = sinn, n ∈ N, n > 0}

could also be written
{f | f is a positive integral power of the sine function}

showing that English phrases can occur embedded in symbolic
expressions. Citations needed.

See also short-circuit semantics.
References Symbols and symbolic expressions are discussed in

the context of mathematical education in [Schoenfeld, 1985], [Harel
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and Kaput, 1992], [Tall, 1992c].
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symbolic language The symbolic language of mathematics
is a distinct special purpose language used independently and in
phrases included in discourse in the mathematical register. It con-
sists of symbolic expressions written in the way mathematicians
traditionally write them. They may stand as complete sentences
or may be incorporated into statements in English. Occasionally
statements in English are embedded in symbolic expressions. (See
Remark 2 under identifier.)

Example 1 “π > 0.” This is a complete assertion (formula) in
the symbolic language of mathematics.

Example 2 “If x is any number, then x2 ≥ 0.” This is an
assertion in the mathematical register containing two symbolic
expressions. Note that “x” is a term and “x2 ≥ 0” is a symbolic
assertion incorporated into the larger assertion in English. See
parenthetic assertion.

Example 3 “{n | n is even}.” This is a term containing an
embedded phrase in the mathematical register.

Remark 1 The symbolic language of mathematics has never
been given by a mathematical definition (in other words it is not a
formal language). There would be difficulties in doing so.

In the first place, the symbolic language is context-sensitive
(examples are given under that heading). Also, the symbolic lan-
guage of mathematics has many variants depending on the field and
individual idiosyncrasies. Finally, even if one gives a formal defini-
tion one would have problems with mechanical parsing because the
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language contains ambiguities. For example, is “ma” a symbol or is
it m times a?

MathematicaR© 3.0 has a standardized version (StandardForm)
of the symbolic expression language of the mathematical vernac-
ular that eliminates ambiguities, and it can also output symbolic
expressions in a form called TraditionalForm that is rather close
to actual usage. (See [Wolfram, 1997], pages 187ff.) Presumably
the implementation of TraditionalForm would have involved a
definition of it as a formal language.

De Bruijn [1994] proposes modeling a large part of the math-
ematical vernacular (not just the symbolic language) using a pro-
gramming language.
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symbolic logic Another name for mathematical logic.
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symbolitis The excessive use of symbols (as opposed to English
words and phrases) in mathematical writing – the meaning of
“excessive”, of course, depends on the speaker! There seems to be
more objection to symbols from mathematical logic such as ∀ and ∃
than to others.

References [Gillman, 1987], page 7.
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symbol manipulation Symbol manipulation is the trans-
formation of a symbolic expression by using algebraic or syntactic
rules, typically with the intention of producing a more satisfactory
expression. Symbol manipulation may be performed as a step in a
proof or as part of the process of solving a problem.

Example 1 The proof that a2 − b2 = (a + b)(a − b) based on
the distributive law, the commutative law for multiplication, and
the algebraic laws concerning additive inverses:
(a+b)(a−b) = a(a−b)+b(a−b) = a2−ab+ba−b2 = a2−ab+ab−b2 = a2−b2

An example of a proof by symbolic manipulation of formulas
in mathematical logic is given under conceptual. Proof by symbol
manipulation is contrasted with conceptual proof. See also aha.

Difficulties Students often manipulate symbols inappropriately,
using rules not valid for the objects being manipulated. This is
discussed by Harel [1998].
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synecdoche Synecdoche is naming something by naming a
part of it.

Example 1 Referring to a car as “wheels”.
Example 2 Naming a mathematical structure by its under-

lying set. This happens very commonly. This is also a case of
suppression of parameters.

Example 3 Naming an equivalence class by a member of the
class. Note that this is not an example of suppression of parame-
ters. See well-defined.

Citations: (Axl95.153), (Gal94.352), (Has69.13),
See also metaphor.
References [Presmeg, 1997b].
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syntax The syntax of an expression is an analysis of the manner
in which the expression has been constructed from its parts.

Example 1 The syntax of the expression 5 + 3 consists partly
of the fact that “5” is placed before “+” and “3” after it, but the
syntax is more than that; it also includes the fact that “+” is a
binary operation written in infix notation, so that the expression
5 + 3 is a term and not an assertion. The expression 3 + 5 is a
different expression; the semantics usually used for this expression
tells us that it has the same value as 5 + 3.

Example 2 The syntax of the expression 5 > 3 tells us that it
is an assertion; the semantics tells us that it is a true assertion.

Example 3 The syntax of the expression 3x + y is different
from the syntax of 3(x+y). In the common tree notation for syntax
the two expressions are parsed as follows:

+

��
��
��
�

��
��

��

∗

��
��

��

��
��

��
� y

3 x

∗
��

��
��

��
��

��

3 +

��
��
��
�

��
��

��

x y

3x+ y 3(x+ y)

(4)

Remark 1 The syntax of an expression gives it structure
beyond being merely a string of symbols. The structure must be
deduced by the reader with clues given by convention (in the case
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of Example 3, that multiplication dominates addition), parentheses,
and the context. (See also Example 3 under symbolic expression.)

Successful students generally learn to deduce this structure
without much explicit instruction, and in many cases without much
conscious awareness of the process. For example, college students
may be able to calculate 3(x + y) and 3x + y correctly for given
instantiations of x and y, but they may have never consciously
noticed that in calculating 3x + y you must calculate the product
before the sum, and the other way around for 3(x + y). (A reverse
Polish calculator forces you to notice things like that.) See also
compositional.

Remark 2 The way the order of calculation is determined
by the syntactic structure and the observation in Remark 1 under
semantics that substitution commutes with evaluation are basic
aspects of learning to deal with mathematical expressions that
are essentially never made explicit in teaching. (No teacher under
whom I studied ever made them explicit.)

Difficulties Students vary widely on how much they are able to
use the syntax to decode mathematical expressions. Even college
engineering and science students don’t always understand the dif-
ference between expressions such as −22 and (−2)2.

Similarly, the syntax of a complicated English sentence may
help some understand it while communicating little or nothing to
others. Thus a student may be able to understand a very compli-
cated statement in English that is in context, but will find mean-
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ingless a statement with the same logical structure about abstract
objects.

See also compositional, substitute.

Acknowledgments Some of this discussion was suggested by
[Dubinsky, 1997]. A good reference to the syntax of English is

[McCawley, 1988a], [McCawley, 1988b]. Thanks also to Atish Bagchi
and Eric Schedler.
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synthetic See compositional.
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tangent The word tangent refers both to a straight line in a
certain relation to a differentiable curve (more general definitions
have been given) and to a certain trigonometric function. These
two meanings are related: the trigonometric tangent is the length
of a certain line segment tangent to the unit circle. Sadly, many
students get to college without ever knowing this. Similar remarks
apply to secant.
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term The word term is used is several ways in the mathematical
register.

A constituent of a sum or sequence A term is one constituent
of a sum (finite or infinite), in contrast to a factor, which is a
constituent of a product. The word is also used for a constuent of
an infinite sequence.

Example 1 The second term in the expression x2 + 2x + 1
x is

2x.
Citations: (Alf64.19), (Leh90.228).

A symbolic expression denoting a mathematical object In
mathematical logic, a term is a symbolic expression that denotes
a (possibly variable) mathematical object. This is in contrast to a
symbolic assertion. A term is thus like a noun phrase, whereas an
assertion is like a whole sentence.

Example 2 Any symbol that denotes a (possibly variable)
mathematical object is a term. Thus π and 3 are terms.

Example 3 The expression 2 + 5 is a term that denotes 7.
Example 4 The expression x + 2y is a term. It denotes a

variable number. If specific numbers are substituted for x and y
the resulting expression is a term that (in the usual extensional
semantics) denotes a specific number.

Example 5 The expression∫ 2

1
x dx
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is a term; it (extensionally) denotes the number 3/2.
See short-circuit semantics.
Citations: (Mcc89.1328), (Sho67.14).
Remark 1 The two usages just mentioned conflict. The

expression x2 + 1 is a term in the logical sense, and it is a factor in
the expression (x2 + 1)(x2 + 3). This can and does lead to confusion
when mathematicians and logicians talk. See also formula.

In terms of Writing a function in terms of x means giving a
defining equation containing x as the only variable (but it may
contain parameters).

Example 6 The expression xy = 1 implicitly determines y as
a function of x, explicitly y is given by y = 1

x as a function of x.
Citation: (Chr96.330).

Acknowledgments Owen Thomas.
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TFAE Abbreviation for “the following are equivalent”.
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that is Used to indicate that what follows is equivalent to what
precedes, usually when the equivalence is essentially a rewording.
Citation: (Kra95.40).
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the See definite article.

597



contents wordlist index

the following are equivalent See following are equivalent.
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then The word then in the mathematical register generally
means that what follows can be deduced from the preceding
assumption, which is commonly signaled by if or when. See imply.

Example 1 “If n is divisible by 4, then n is even.”
Remark 1 Occasionally “then” has a temporal meaning.
Citations: (Bar96.631), (Bur94.24).
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theorem To call an assertion a theorem is to claim that the
assertion has been proved.

Remark 1 In texts the proof is often given after the theorem
has been stated. In that case (assuming the proof is correct) it is
still true that the theorem “has been proved”!

Citations: (BalYou77.451), (Bar96.631), (Bru93.370), (Fur-
Mar91.842).

Some authors refer only to assertions they regard as important
as theorems, and use the word proposition for less important ones.
See also lemma and corollary.

Theorems, along with definitions, are often delineated. See
labeled style.
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theory of functions In older mathematical writing, the phrase
theory of functions refers by default to the theory of analytic
functions of one complex variable.

Citations: (Wei70.465), (Wil18.295).
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thus Thus means that what follows is a consequence of (or is
equivalent to) what precedes.

Citations: (KolBusRos96.109), (Mac71.58).
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tilde The symbol “˜” over a letter is pronounced “tilde” (till-
day or till-duh). Thus “x̃” is pronounced “x tilde”. The symbol is
also used as a relation meaning asymptotically equal, and in web
addresses.

Also called “twiddle” or “squiggle”.
Citations: (BatDia96.729), (Had94.328), (Tit64.321).
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time actual references to time: somebody proved something
(BorBorBorGir96.41) (Chr96.330)

thinking of independent var as time whether it is or not,
for example f vanishes when g vanishes (BouGriKac62.717)
(Pom96.1478) (Wil86.682)

Thinking of running through examples in time e.g. when is a
subgroup a kernel? (Buc97.60) (Duk97.193) (num reps never zero)

moving geometric (or other?) figures (RicRic93.475)
function as relocator (Wit90.144).
monotone?
meaning if (see when)
then? in conditional, at heart time based?
In progressing through mathematical discourse tense Citations:

(AkiDav85.243), refs to time “for the moment” (Ant84.121), shall
(Bez89.271) (Cli59.106) we now describe (Cop93.480) just proved

(Pow74.264) (Ros93.293)
In progressing through a proof (Bea96.201) quick proof mean-

ing short (Bog89.915)
In progressing through a calculation (Bau96.3902) (Fea82.161)
In running a program (AtkDayJorPriSpe96.Abstract)
See also always, never, location.
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translation problem The translation problem is the name
used in this Handbook for the process of discovering the logical
structure of a mathematical assertion P that has been stated in the
mathematical register. This is essentially equivalent to the problem
of finding a statement in mathematical logic that represents P .
Learning how to do this is one of the difficult skills students of
mathematics have to acquire, even very early with simple word
problems. Many of the entries in this Handbook illustrate the
complications this involves; see for example conditional assertion
and universal quantifier – only two of many.

As far as I know, there are no extended or theory-based treat-
ments of the translation problem, although many entries in this
Handbook refer to discussions in the literature about particular
cases of the problem. The text [Kamp and Reyle, 1993] is essen-
tially a study of the analogous problem of discovering the logical
structure of statements in ordinary English rather than in the
mathematical register. The relationship between the English and
the logic is quite complex. See the discussion under and, for exam-
ple.
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trial and error The process of finding an object that satisfies
certain constraints by guessing various possibilities and testing
them against the constraint until you find one that works is called
the process of trial and error. See Example 1 under algorithm
addiction. Trial and error is valid when it works but it typically
takes exponential time in the size of the problem to carry out.

Citations: (Ric92.104), (Kie81.63).
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trigonometric functions

Degrees and radians It is not always explicitly noted to students
that if you write sinx meaning the sine of x degrees, you are not
using the same function as when you write sinx, meaning the sine
of x radians. They have different derivatives, for example. The
same remark may be made of the other trigonometric functions.

Remark 1 This point is correctly made in [Edwards and
Penney, 1998], page 167.

Remark 2 It appears to me that in postcalculus pure math-
ematics “sinx” nearly always refers to the sine of x radians (not
degrees), often without explicitly noting the fact. This is certainly
not true for texts written by non-mathematicians, but the situation
is made easier by the customary use of the degree symbol when
degrees are intended.

See also logarithm.

Secant missing from Europe Students educated in Europe may
not have heard of the secant function; they would simply write
cos−1.

Evaluation One normally writes evaluation of trigonometric func-
tions by juxtaposition (with a small space for clarity), thus sinx
instead of sin(x). Students may sometimes regard this as multipli-
cation.

See also secant and tangent.

Acknowledgments Michael Barr.
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trivial

About propositions A fact is said to be trivial to prove if the
fact follows by rewriting using definitions, or perhaps if the com-
mon mental representation of the mathematical objects involved in
the fact makes the truth of the fact immediately perceivable. (This
needs further analysis. I would tend to use obvious for the second
meaning.)

Example 1 A textbook may define the image of a function
F : A → B to be the set of all elements of B of the form F (a)
for some a ∈ A. It then goes on to say that F is surjective if for
every element b of B there is an element a ∈ A with the property
that F (a) = b. It may then state a theorem, or given an exercise,
that says that a function F : A → B is surjective if and only if
the image of F is B. The proof follows immediately by rewriting
using definitions. I have known instructors to refer to such an
assertion as “trivial” and to question the worth of including it in
the text. In contrast, I have known many students in discrete math
and abstract algebra classes who were totally baffled when asked
to prove such an assertion. This disparity between the students’
and the instructors’ perception of what is “trivial” must be taken
seriously.

Remark 1 I suspect that teachers (and hotshot math majors)
telling students that an assertion is “obvious” or “trivial” is an
important cause (but not the only one) of the feeling much of the
American population has that they are “bad at math”. In many
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cases a person who feels that way may have simply not learned
to rewrite using definitions, and so finds many proofs impossibly
difficult that their instructor calls “trivial”.

Remark 2 The teacher’s feeling that an assertion is obvious
may also come from the ratchet effect.

References [Solow, 1995] is one text with a discussion of image
and surjective as described in Example 1.

About mathematical objects A function may be called trivial
if it is the identity function or a constant function, and possibly in
other circumstances. Citation: (Bee71.705).

A solution to an equation is said to be trivial if it is the
identity element for some operation involved in the equation. There
may be other situations in which a solution is called “trivial” as
well.

Citations: (Len92.216), (Rib95.391).
A mathematical structure is said to be trivial if its underlying

set is empty or a singleton set. In particular, a subset of a set is
nontrivial if it is nonempty. See proper. Citation: (Bri77.189).

Remark 3 “Trivial” and degenerate overlap in meaning but
are not interchangeable. A citation search might be desirable, but
it is not clear to me that there is a consistent meaning to either
word.

609



contents wordlist index

true A statement P is true if it can be proved using accepted
axioms.

Remark 1 The two words “true” and valid are distinguished
in mathematical logic, in which P is true roughly speaking if it can
proved by a sequence of deductions from the axioms currently being
assumed, and it is valid if it is a correct statement about every
model of those axioms. The completeness theorem in first order
logic asserts that these two concepts are the same for statements
and proofs in first order logic.
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turf If you are defensive about negative comments about your
field, or annoyed when another department tries to teach a course
you believe belongs in mathematics, you are protecting your turf.
The use of this word of course is not restricted to mathematicians
(nor is the phenomenon it describes).

Example 1 I have occasionally witnessed irritation by people
familiar with one field at the use of a term in that field by people
in a different field with a different meaning. This happened on the
mathedu mailing list when some subscribers started talking about
constructivism with the meaning it has in mathematical education
rather than the (unrelated) meaning it has in mathematical logic.
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twiddle See tilde.
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type The type of a symbol is the kind of value it is allowed to
have in the current context.

Example 1 In the assertion
“If f is differentiable and f ′(x) = 0 then x is a critical
point of f .”

we may deduce that f is of type “function” and x is (probably) of
type “real”, even if the author does not say this. This sort of type
deduction requires both mathematical knowledge and knowledge of
conventions; in the present example one convention is that complex
numbers are more commonly written z instead of x. Mathematical
knowledge (as well as convention) tells us that x cannot be of type
integer.

Remark 1 The discussion here is about using the concept
of type in communicating mathematics, not its use in logic or
foundations.

Students commonly make type mistakes (talking about 2π
being divisible by 2, for example); it would be helpful to refer to
the concept explicitly as a way of raising consciousness. This is
discussed in [Wells, 1995].

One could dispense with the concept of type and refer to the
set of possible values of the symbol. It appears to me however
that “type” is psychologically different from “set”. Normally one
expects the type to be a natural and homogeneous kind such as
“function” or “real number”, not an arbitrary kind such as “real
number bigger than 3 or integer divisible by 4”. One has no such
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psychological constraint on sets themselves. This needs further
investigation.

Mathematicians do not use the word “type” much in the sense
used here. When they do use it it typically refers to a classification
of structures in a particular field, as in for example differential
equations of hyperbolic type.

Citations: (HebMckWea89.47), (KulMir86.36).
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type labeling Giving the type of a symbol along with the sym-
bol.

Example 1 If it has been established on some early page of
a text that S3 denotes the symmetric group on 3 letters. A later
reference to it as “the group S3” or “the symmetric group S3” is an
example of type labeling.

Remark 1 Russian mathematical authors seem to do this a
lot, although that may be because one cannot attach grammatical
endings to symbols.

References Jeffrey Ullman, in a guest appearance in [Knuth,
Larrabee and Roberts, 1989], flatly recommends always giving the
type of a symbol. Using explicit typing in teaching is advocated in
[Wells, 1995]. See also [Bagchi and Wells, 1998a].
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under Used to name the function by which one has computed the
value, or the function being used as an operation.

Example 1 “If the value of x under F is greater than the
value of x under G for every x, one says that F > G.” Citation:
(Fra82.41).

Example 2 “The set Z of integers is a group under addition.”
Citation: (BriPre92.146), (Max93.27).

Example 3 “If x is related to y under E, we write xEy.”
Citation: (Exn96.35).
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underlying set See mathematical structure.
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understand Much new insight has been gained in recent years
by cognitive scientists and researchers in mathematics education
about what it means to understand something. Good students
frequently complain that they can do the calculations but they
don’t understand the concepts. (Bad students can’t do the calcu-
lations!) What they are missing are useful metaphors with which
they can think about the mathematical objectss involved in their
calculations. This is discussed further under metaphor.

References A good way to get into the literature on this
subject is to read the works of Sfard, particularly [Sfard, 1994] and
[Sfard, 1997]. She gives many references; see in particular [Lakoff
and Núñez, 2000].
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unique To say that an object satisfying certain conditions is
unique means that there is only one object satisfying those con-
ditions. Citation: (Bri93.782), (Bur94.17), (Fow96.2), (Str93.17).
As some of the citations show, the unique object may be a variable
object determined uniquely by explicit parameters.

This meaning can have philosophical complications.

Is a natural number unique? The statement in Example 3
under mathematical object that 3 is a specific mathematical object
would not be accepted by everyone. As Michael Barr pointed out
in a response to a previous version of this entry, there are various
possible definitions of the natural numbers and each one has its
own element called 3. (See literalist.) Nevertheless, mathematicians
normally speak and think of the number 3 as one specific math-
ematical object, and it is customary usage that this Handbook is
concerned with.

Is the set of natural numbers unique? The phrase “the set
of natural numbers” causes a similar problem. This phrase could
denote any of the standard models of the Peano axioms, all of
which are isomorphic. Some mathematicians would say that the
natural numbers are “unique up to isomorphism”. Others would
say, “I choose one of the models and that will be the natural num-
bers.” Still others would simply assert that there is a unique set of
natural numbers and all the talk above is about foundations, not
about what mathematicians actually deal with. Most mathemati-
cians in ordinary discourse speak of the natural numbers as if they
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were unique, whatever they believe.

Unique up to isomorphism “The symmetric group on n let-
ters” is unique up to isomorphism, but in contrast to the Peano
natural numbers, it is not unique up to a unique isomorphism.
Algebraists may nevertheless talk about it as if it were unique, but
when pressed by literal-minded listeners they will admit that it is
determined only up to isomorphism.

The word “unique” is misused by students; see in your own
words. See also up to.
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universal generalization If you have proved P (c) for a vari-
able object c of some type, and during the proof have made no
restrictions on c, then you are entitled to conclude that P (x) is
true for all x of the appropriate type. This process is formalized
in mathematical logic as the rule of deduction called universal
generalization.
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universal instantiation If it is known that P (x) is true of
all x of the appropriate type, and c is the identifier of a specific
mathematical object of that type, then you are entitled to conclude
that P (c) is true. In mathematical logic, the formal version of this
is known as universal instantiation.
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universal quantifier An expression in mathematical logic of the
form ∀xP (x), where P is a predicate, means that P (x) is true for
every x of the appropriate type. The symbol ∀ is pronounced “for
all” and is called the universal quantifier.

Expressing universal quantification in the mathematical
register When a universally quantified sentence in the mathe-
matical register is translated into a sentence of the form ∀xP (x)
in mathematical logic, the assertion P (x) is nearly always in the
form of a conditional assertion. Thus in particular all the sentences
listed as examples under conditional assertion provide ways of
expressing universal quantification in English. However, there are
many other ways of doing that that are not conditional assertions
in English. To provide examples, let C(f) mean that f is contin-
uous and and D(f) mean that f is differentiable. The assertion
∀n (D(n)⇒ C(n)) can be said in the following ways:

a) Every differentiable function is continuous. Citation: (Bar96.631),
(MorShaVal93.751).

b) Any differentiable function is continuous. Citation: (EdgUll-
Wes97.574), (Niv56.83).

c) All differentiable functions are continuous. Citation: (Ald-
Dia86.333), (Cho99.444), (DevDur91.222), (Ost71.624).

d) Differentiable functions are continuous. Citation: (Kau74.429).
e) A differentiable function is continuous. Citation: (BalYou77.451),

(MacBir93.43), (Sol96.31).
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f) Each differentiable function is continuous. Citation: (Bor-
BorBorGir96.41), (Bri93.782), (DavPri90.3), (Ran95.641),
(Sen90.330).

g) The multiples of 4 are even. I changed this example because to
me “The differentiable functions are continuous” sounds odd.
Citation: (Axl95.142).

One can make the assertion an explicit conditional one
using the same words:

h) For every function f , if f is differentiable then it is continuous.
Citation: (BhaSer97.502), (VanLutPrz77.435).

i) For any function f , if f is differentiable then it is continuous.
Citation: (Bry93.62), (Bla79.122).

j) For all functions f , if f is differentiable then it is continuous.
Citation: (Cho99.444), (Pow96.879).

In any of these sentences, the “for all” phrase may come
after the main clause. The conditional assertion can be varied
in the ways described under that listing. See also each.

If the variable is typed, either the definite or the indefinite
article may be used:

k) “If the function f is differentiable, then it is continuous.”
l) “If a function f is . . . ”. Citation: (RabGil93.168).

Remark 1 Sentences such as (d), (e) and (g) are often not
recognized by students as having universal quantification force.
Sentence (e) is discussed further under indefinite article, and sen-
tence (f) is discussed further under each.
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See also always, distributive plural and negation.
Universal quantification in the symbolic language The quanti-

fier is sometimes expressed by a constraint written to the right of a
displayed symbolic assertions.

Example 1 The assertion, “The square of any real number is
nonnegative” can be written this way:

x2 ≥ 0 (all real x)
or less explicitly

x2 ≥ 0 (x)
One might write “The square of any nonzero real number is posi-
tive” this way:

x2 > 0 x �= 0

Citation: (Bur94.24).
Open sentences Sometimes, the quantifier is not reflected by

any symbol or English word. The sentence is then an open sentence
and is interpreted as universally quantified. The clue that this
is the case is that the variables involved have not in the present
context been given specific values. Thus in (GraTre96.105):

“A function f of arity 2 is commutative if f(x, y) =
f(y, x).”

This means that f(x, y) = f(y, x) for all x and all y.
Remark 2 Sometimes an author does not make it clear which

variable is being quantified.
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“ In fact, every Qi(s) ∼= 1 (mod m), since. . . . ”

The context shows that this means
∀i (Qi(s) ∼= 1 (mod m)

)
(This is from [Neidinger and Annen III, 1996], page 646.)

References [Epp, 1999a]. The texts [Exner, 2000], chapter 3,
[Wood and Perrett, 1997], page 12 are written for students. For
studies of quantification in English, see [Chierchia and McConnell-
Ginet, 1990] and [Keenan and Westerst̊ahl, 1997].

See also always, never, existential quantifier and order of quan-
tifiers.
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unknown WRITE THIS
Citation: (Ben87.14), (JaiKan71.643), (Und54.525).
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unnecessarily weak assertion Students are often uncomfort-
able when faced with an assertion such as

“ Either x > 0 or x < 2 ”
because one could obviously make a stronger statement. The state-
ment is nevertheless true.

Example 1 Students have problems both with “2 ≤ 2” and
with “2 ≤ 3”. This may be compounded by problems with inclusive
and exclusive or.

Remark 1 It appears to me that unnecessarily weak state-
ments occur primarily in these contexts:

a) When the statement is what follows formally from the preced-
ing argument.

b) When the statement is made in that form because it allows one
to deduce a desired result.
I believe students are uncomfortable primarily in the case of

(b), and that their discomfort is an instance of walking blindfolded.
Information needed.

Acknowledgments Michael Barr.
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unwind A typical definition in mathematics may make use of a
number of previously defined concepts. To unwind such a defi-
nition is to replace the defined terms with explicit, spelled-out
requirements. This may change a conceptual definition into an
elementary definition. An example is given under elementary. See
rewrite using definitions.

Citations: (Bee75.332), (Hod84.685), (Kat77.273).
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up to Let E be an equivalence relation. To say that a definition
or description of a type of mathematical object determines the
object up to E means that any two objects satisfying the descrip-
tion are equivalent with respect to E.

Example 1 An indefinite integral
∫
f(x) dx is determined

up to a constant. In this case the equivalence relation is that of
differing by a constant.

The objects are often described in terms of parameters, in
which case any two objects satisfying the description are equivalent
once the parameters are instantiated.

Example 2 The statement “G is a finite group of order n
containing an element of order n” forces G to be the cyclic group of
order n, so that the statement defines G up to isomorphism once n
is instantiated.

See copy.
Citation: (Fri95.29), (MacBir93.182).
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uppercase See case.
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vacuous implication A conditional assertion “If A then B” is
true if A happens to be false. This is not usually the interesting
case and so this phenomenon is called vacuous implication.

Difficulties Students have a tendency to forget about it even if
reminded of it. For example, if I note that the less-than relation on
the set of all reals is antisymmetric, a student will often ask, “How
can less-than be antisymmetric? It’s impossible to have r < s and
s < r!”
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valid In common mathematical usage, an assertion P (x) is valid
if it is correct, that is, if for all x of the correct type, P (x) is true.
Thus valid and true mean essentially the same thing in common
usage.

A proof is valid if all its steps are correct.
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value The object that is the result of evaluating a function at an
element x of its domain is called the value, output or result of the
function at x. Citation: (Fis82.445), (Jac34.70), (Mcc89.1328).

Remark 1 The word “value” is also used to refer to the
number denoted by a literal expression. Citation: (Mol97.531),
(Oxt77.155).

Symbolic notation for value If the function is denoted by f ,
then the value at x is denoted by f(x) or fx (postfix notation).
Whichever notation an author routinely uses, the value at x + 1
would of course be denoted by f(x + 1). For an author who always
writes f(x) (except for function symbols that normally don’t use
parentheses – see irregular syntax), the parentheses serve to delimit
the input to the function. For those who normally write fx, the
parentheses in f(x+ 1) are used as bare delimiters. Both notations
have a long history.

Citations: (Bez89.271), (GraKnuPat89.71), (Tro75.1).
The value may be denoted in other ways:

a) xf (reverse Polish notation). (The notation fx is a special case
of Polish notation).

b) (x)f (postfix notation). These are discussed in their own
entries with examples. See also rightist.

c) fx (mostly for integer functions — see subscript).
d) f [x]. This notation is used by MathematicaR©; parentheses are

reserved for grouping.
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See parentheses for more about their usage with function values.
Citations: (Niv56.41), (Oso94.760).

More elaborate possibilities exist for functions with more than
one input. See infix notation, prefix notation, postfix notation,
outfix notation.

Properties of function values Adjectives applied to a function
often refer to its outputs. Examples: The phrase real function
means that the outputs of the function are real (but many authors
would prefer “real-valued function”), and similarly for complex
function. In neither case does the phrase imply that the domain
has to consist of real or complex numbers. “F is a positive func-
tion” means that F (x) > 0 for every x in its domain. The phrase
“positive-valued function” seems to be rare.

In contrast, a rational function is a function whose defining
expression is the quotient of two polynomials. A rational function
F : R → R will have rational outputs at rational inputs, but will
not generally have rational output. Citations: (BelEvaHum79.121);
(GraKnuPat89.71), (Pow96.879), (Wul78.1282).

Terminological conventions For many functions, one says that
the result of applying the function f to the input c is f(c). For
example, the phrase in the non-symbolic part of the mathematical
register for sinx is “sine of x”. However, many operations have a
name that is not used for the result, which requires another name.
In some cases the symbol used has a third name. For example the
result of adding 3 and 5 is 3 + 5, read 3 plus 5, and that is 8, which
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is the sum of 3 and 5. Some common operations for which this
holds are listed here:

function symbol name result
addition plus sum
subtraction minus difference
multiplication times product
division divided by quotient
squaring squared square
composition composed with composite
differentiation derivative
integration integral

“Symbol name” refers to the way the symbol is read in speach;
thus a − b is read “a minus b”. Note that both differentiation and
integration involve several different symbolic notations.

Remark 2 These usages are not completely parallel. For
example, one can say “g composed with f” or “the composite of
g and f”, and similarly “the derivative of f”, but one cannot say
“the plus of 3 and 5”. On the other hand, “plus”, “minus” and
“times” may be used with “sign” to name the symbol directly, but
the symbol “÷” is called the “division sign”, not the “divided by”
sign, and there is apparently no common name for the sign for
composition.

Remark 3 Many writers blur the distinction between compo-
sition and composite and refer to g ◦ f as the “composition” of g
and f . I have heard students blur the distinction for some of the
other operations, as well, for example saying 8 is the addition of 3
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and 5.
Citations: (Ben87.14) (Bur94.17), (Bur97.55), (Car32.142),

(Duk97.193), (Hil48a.213), (HilMaz95.147), (Kei89.273), (Mol97.531),
(Pan57.566), (ParPra95.803), (Pre63.43), (Rin58.265).
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vanish A function f vanishes at an input a if f(a) = 0.
Example 1 “Consider the collection of all continuous func-

tions that vanish at 0.” Citations: (Ben87.14), (BouGriKac62.717),
(New67.912).
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variable The noun variable in mathematical discourse generally
refers to a variate symbol. The word is used primarily in certain
conventional settings, primarily as a named element of the domain
of a function, as a reference to an unnamed function, and in certain
technical terms, most notably “random variable”. Most other
occurrences of variate identifiers would not be called variables,
except in mathematical logic.

Example 1 In the discourse
“ Let f be a function for which f(x) > 0 when x > 2. ”

the x and the f are both variate symbols. In common mathemati-
cal parlance only x would be called a variable. In the terminology
of mathematical logic, both x and f are variables.

Example 2 In the phrase “A function of n variables” the
word refers to the inputs to the function. If the function is given
by a formula the variables would normally appear explicitly in the
formula.

Example 3 The statement, “Let x be a variable dependent on
t” has the same effect as saying “Let f(t) be a function”, but now
the value is called x or x(t) instead of f(t).

Citations: (Aig95.813), (DebHol91.795), (HofLew96.349),
(Kle96.417), (Man95.3219), (Rog63.930), (SerVar69.515).

The adjective “variable” is used to say that the object it mod-
ifies is a variable mathematical object. Citations: (ChaHu95.285),
(SwaTho88.644).

See bound variable, free variable and the discussion after
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Example 4 under variable mathematical object. Related concepts
are constant, parameter and unknown.
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variable clash A substitution of an expression containing a free
variable into an expression that contains and binds the same literal
variable.

Example 1 A student must solve an integral
∫ 9
0 r

3Adr, where
she knows that A is the area of a certain circle. She therefore
rewrites it as

∫ 9
0 r

3πr2 dr; this will give the wrong answer. Citation:
(Mck71.608).
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variate A free identifier, either in the symbolic language or in
English, is variate if it is intended to refer to a variable mathemat-
ical object. A variate identifier, at least in intent, has more than
one interpretation in the universe of discourse. These two points
of view — the identifier names a variable mathematical object and
the identifier has more than one interpretation — are discussed at
length in section (b) under mathematical object.

Example 1 In the assertion, “If the quantity a is positive,
then ax is positive for all real x”, x and a are both variate. In
contrast, in the phrase “the exponential function ax”, a is variate
but x is not an identifier, it is a dummy variable. In this case, in
common usage, x is a variable and a is a parameter.

Example 2 In the passage
“Let G be a group with identity element e.”

“G” and “e” are variate.
Example 3 “Let G be a group and g ∈ G. Suppose the group

G is commutative . . . .” This illustrates the fact that variable
mathematical structures are commonly referred to using definite
noun phrases.

SHOUD THE FOLLOWING BE UNDER SUBSTITUTE???
Remark 1 Although a variate identifier denotes a variable

object, or, if you wish, can be instantiated as any one of (usually)
many possibilities, all uses of a particular identifier refer to the
same object.
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Example 4 “Let S and T be finite sets, and let f : S → T
be a surjective function. Then S has at least as many elements as
T” This statement is a theorem, which means that whenever you
can find a function f : A → B with A and B finite sets, and you
substitute A for S and B for T , then the statement must be true.
Now, S (as well as T ) occurs twice in the statement; the claim in
the preceding sentence requires you to substitute the same set A
for both occurrences of S, and similarly for T . Otherwise you could
easily make the statement false.

The only place in mathematics that I know of in which substi-
tution of different objects is allowed for different occurrences of the
same symbol is in the common notation for context-free grammars,
as for example in [Hopcroft and Ullman, 1979]. A close analysis of
that notation shows that in fact the substitution is going backward
from the way people in that field often write it.

Remark 2 Being determinate or variate is a matter of the
current interpretation; it is not an inherent property of the symbol,
even though some symbols such as π are conventionally determinate
and others such as x are conventionally variate. For example, π is
sometimes used as the name of a projection function.

Remark 3 The distinction between determinate and variate
is not the same as the grammatical distinction between definite
description and indefinite description. See Example 1 under definite
description.
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Remark 4 The distinction between determinate and variate is
not the same as the grammatical distinction between common and
proper nouns. Indeed, all symbolic expressions seem to use syntax
very similar to that of proper nouns. See Remark 2 under symbol.

Remark 5 Note that variate and determinate identifiers are
free by definition. Asking whether a bound variable is variate or
determinate does not in any obvious way make sense. See Remark 2
under bound identifier.

Remark 6 In the passage
“Suppose x is a real variable and 3x+ 1 = 7.”

Then one deduces that x = 2. Its use in that sentence is never-
theless variate. The intent is that it be a variable. The conditions
imposed force it to denote just one number. (It is easy to think
of examples where, unlike this one, it is very difficult to determine
whether the conditions force a unique value.) It is the intent that
matters.

Remark 7 Apparently [ISO, 1982], quoted in [Beccari, 1997],
recommends a practice which in my terminology would be: Use
upright typographic characters for determinate symbols and slanted
typographical characters for variate symbols. This recommendation
was carried out in two research papers I participated in [Bagchi
and Wells, 1997a], [Bagchi and Wells, 1997b]. I have not seen [ISO,
1982].

Terminology The names “determinate” and “variate” are my
own coinages. I felt it important not to use the phrase “variable
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identifier” because it is ambiguous.

Acknowledgments Owen Thomas.
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vector The word vector has (at least) three different useful
mental representations:
• An n-tuple.
• A quantity with length and direction.
• An element of a vector space.

Of course, the third representation includes the other two, but with
some subtleties. For example, to think of an element of an abstract
n-dimensional vector space as a n-tuple requires choosing a basis;
there is in general no canonical choice.

In computer engineering, the word vector is often used to
refer to an n-tuple of any sort of thing, not necessarily elements
of a field, so that the n-tuple may indeed not be a member of a
vector space. I have heard this usage in conversation but have not
found an unequivocal citation for it. Citations: (Bur73.1129),
(Gro34.627), (Oss90.732).
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vinculum See bar.
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walking blindfolded Sometimes a lecturer lists steps in an
argument that will indeed culminate in a valid proof, but the rea-
son for the steps is not apparent to the student. The student may
feel like someone who is walking straight ahead with a blindfold
on: how do you know you won’t bump into a wall or fall off a cliff?
That is walking blindfolded (my name). This is closely related
to the attitude described in section (a) under attitudes.

It is my observation that many students find it difficult or
impossible to follow a proof when they cannot see where it is going.

See also look ahead.
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well-defined Suppose you try to define a function F on a parti-
tion Π of a set A by specifying its value on a class C of Π in terms
of an element x ∈ C (a case of synecdoche). For this to work, one
must have F (x) = F (x′) whenever x is equivalent to x′. In that
case the function F is said to be well-defined. (Of course, it is not
defined at all if it is not well-defined!).

Example 1 Let Z2 be the group of congruence class of inte-
gers mod 2, with the class of n denoted [n]. Define F : Z2 → Z2 by
F [n] = [n2]. Then F is well-defined (in fact, it is the identity func-
tion), because an integer is even if and only if its square is even.
If you say G[n] = the number of primes dividing n, then G would
not be well-defined, since G[2] = [1], G[6] = [2], and [2] = [6] but
[1] �= [2].

Definition on equivalence classes is perhaps the most common
use of “well-defined”, but there are other situations in which it is
used as well.

Example 2 Let P denote the set of all nonempty subsets of
the set of nonnegative integers. Define F : P → Z by: F (A) is
the smallest element of A. Since the nonnegative integers are well-
ordered, F is well-defined. This is a case where there might have
been doubt that the object exists, rather than worry about whether
it is ambiguous.

Example 3 Conway defined a sequence on the positive inte-
gers by a(1) = a(2) = 1 and

a(n) = a(a(n− 1)) + a(n− a(n− 1))
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for n ≥ 3. This is well-defined because one can show by induction
that a(n) < n for n ≥ 3 (otherwise the term a(n − a(n − 1)) could
cause trouble). This example comes from [Mallows, 1991].

See radial concept and literalist.

Variations Many authors omit the hyphen in “well-defined”.
Remark 1 There is a subtlety in Example 3. The observation

that a(n) < n for n ≥ 3 does indeed show that the sequence is
well-defined, but a sequence can sometimes be well-defined even if
the function calls in the definition of the value at n refer to larger
integers than n. An example is the function

F (n) =

{
F
(
F (n+ 11)

)
(n ≤ 100)

n− 10 (n > 100)

Citations: (Axl95.153), (GraLauLei91.589).
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when Often used to mean “if”.
Example 1 “When a function has a derivative, it is necessar-

ily continuous.”
Remark 1 Modern dictionaries [Neufeldt, 1988] record this

meaning of “when”, but the original Oxford English Dictionary
does not.

One occasionally comes across elaborations of this usage, such
as “when and only when”, “exactly when”, “precisely when” and so
on, all apparently meaning “if and only if”.

The usage “if whenever” evidently is motivated by the desire
to avoid two if’s in a row, for example in the sentence, “A relation
α is symmetric if whenever x α y then y α x”.

Citations: (BelBluLewRos66.48), (CulEck85.408), (Gou72.44),
(GraLauLei91.589), (Mic50.86–87), (Pri70.321), (Tit64.321),

(Vau73.25).
References This discussion follows [Bagchi and Wells, 1998a].
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where Where is used in two special ways in the mathematical
register.

To state a postcondition
Example 1 “ Definition An element a of a group is involu-

tive if a2 = e, where e is the identity element of the group.” Here
the statement “where e is the identity element of the group” is a
postcondition.

Citations: (Bar96.626), (MacNisZec93.98), (Ros93.223).
Remark 1 [Krantz, 1997], page 44 and [Steenrod et al., 1975],

page 38, both deprecate this usage.

Acknowledgments Michael Barr for references.

Used to introduce a constraint
Example 2 “A point x where f ′(x) = 0 is a critical point.”

In contrast to the first usage, I have not found citations where
this usage doesn’t carry a connotation of location. Citation:
(Law96.243).
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without loss of generality A proof of an assertion involving
two elements x and y of some mathematical structure S might
ostensibly require consideration of two cases in which x and y
are related in different ways to each other; for example for some
predicate P , P (x, y) or P (y, x) could hold. However, if there is a
symmetry of S that interchanges x and y, one may need to consider
only one case. In that case, the proof may begin with a remark
such as,

“Without loss of generality, we may assume P (x, y).”
Citations: (Bur86.423), (Bau96.3902).
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witness If P (x) is a predicate with just the one variable x, a
particular object c for which P (c) is true is a witness to the fact
that ∃xP (x) is true.

Remark 1 The word “witness” also has several different tech-
nical meanings in particular fields of mathematics.
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WLOG Without loss of generality.
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yes it’s weird Students sometimes express discomfort at exam-
ples that seem arbitrary in some sense.

Example 1 Try using the set {1, 3, 5, 6, 7, 9, 11} in an exam-
ple; you may get some question such as “Why did you put a 6 in
there?”

Example 2 A different sort of example is a heterogenous set
such as the set {3, {2, 3}, ∅}, which has both numbers and sets as
elements.

Example 3 Thom [1992] objects to the use of or between
adjectives when the qualities are heterogenous. Thus for him “Find
all the balls that are red or white” is acceptable, but not “Find all
the balls that are red or large”. He was discussing the use of such
examples with children in school. I have not had a student express
discomfort or confusion at such usage; this may be because they
have been brainwashed/educated (take your pick) by the American
school system.

Remark 1 In teaching abstract mathematics I have adopted
the practice of explicitly recognizing the students’ discomfort in sit-
uations such as in Examples 1 and 2 (“yes, it’s weird”). I generally
say something such as: allowing such constructions is necessary to
do abstract mathematics. As far as I can tell this satisfies nearly
everyone. I have no basis for doing this from the mathematical edu-
cation literature, but it appears to me that the discomfort is real
and may very well contribute to the common attitude expressed by
the phrase “I don’t have a mathematical mind”.
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When a teacher takes the point of view that the student should
have known that such arbitrary constructions were legitimate, or
otherwise engages in put-down behavior, it can only contribute to
the student’s feeling of not being cut out for mathematics.

References needed.
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you don’t know shriek This is the indignant shriek that
begins, “You mean you don’t know . . . !?” (Or “never heard of
. . . ”) This is often directed at young college students who may be
very bright but who simply have not lived long enough to pick up
all the information a middle aged college professor has. I remem-
ber emitting this shriek when I discovered as a young teacher that
about half my freshman calculus students didn’t know what a lathe
is. In my fifties the shriek was emitted at me when two of my col-
leagues discovered that I had never heard of the prestigious private
liberal arts college they sent their offspring to.

This phenomenon should be distinguished from the annoy-
ance expressed at someone who isn’t paying attention to what is
happening or to what someone is saying.

Terminology The name is mine. However, this phenomenon needs
a more insulting name guaranteed to embarrass anyone who thinks
of using it.
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Z

The letter The letter Z is pronounced “zee” in the USA and “zed”
in the United Kingdom and in much of the ex-British Empire.

Remark 1 The specification language Z was invented in
Britain. Some American computer scientists call it “zed” as a
result, although they say “zee” when referring to the letter.

The integers The symbol Z usually denotes the set of all integers.
Some authors use I. Citations: (DavPri90.3).

Remark 2 Some authors strongly object to the use of the
blackboard bold type style exemplified by R and Z.
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zero The number zero is an integer. It is the number of elements
in the empty set. In American college usage it is neither positive
nor negative, but many college students show confusion about this.

The word “zero” is also used for root.
The metaphors involved with zero are discussed in [Lakoff and

Núñez, 2000], pages 64ff.

660



Bibliography
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Makkai, M. and R. Paré (1990), Accessible Categories:
the Foundations of Categorical Model Theory, volume 104
of Contemporary Mathematics. American Mathematical
Society. (374)

Makkai, M. and G. Reyes (1977), First Order Categorical
Logic, volume 611 of Lecture Notes in Mathematics. Springer-
Verlag. (374, 383)

Mallows, C. L. (1991), ‘Conway’s challenge sequence’. Ameri-
can Mathematical Monthly, volume 98, pages 5–20. (650)

Matz, M. (1982), ‘Towards a process model for high school

674



contents wordlist index

algebra errors’. In [Sleeman and Brown, 1982], pages 25–
50. (231)

Maurer, S. B. (1991), ‘Advice for undergraduates on special
aspetcs of writing mathematics’. Primus, volume 1, pages
9–30. (548)

McCarthy, M. (1994), ‘It, this and that’. In [Coulthard, 1994],
pages 266–275. (144)

McCawley, J. D. (1988a), The Syntactic Phenomena of English,
Vol. I. The University of Chicago Press. (590)

McCawley, J. D. (1988b), The Syntactic Phenomena of English,
Vol. II. The University of Chicago Press. (590)

McCawley, J. D. (1993), Everything that Linguists have Always
Wanted to Know about Logic but were Ashamed to Ask. The
University of Chicago Press. (116, 135, 442)

McCleary, S. H. (1985), ‘Free lattice-ordered groups repre-
sented as o-2 transitive l-permutation groups’. Transactions
of the American Mathematical Society, volume 290, pages
69–79. (221)

Meel, D. E. (1998), ‘Honors students’ calculus understandings:
Comparing Calculus&Mathematica and traditional calculus
students’. In [Schoenfeld, Kaput and Dubinsky, 1998], pages
163–215. (394)

Mendelson, E. (1987), Introduction to Mathematical Logic.
Wadsworth and Brooks/Cole. (248, 377)

Michener, E. (1978), ‘Understanding understanding mathemat-
ics’. Cognitive Science, volume 2, pages 361–383. (221)

675



contents wordlist index

Muskens, R., J. van Benthem, and A. Visser (1997),
‘Dynamics’. In [van Benthem and ter Meulen, 1997], pages
587–648. (127)

Nardi, E. (1998), ‘The novice mathematician’s encounter with
formal mathematical reasoning’. Teaching and Learning
Undergraduate Mathematics: Newsletter, volume 9. Available
by web browser from URL: http://w3.bham.ac.uk/ctimath/
talum/newsletter/talum9.htm. (497)

Neidinger, R. D. and R. J. Annen III (1996), ‘The road to
chaos is filled with polynomial curves’. American Mathemati-
cal Monthly, volume 103, pages 640–653. (466, 626)

Nesher, P. and J. Kilpatrick, editors (1990), Mathematics
and Cognition. ICMI Study Series. Cambridge University
Press. (64, 672)

Neufeldt, V., editor (1988), Webster’s New World Dictionary,
Third College Edition. Simon and Schuster. (651)

Norman, A. (1992), ‘Teachers’ mathematical knowledge of the
concept of function’. In [Harel and Dubinsky, 1992], pages
215–232. (257, 261)
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Dieudonné (1975), How to Write Mathematics. American
Mathematical Society. (125, 244, 275, 278, 285, 386, 387,
652)

Tall, D., editor (1992a), Advanced Mathematical Thinking, vol-
ume 11 of Mathematics Education Library. Kluwer Academic

681



contents wordlist index

Publishers. (269, 394, 664, 665, 666, 669, 669, 682, 682, 683)
Tall, D. (1992b), ‘The psychology of advanced mathematical

thinking’. In [Tall, 1992a], pages 3–21. (269, 393, 394)
Tall, D. (1992c), ‘Reflections’. In [Tall, 1992a], pages 251–

259. (581)
Tall, D. and S. Vinner (1981), ‘Concept image and concept

definition in mathematics with particular reference to limits
and continuity’. Educational Studies in Mathematics, volume
22, pages 125–147. (98, 165, 394, 504)

Thom, R. (1992), ‘Leaving mathematics for philosophy’. In
[Casacuberta and Castellet, 1992], pages 1–12. (656)

Thompson, P. W. (1985), ‘Experience, problem-solving, and
learning mathematics: Considerations in developing mathe-
matical curricula’. In [Silver, 1985], pages 189–236. (11)

Thompson, P. W. (1994), ‘Students, functions and the under-
graduate curriculum’. In [Dubinsky, Schoenfeld and Kaput,
1994], pages 21–44. (41, 257, 261, 523)

Thurston, W. P. (1990), ‘Mathematical education’. Notices
of the American Mathematical Society, volume 7, pages 844–
850. (513)

Todd, J., editor (1962), Survey of Numerical Analysis.
McGraw-Hill. (Bibliography)

Vallance, E. (1977), ‘Hiding the hidden curriculum: An inter-
pretation of the language of justification in nineteenth-century
educational reform’. In [Bellack and Kliebard, 1977], pages
590–607. (148)

682



contents wordlist index

van Benthem, J. and A. ter Meulen (1997), Handbook of
Logic and Language. The MIT Press. (671, 674, 676, 683)

van Dalen, D. (1989), Logic and Structure. Springer-Ver-
lag. (248, 377)

van Eijck, J. and H. Kamp (1997), ‘Representing discourse
in context’. In [van Benthem and ter Meulen, 1997], pages
179–239. (181)

Vaught, R. L. (1973), ‘Some aspects of the theory of mod-
els’. American Mathematical Monthly, volume 80, pages
3–37. (194)

Vinner, S. (1992), ‘The role of definitions in the teaching and
learning of mathematics’. In [Tall, 1992a], pages 65–81. (105,
165)

Vinner, S. and T. Dreyfus (1989), ‘Images and definitions for
the notion of function’. Journal for Research in Mathematics
Education, volume 20, pages 356–366. (98, 165, 261, 523)

Weil, A. (1992), The Apprenticeship of a Mathematician.
Birkhaeuser Verlag. Translated from the French by Jennifer
Gage. (199)

Wells, C. (1995), ‘Communicating mathematics: Useful ideas
from computer science’. American Mathematical Monthly,
volume 102, pages 397–408. Also available by web browser
from URL: http://www.cwru.edu/artsci/math/wells/pub/
papers.html. (3, 108, 222, 260, 394, 413, 539, 545, 553, 613,
615)

Wells, C. (1997), ‘Discrete mathematics’. Class notes, Case

683



contents wordlist index

Western Reserve University. (44, 142, 545)
Wheatley, G. H. (1997), ‘Reasoning with images in mathemati-

cal activity’. In [English, 1997], pages 281–298. Reviewed in
[Dubinsky, 1999]. (394)

Wolfram, S. (1997), The Mathematica Book. Wolfram
Media. (583)

Wood, L. (1999), ‘Teaching definitions in undergraduate math-
ematics’. Available by web browser from http://www.bham.
ac.uk/ctimath/talum/newsletter/talum10.htm. (165)

Wood, L. and G. Perrett (1997), Advanced Mathematical
Discourse. University of Technology, Sydney. (225, 626)

Zazkis, R. (2002), ‘Language of number theory: Metaphor and
rigor’. In [Campbell and Zazkis, 2002], pages 83–96.

Zulli, L. (1996), ‘Charting the 3-sphere—an exposition for under-
graduates’. American Mathematical Monthly, volume 103,
pages 221–229. (467)

684



Citations

Links are given to every location where the text is cited.
A B C D E F G H I J K L M N O P Q R S T U V W
X Y Z

685



contents wordlist index

A

1. (549) Abate, M. (1997), ‘When is a linear operator
diagonalizable?’. American Mathematical Monthly, volume 104,
pages 824–830.

[p. 827. Lines 5–7.]
Let c = (c0, . . . , cs) ∈ rs+1 be a finite sequence of real num-

bers. If c0 . . . cs �= 0, the number of variations in sign of c is the
number of indices 1 ≤ j ≤ s such that cj−1cj < 0 (that is, such that
cj−1 and cj have opposite signs.)

2. (474) Adem, A. (1997), ‘Recent developments in the
cohomology of finite groups’. Notices of the American Mathemati-
cal Society, volume , pages 806–812.

[p. 806. Lines 20–22, second column.]
Now taking generators for IG as a ZG-module, we can map a

free ZG-module of finite rank onto IG.

3. (391) Adler, A. and S.-Y. R. Li (1977), ‘Magic cubes
and Prouhet sequences’. American Mathematical Monthly, volume
84, pages 618–627.

[p. 619. Lines 12–13.]
Definitions. By an N -cube of order T , we mean an N -

dimensional array of TN N -dimensional boxes.

686



contents wordlist index

4. (431, 639) Aigner, M. (1995), ‘Turán’s graph theorem’.
American Mathematical Monthly, volume 102, pages 808–816.

[p. 813. Lines 12–13.]
Now, we associate to each i ∈ V a variable xi (over R) and

consider the function f(x1, . . . , xn) = 2
∑

ij∈E xixj .

5. (244, 604) Akin, E. and M. Davis (1985), ‘Bulgarian
solitaire’. American Mathematical Monthly, volume 92, pages
237–250.

[p. 243. Line 3.]
We have already proved (a) and the formal proof of (b) is very

similar.

6. (321) Aldous, D. (1994), ‘Triangulating the circle, at
random’. American Mathematical Monthly, volume 101, pages
223–233.

[p. 232. Lines 4–2 from bottom.]
How do you actually draw a 2000-edge tree . . . which “looks

right”, and what metric space do such trees inhabit?

687



contents wordlist index

7. (43, 335, 623) Aldous, D. and P. Diaconis (1986),
‘Shuffling cards and stopping times’. American Mathematical
Monthly, volume 93, pages 333–348.

[p. 333. Lines 3–2 above Figure 1.]
By an inductive argument, all (n − 1)! arrangements of the

lower cards are equally likely.

8. (547, 566, 593) Alfred, U. (1964), ‘Consecutive integers
whose sum of squares is a perfect square’. Mathematics Magazine,
volume 37, pages 19–32.

[p. 19. Lines 11–8.]
Substituting into the above formula, we obtain

5x2 + 20x+ 30 = z2.

Since 5 is a factor of all terms on the left, it must be a factor of z.

9. (52, 76, 474, 534) Alperin, J. L., R. Brauer, and
D. Gorenstein (1970), ‘Finite groups with quasi-dihedral and
wreathed Sylow 2-subgroups’. Transactions of the American Math-
ematical Society, volume 151, pages 1–261.

[p. 16. Proposition 3 and lines 6 and 11–12 of the proof.]
Proposition 3. If G is a QD-group with quasi-dihedral Sylow

2-subgroups whose unique nonsolvable composition factor satisfies
the First Main Theorem, then for any involution x of G and any
Sylow 2-subgroup of S of C(x), we have [O(C(x))] ⊆ O(G). . . .
Let L be the simple normal QD-subgroup of G. . . . Clearly L ∩
O(N) = L ∩ O(C(x)) ⊆ O(Cl(x)). But by assumption L satisfies

688



contents wordlist index

the conclusion of the First Main Theorem . . .

689



contents wordlist index

10. (410, 569) Anderson, B. (1993), ‘Polynomial root drag-
ging’. American Mathematical Monthly, volume 100, pages 864–
866.

[p. 864. Lines 8–3 from bottom.]
Let p(x) be a polynomial of degree n with all real distinct

roots x1 < x2 < · · · < xn. Suppose we “drag to the right” some or
all of these roots. I.e. we construct a new nth degree polynomial q
with all real distinct roots x′

1 < x′
2 < · · · < x′

n such that x′
i > xi for

all integers i between 1 and n. The derivatives of p and q, which
of course are polynomials of degree n − 1, must also have all real
distinct roots from Rolle’s theorem.

11. (545) Antman, S. S. (1980), ‘The equations for large
vibrations of strings’. American Mathematical Monthly, volume
87, pages 359–370.

[p. 364. Formula 3.10..]
Let us set

η(x, t) = φ(x)ψ(t)e

690



contents wordlist index

12. (349, 456, 490, 604) Anton, H. (1984), Elementary
Linear Algebra, Fourth Edition. John Wiley and Sons.

[p. 121. Lines 10–13.]
Proof. By hypothesis, the coefficients a, b, and c are not all

zero. Assume, for the moment, that a �= 0. Then the equation
ax+ by + cz + d = 0 can be rewritten as a(x+ (d/a)) + by + cz = 0.
But this is a point-normal form of the plane passing through the
point (−d/a, 0, 0) and having n = (a, b, c) as a normal.

13. (500) Apostol, T. M. (1969), Calculus, Volume II,
Second Edition. Blaisdell Publishing Company.

[p. 93. Lines 1–8.]
Using Theorem 3.9 we express det A in terms of its kth-row

cofactors by the formula

(3.30) detA =
n∑

j=1

akj cof akj

Keep k fixed and apply this relation to a new matrix B whose
ith row is equal to the kth row of A for some i �= k, and whose
remaining rows are the same as those of A. Then detB = 0 because
the ith and kth rows of B are equal. Expressing det B in terms of
its ith-row cofactors we have

(3.31) detB =
n∑

i=1

bij cof bij = 0.

691



contents wordlist index

14. (162, 281) Applebaum, C. H. (1971), ‘ω-
homomorphisms and ω-groups’. Journal of Symbolic Logic, volume
36, pages 55–65.

[p. 56. Lines 9–8 from the bottom.]
Definition. The ω-group G1 is ω-homomorphic to the ω-

group G2 [written: G − 1 ≥ω G2] if there is at least one ω-
homomorphism from G1 onto G2.

15. (45) Arbib, M. A. and E. G. Manes (1974), ‘Machines
in a category: An expository introduction’. SIAM Review, volume
16, pages 163–192.

[p. 169. Lines 1–4.]
A group may be thought of as a set with 3 operators, a binary

operation labeled · (we say the label · has arity 2 since · labels a 2-
ary operator); a unary operation labeled 1 (which has arity 1), and
a constant labeled e (we say e has arity 0, and refer to constants as
nullary operators).

16. (237, 321, 431) Arveson, W. (1974), ‘Operator algebras
and invariant subspaces’. The Annals of Mathematics, 2nd Ser.,
volume 100, pages 433–532.

[p. 464. Lines 6–5 from bottom.]
Now by the preceding paragraph we can find an m-null set

M ⊆ X such that, for all x ∈M , |µX | lives in Gx.

692



contents wordlist index

17. (453, 604) Atkinson, M. P., L. Daynes, M. J. Jordan,
T. Printezis, and S. Spence (1996), ‘An orthogonally persistent
Java’. ACM SIGMOD Record, volume 25, pages 68–75.

[p. Abstract. Third through fifth sentences.]
Here we report on a particular approach to providing such

facilities, called “orthogonal persistence”. Persistence allows data to
have lifetimes that vary from transient to (the best approximation
we can achieve to) indefinite. It is orthogonal persistence if the
available lifetimes are the same for all kinds of data.

18. (187, 624) Axler, S. (1995), ‘Down with determinants!’.
American Mathematical Monthly, volume 102, pages 139–154.

[p. 142. Proposition 3.4.]
The generalized eigenvectors of T span V .

19. (474, 587, 650) Axler, S. (1995), ‘Down with deter-
minants!’. American Mathematical Monthly, volume 102, pages
139–154.

[p. 153. Lines 8–7 from bottom.]
Thus the function A defined on ran

√
S∗S by A(

√
S∗Su) = Su

is well defined and is a linear isometry from ran
√
S∗S onto ranS.

693



contents wordlist index

B

20. (162) Baer, R. (1955), ‘Supersoluble groups’. Pro-
ceedings of the American Mathematical Society, volume 6, pages
16–32.

[p. 16. Lines 18–19.]
Definition. The group G is supersoluble if every homomor-

phic image H �= 1 of G contains a cyclic normal subgroup different
from 1.

21. (277) Baker, H. H., A. K. Dewdney, and A. L. Szi-
lard (1974), ‘Generating the nine-point graphs’. Mathematics of
Computation, volume 28, pages 833–838.

[p. 835. Lines 4–3 above Figure 2.]
In Fig. 2(a) below, a nine-point graph is shown.

22. (32, 600, 623) Balinski, M. L. and H. P. Young
(1977), ‘Apportionment schemes and the quota method’. Ameri-
can Mathematical Monthly, volume 84, pages 450.

[p. 451. Theorem 1.]
An apportionment method M is house-monotone and consis-

tent if and only if it is a Huntington method.

694



contents wordlist index

23. (121, 317, 569) Banuelos, R. and C. N. Moore (1989),
‘Sharp estimates for the nontangential maximal function and the
Lusin area function in Lipschitz domains’. Transactions of the
American Mathematical Society, volume 312, pages 641–662.

[p. 641. Lines 11–8.]
We call φ : Rn → R a Lipschitz function if there exists a

constant M such that |φ(x)− φ(y)| ≤ M |x− y| for all x, y ∈ Rn.
The smallest such M for which this inequality remains valid for all
x and y will be called the Lipschitz constant of φ.

24. (363) Barnes, C. W. (1984), ‘Euler’s constant and e’.
American Mathematical Monthly, volume 91, pages 428–430.

[p. 429. Lines 10–11.]
We follow the customary approach in elementary calculus

courses by using the definition ln(x) =
∫ x
1 t−1 dt.

25. (189, 279, 652) Bartle, R. C. (1996), ‘Return to the
Riemann integral’. American Mathematical Monthly, volume 103,
pages 625–632.

[p. 626. Lines 17–19 and 36.]
Usually the partition is ordered and the intervals are specified

by their end points; thus Ii := [xi−1, xi], where
a = x0 < x1 < · · · < xi−1 < xi < · · · < xn = b.

. . . A strictly positive function δ on I is called a gauge on I.

695



contents wordlist index

26. (61, 328, 474) Bartle, R. C. (1996), ‘Return to the
Riemann integral’. American Mathematical Monthly, volume 103,
pages 625–632.

[p. 627. Lines 23–24.]
(3.2) If h : [0, 1]→ R is Dirichlet’s function ( = the character-

istic function of the rational numbers in [0, 1]), then h ∈ R∗([0, 1])
and

∫ 1
0 h = 0.

27. (95, 257, 288, 291, 305, 466, 543, 564, 571, 599, 600, 623)
Bartle, R. C. (1996), ‘Return to the Riemann integral’. American
Mathematical Monthly, volume 103, pages 625–632.

[p. 631. Lines 3–6, 13–14, 19.]
(8.2) Dominated Convergence Theorem. Let (fn) be a

sequence in R∗([a, b]), let g, h ∈ R∗([a, b]) be such that

g(x) ≤ fn(x) ≤ h(x) for all x ∈ [a, b],
and let f(x) = limn fn(x) ∈ R for all x ∈ [a, b]. Then f ∈ R∗([a, b])
and (8a) holds.

. . . As usual, we define a null set in I := [a, b] to be a set that
can be covered by a countable union of intervals with arbitrarily
small total length.

. . . Every f ∈ R∗(I) is measurable on I.

696



contents wordlist index

28. (79, 506) Bass, H. and R. Kulkarni (1990), ‘Uniform
tree lattices’. Journal of the American Mathematical Society,
volume 3, pages 843–902.

[p. 845. Lines 22–23.]
We put i(e) = [A∂0e : αeAe] and call (A, i) = I(A) the

corresponding edge-indexed graph.

29. (603) Bateman, P. T. and H. G. Diamond (1996),
‘A hundred years as prime numbers’. American Mathematical
Monthly, volume 103, pages 729–741.

[p. 729. Lines 3–6.]
The theorem is an asymptotic formula for the counting func-

tions of primes π(x) : = # {p ≤ x : p prime} asserting that
π(x) ∼ x/(log x)

The twiddle notation is shorthand for the statement
limx→∞ π(x)/ {x/log x} = 1.

30. (11) Bateman, P. T. and H. G. Diamond (1996),
‘A hundred years as prime numbers’. American Mathematical
Monthly, volume 103, pages 729–741.

[p. 738. Lines 12–10 from bottom.]
In 1937 A. Beurling introduced an abstraction of prime num-

ber theory in which multiplicative structure was preserved but the
additive structure of integers was dropped.
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31. (481) Bauer, F. L. (1977), ‘Angstl’s mechanism for
checking wellformedness of parenthesis-free formulae’. Mathematics
of Computation, volume 31, pages 318–320.

[p. 318. Just below the first figure.]
The formula in parenthesis-free (polish) form [2] is now written

over the fixed bars . . .

32. (256, 439, 464) Bauer, H. (1978), ‘Approximation and
abstract boundaries’. American Mathematical Monthly, volume
85, pages 632–647.

[p. 644. Lines 4–2 above the figure.]
We obtain

Φ(X) =
{(
x, u(x)

) | x ∈ [a, b]
}

which is the graph of the function u.

33. (604, 653) Baudisch, A. (1996), ‘A new uncountably
categorical group’. Transactions of the American Mathematical
Society, volume 348, pages 3889–3940.

[p. 3902. Lines 20–24.]
Therefore we can assume w.l.o.g. that ri

s1t1 = 0 for 2 ≤ i ≤ l.
Using the linear independence of Φ1, . . . ,Φl over ∧2A we iterate
this procedure. Therefore we can assume w.l.o.g. that there are
pairwise distinct pairs (si, ti) such that ri

s1t1 �= 0 and rj
siti

= 0 for
i �= j.
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34. (133) Baveye, P. and G. Sposito (1984), ‘The oper-
ational significance of the continuum hypothesis in the theory of
water movement through soils and aquifers’. Water Resources
Research, volume 20, pages 521–530.

[p. 521. Title.]
The operational significance of the continuum hypothesis in

the theory of water movement through soils and aquifers

35. (296, 464, 464, 604) Beardon, A. F. (1996), ‘Sums of
powers of integers’. American Mathematical Monthly, volume 103,
pages 201–213.

[p. 201. Lines 1–2.]
Our starting point is the well known identity

13 + 23 + · · ·+ n3 = (1 + 2 + · · ·+ n)2

36. (296, 609) Beesack, P. R. (1971), ‘Integral inequalities
involving a function and its derivative’. American Mathematical
Monthly, volume 78, pages 705–741.

[p. 705. Lines 12–14.]
In fact it turns out that any nontrivial admissible F2 (that is,

F2 ∈ C1 [0, 1] with F2(0) = F2(1) = 0 but F2(x) �≡ 0) satisfies the
second of the above inequalities.
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37. (629) Beeson, M. J. (1975), ‘The nonderivability in
intuitionistic formal systems of theorems on the continuity of effec-
tive operations’. Journal of Symbolic Logic, volume 40, pages
321–346.

[p. 332. Lines 3–1 from bottom.]
The idea of the proof is to unwind the proof of MS1 given in

§1.3 into a direct diagonal construction, and modify that construc-
tion so as to obtain the extra information needed to realize the
conclusion from the realizing functionals of the hypothesis.

38. (220) Beeson, M. (1976), ‘The unprovability in intu-
itionistic formal systems of the continuity of effective operations on
the reals’. Journal of Symbolic Logic, volume 41, pages 18–24.

[p. 19. Lines 8–10.]
It is quite simple to reduce the problem to showing the exis-

tence of a certain “pathological” function defined (not necessarily
on all reals but) on indices provable in R.

39. (161, 162, 291) Bellamy, D. P. (1975), ‘Weak chainabil-
ity of pseudocones’. Proceedings of the American Mathematical
Society, volume 48, pages 476–478.

[p. 476. Lines 1–4.]
A continuum is a compact metric space. I = [0, 1]; A = (0, 1];

S is the unit circle in the complex numbers. If X is a continuum, a
pseudocone over X is a compactification of A with remainder X.
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40. (193, 240, 651) Bell, H., J. R. Blum, J. V. Lewis,
and J. Rosenblatt (1966), Modern University Calculus with
Coordinate Geometry. Holden-Day, Inc.

[p. 48. Proof.]
Proof. Let N be the set of those positive integers which satisfy

the following conditions:
(a) 1 is a member of N ,
(b) whenever x is a member of N , then x ≥ 1.
We need to show that N is precisely the set of all positive integers
to prove our result.

41. (189, 305, 509, 635) Belna, C. L., M. J. Evans, and
P. D. Humke (1979), ‘Symmetric and strong differentiation’.
American Mathematical Monthly, volume 86, pages 121–123.

[p. 121. Line 1.]
Throughout we let f denote a real valued function defined on

the real line R.
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42. (205, 351, 627, 637, 638) Bender, E. A. (1987), ‘The
number of three-dimensional convex polyhedra’. American Mathe-
matical Monthly, volume 94, pages 7–21.

[p. 14. Lines 7–14.]
Complete the square in (3.2) to obtain an equation of the form

(F + stuff)2 = G (x, y, z, F1) . (3.3)
Let z = Z(x, y) stand for the value of z for which the left side of
(3.3) vanishes. Since the left side of (3.3) is a square, its derivative
with respect to z also vanishes at Z. Applying this to the right side
of (3.3) we obtain the two equations

G(x, y, Z, F1) = 0 and Gz(x, y, Z, F1) = 0
in the two unknowns Z and F1. These are rational equations, and
they can be “solved” for F1.

43. (75, 413) Bendersky, M. and D. M. Davis (1994), ‘3-
primary v1-periodic homotopy groups of F4 and E6’. Transactions
of the American Mathematical Society, volume 344, pages 291–306.

[p. 295. Lines 5–4 from bottom.]
The Toda bracket 〈−, 3, α1〉 is essentially multiplication by v1,

which acts nontrivially from v4i+2S
23 to v4i+6S

23.

702



contents wordlist index

44. (257, 263, 344, 604, 634) Bezem, M. (1989), ‘Compact
and majorizable functionals of finite type’. Journal of Symbolic
Logic, volume 54, pages 271–280.

[p. 271. Lines 8–6 from bottom.]
We shall occasionally use lambda-notation to specify function-

als, ie λX.— specifies a functional F such that FX = — for all
X.
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45. (346, 349, 624) Bhatia, R. and P. S̆emrl (1997),
‘Approximate isometries on Euclidean spaces’. American Math-
ematical Monthly, volume 104, pages 497–504.

[p. 502. Lemma 3.]
Lemma 3. Let f and g be as in Lemma 2, and let u ∈ En

be a unit vector. Then for every x ∈ En orthogonal to u we have
|〈f(x), g(u)〉| ≤ 3ε.

46. (449) Bhatia, R. and P. S̆emrl (1997), ‘Approximate
isometries on Euclidean spaces’. American Mathematical Monthly,
volume 104, pages 497–504.

[p. 503. Line 9 from bottom.]
Since f is an ε-isometry, we have

m− ε < ‖f(x+my)− f(x)‖ < m+ ε,

or equivalently,
m− ε < ‖(m− a+ bm)y + um‖ < m+ ε.

47. (110, 279) Bieri, R. and J. R. J. Groves (1986), ‘A
rigidity property for the set of all characters induced by valuations’.
Transactions of the American Mathematical Society, volume 294,
pages 425–434.

[p. 425. Abstract.]
We prove that ∆(G) satisfies a certain rigidity property and

apply this to give a new and conceptual proof of the Brewster-
Roseblade result [4] on the group of automorphisms stabilizing
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G.
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48. (463) Bivens, I. and A. Simoson (1998), ‘Beholding
a rotating beacon’. Mathematics Magazine, volume 71, pages
83–104.

[p. 93. Lines 12–8 from bottom.]
The singular solution of Clairaut’s equation is the envelope of

this family of lines and can be parametrized by the pair of equa-
tions x = −f ′(t) and y = −tf ′(t) + f(t). On the other hand, we
could consider a one-parameter family F of lines y = f(b)x + b in
which the parameter is the y-intercept of each line.

49. (279, 279, 300, 458) Billingsley, P. (1973), ‘Prime num-
bers and Brownian motion’. American Mathematical Monthly,
volume 80, pages 1099–1115.

[p. 1107. Lines 3–2 from bottom.]
For an illustration of this theorem, suppose the A in (10) is the

set [x : α ≤ x(1) ≤ β] of paths in C0[0, 1] that over the point t = 1
have a height between α and β.

50. (345) Birkhoff, G. D. (1908), ‘Boundary value and
expansion problems of ordinary linear differential equations’.
Transactions of the American Mathematical Society, volume 9,
pages 373–395.

[p. 389. Lines 10–12.]
In both (46) and (47) it is to be noted that the Σ-terms are

not important except at x = a and x = b, since the real parts of the
exponential terms are large and negative for l large and a < x < b.

706



contents wordlist index

51. (237) Birman, J. S. (1993), ‘New points of view in knot
theory’. Bulletin of the American Mathematical Society (N.S.),
volume 28, pages 253–287.

[p. 279. Lines 23–24.]
Using Lemma 2, we find a closed braid representative Kβ of

BK, β ∈ Bn.

52. (350) Bivens, I. and A. Simoson (1998), ‘Beholding
a rotating beacon’. Mathematics Magazine, volume 71, pages
83–104.

[p. 96. Lines 12–13 and 15.]
Theorem 4. Let S denote the boundary point of the ordinary

set. Then S is either on the screen or on the envelope of the family
of separation lines.

Proof. . . . Suppose S is a boundary point of the set of ordinary
points that does not belong to the screen.

53. (140, 440, 624) Blass, A. (1979), ‘Natural endomorph-
isms of Burnside rings’. Transactions of the American Mathemati-
cal Society, volume 253, pages 121–137.

[p. 122. Lines 19–20.]
For any two G-sets X and Y , there are obvious actions of G

on the disjoint union X + Y and (componentwise) on the product
X × Y .
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54. (161, 164, 327) Blecksmith, R., M. McCallum, and
J. L. Selfridge (1998), ‘3-smooth representations of integers’.
American Mathematical Monthly, volume , pages 529–543.

[p. 529. Lines 6–7 of Introduction.]
A 3-smooth number is a positive integer whose prime divisors

are only 2 or 3.

55. (145, 145, 350, 466) Blecksmith, R., M. McCallum,
and J. L. Selfridge (1998), ‘3-smooth representations of inte-
gers’. American Mathematical Monthly, volume , pages 529–543.

[p. 535. Lines 10–9 from bottom.]
Corollary. Assume that n > 1 is prime to 6. Then n has a

unique representation if and only if the 2-rep and the 3-rep of n
agree.

56. (248, 604) Bogart, K. P. (1989), ‘A fresh(man) treat-
ment of determinants’. American Mathematical Monthly, volume
96, pages 915–920.

[p. 915. Lines 10–8 from bottom.]
In order to give a quick treatment for the n by n case, it is

tempting to give a known formula for the determinant, such as the
permutation or the column expansion formula, . . .
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57. (360) Bolis, T. S. (1980), ‘Degenerate critical points’.
Mathematics Magazine, volume 53, pages 294–299.

[p. 294. Lines 4–9.]
The basic tool for determining the local behavior of a function

at a point of its domain is Taylor’s theorem. The problem whose
solution we pursue is the following: Given a point a in the domain
of a sufficiently smooth function f , what is the least degree of a
Taylor polynomial of f at a that adequately describes the local
behavior of f at a?

58. (146, 604, 623) Borwein, D., J. M. Borwein, P. B.
Borwein, and R. Girgensohn (1996), ‘Giuga’s conjecture on
primality’. American Mathematical Monthly, volume 103, pages
40–50.

[p. 41. Lines 4–2.]
So, for example, no Carmichael number has the prime factors 3

and 7 at the same time. This property was used by Giuga to prove
computationally that each counterexample has at least 1000 digits.

59. (78, 103, 360) Borwein, J. M., P. B. Borwein, and
D. H. Bailey (1989), ‘Ramanujan, modular equations, and
approximations to pi or how to compute one billion digits of pi’.
American Mathematical Monthly, volume 96, pages 201–129.

[p. 204. Lines 12–15.]
In part we perhaps settle for computing digits of π because

there is little else we can currently do. We would be amiss, how-
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ever, if we did not emphasize that the extended precision calcu-
lation of pi has substantial application as a test of the ”global
integrity ” of a supercomputer.
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60. (604, 638) Boudreau, P. E., J. J. S. Griffin, and
M. Kac (1962), ‘An elementary queueing problem’. American
Mathematical Monthly, volume 69, pages 713–724.

[p. 717. Lines 19–21.]
But the analyticity of G(z, w) requires that the numerator of

the fraction vanish whenever the denominator does.

61. (257, 299, 531) Bredon, G. E. (1971), ‘Counterexamples
on the rank of a manifold’. Proceedings of the American Mathe-
matical Society, volume 27, pages 592–594.

[p. 592. Lines 3–5.]
The Poincaré polynomial of M is PM (t) =

∑
bit

i where bi is
the ith Betti number of M . Thus rank M ≥ 1 iff −1 is a root of
PM (t).

62. (609) Bridges, D. S. (1977), ‘A constructive look at
orthonormal bases in Hilbert space’. American Mathematical
Monthly, volume 84, pages 189–191.

[p. 189. End of second paragraph.]
We also consider the trivial space {0} to be of finite dimension

0.
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63. (90, 360, 575) Britt, J. (1985), ‘The anatomy of low
dimensional stable singularities’. American Mathematical Monthly,
volume 92, pages 183–201.

[p. 184. Lines 7–9.]
The mapping behaves very differently at singular points from

the way it does at regular ones, where locally it behaves as if it
were a mapping onto its codomain.

64. (61, 74, 192, 239, 546, 619, 623) Brickman, L. (1993),
‘The symmetry principle for Möbius transformations’. American
Mathematical Monthly, volume 100, pages 781–782.

[p. 782. Lemma 2.]
Lemma 2.For each circle or extended line E, there is a unique

T̄ ∈ M̄ such that

E = {z ∈ Ĉ : T̄ (z) = z}.
(E is exactly the set of fixed points of T̄ .) This T̄ is an involution
of Ĉ; that is, T̄ ◦ T̄ is the identity.

65. (208, 317) Brillhart, J. and P. Morton (1996), ‘A
case study in mathematical research: The Golay-Rudin-Shapiro
sequence’. American Mathematical Monthly, volume 103, pages
854–869.

[p. 863. Last four lines.]
We get the inequality we want as long as√

6n+ 2k+1
√
n+ 22k+1

<
√

6,

712



contents wordlist index

i.e., as long as
√

6n+ 2k+1 <
√

6n+ 3 · 22k+2. The latter inequality
is equivalent to n < 22k+1/3, which is true in the interval we’re
considering (n ≤Mk−1).
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66. (140, 206, 291, 616) Brink, C. and J. Pretorius (1992),
‘Boolean circulants, groups, and relation algebras’. American
Mathematical Monthly, volume 99, pages 146–152.

[p. 146. Lines 18–22.]
Let Bn be the algebra which has as the base set all n-square

Boolean matrices and is endowed with the componentwise Boolean
operations of complementation ′, meet · and join + (under which
it forms a Boolean algebra) as well as the matrix operations of
transposition and multiplication ; , and the identity matrix I.

67. (113, 188, 349, 600) Bruce, J. W. (1993), ‘A really
trivial proof of the Lucas-Lehmer test’. American Mathematical
Monthly, volume 100, pages 370–371.

[p. 370. Theorem 1.]
Theorem 1 (LUCAS-LEHMER). Let p be a prime number.

Then Mp = 2p − 1 is a prime if Mp divides Sp−1.

68. (240, 300, 474) Bruckner, A. M., J. Marik, and C. E.
Weil (1002), ‘Some aspects of products of derivatives’. American
Mathematical Monthly, volume 99, pages 134–145.

[p. 140. Lines 2–3.]
As an illustration of this theorem let us consider a function u

with the following properties . . .
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69. (53, 624) Bryant, V. (1993), Aspects of Combinatorics.
Cambridge University Press.

[p. 62. Lines 10–18.]
Theorem For any integer n > 1 there exist at most n − 1

mutually orthogonal n× n Latin squares.

70. (447, 604) Buckholtz, D. (1997), ‘Inverting the dif-
ference of Hilbert space projections’. American Mathematical
Monthly, volume 104, pages 60–61.

[p. 60. Lines 1–3.]
Let R and K be subspaces of a Hilbert space H, and let PR

and PK denote the orthogonal projections of H onto these sub-
spaces. When is the operator PR − PK invertible? . . .

71. (113, 114) Buhler, J., D. Eisenbud, R. Graham, and
C. Wright (1994), ‘Juggling drops and descents’. American
Mathematical Monthly, volume 101, pages 507–519.

[p. 513. Lines 8–9.]
Which finite sequences correspond to juggling patterns? Cer-

tainly a necessary condition is that the average must be an integer.
However this isn’t sufficient.
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72. (237) Bumby, R. T., F. Kochman, and D. B. West,
editors (1993a), ‘Problems and solutions’. American Mathemati-
cal Monthly, volume 100, pages 796–809.

[p. 796. Problem 10331.]
Find all positive integers n such that n! is multiply perfect;

i.e., a divisor of the sum of its positive divisors.

73. (70, 406, 448, 571) Bumby, R. T., F. Kochman, and
D. B. West, editors (1993b), ‘Problems and solutions’. Ameri-
can Mathematical Monthly, volume 100, pages 498–505.

[p. 499. Problem 10311.]
It is well-known that if g is a primitive root modulo p, where

p > 2 is prime, either g or g+p (or both) is a primitive root modulo
p2 (indeed modulo pk for all k ≥ 1.)

74. (188, 646) Burrow, M. D. (1973), ‘The minimal polyno-
mial of a linear transformation’. American Mathematical Monthly,
volume 80, pages 1129–1131.

[p. 1129. Lines 4–6.]
It seems that none of the textbooks on linear algebra gives

a direct proof of the fact that the minimal polynomial m(x) of
a linear transformation T is of degree less than or equal to the
dimension of the vector space V on which T acts. The usual proof
depends on the fact that m(x) divides the characteristic polynomial
f(x), the degree of which equals the dimension of V , and for this
one needs the Cayley-Hamilton Theorem.
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75. (21, 237, 653) Burgstahler, S. (1986), ‘An algorithm for
solving polynomial equations’. American Mathematical Monthly,
volume 93, pages 421–430.

[p. 423. Lines 7–11.]
The new algorithm can now be described. To approximate

roots of P (x) = 0 (which, without loss of generality, is assumed not
to have a root at x = 0):

Step 1: If the desired root is known to be near the origin, solve
P (1/z) = 0 for z = 1/x.

Step 2: Determine a preliminary root estimate R �= 0.
Step 3: Use R and formula (6) to find xi and replace R by this

number.
Step 4: If R is unsatisfactory as a root estimate, repeat step 3.

(Or repeat step 1 if |R| � 1.)

76. (272, 327, 524, 619, 637) Burton, D. M. (1994), Elemen-
tary Number Theory, Third Edition. Wm C. Brown Publishers.

[p. 17. Theorem 2–1.]
Theorem 2–1 (Division Algorithm) Given integers a and b with

b > 0, there exist unique integers q and r satisfying

a = qb+ r 0 ≤ r < b

The integers q and r are called, respectively, the quotient and
remainder in the division of a by b.
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77. (113, 145, 188, 599, 625) Burton, D. M. (1994), Elemen-
tary Number Theory, Third Edition. Wm C. Brown Publishers.

[p. 24. Corollary 2.]
If a | c and b | c, with gcd(a, b) = 1, then ab | c.
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78. (637) Burckel, R. B. (1997), ‘Three secrets about har-
monic functions’. American Mathematical Monthly, volume 104,
pages 52–56.

[p. 55. Lines 4–6.]
In fact, this result is part of a large subject called quadrature

problems that interested readers can find more about in . . .

79. (35, 206) Burger, T., P. Gritzmann, and V. Klee
(1996), ‘Polytope projection and projection polytopes’. American
Mathematical Monthly, volume 103, pages 742–755.

[p. 744. Lines 18–20.]
Our general setting is Euclidean n-space Rn (with n > 2),

equipped with the standard inner product 〈·, ·〉 and the induced
norm ‖ · ‖.

80. (12) Busenberg, S., D. C. Fisher, and M. Martelli
(1989), ‘Minimal periods of discrete and smooth orbits’. American
Mathematical Monthly, volume 96, pages 5–17.

[p. 8. Lines 2–4.]
Therefore, a normed linear space is really a pair (E, ‖ · ‖) where

E is a linear vector space and ‖ · ‖ : E → (0,∞) is a norm. In
speaking of normed spaces, we will frequently abuse this notation
and write E instead of the pair (E, ‖ · ‖).
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81. (306) Butzer, P. L. and R. L. Stens (1992), ‘Sampling
theory for not necessarily band-limited functions: A historical
overview’. SIAM Review, volume 34, pages 40–53.

[p. 44. Lines 3–1 from bottom.]
Since the series in (3.2) generally has an infinite number of

terms and the discrete parameter m of (1.1) or (1.2) has been
replaced by a continuous W > 0, a different notation is used in the
following;. . .
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C

82. (258, 360, 440) Callahan, J. (1974), ‘Singularities and
plane maps’. American Mathematical Monthly, volume 81, pages
211–240.

[p. 217. Lines 1–6.]
Until now we have discussed the shape of a function on its

whole domain, even though it is useful and perhaps more natural
to work locally. For example, it is not difficult to show that y =
x3 − 3x has folds at the points x = ±1 (i.e., is equivalent to y = x2

in a neighborhood of each point) and in a neighborhood of every
other point is a homeomorphism. On the other hand, this function
is globally equivalent to neither a homeomorphism nor a (single)
fold.

83. (204, 514) Call, G. S. and D. J. Velleman (1993),
‘Pascal’s matrices’. American Mathematical Monthly, volume 100,
pages 372–376.

[p. 373. Theorem 2.]
Theorem 2. For any real numbers x and y, P [x]P [y] =

P [x+ y].
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84. Call, G. S. and D. J. Velleman (1993), ‘Pascal’s
matrices’. American Mathematical Monthly, volume 100, pages
372–376.

[p. 375. Theorem 5.]
Theorem 5. For every real number x, P [x] = exL.
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85. (434, 637) Carmichael, R. D. (1932), ‘Some recent
researches in the theory of numbers’. American Mathematical
Monthly, volume 39, pages 139–160.

[p. 142. Lines 6–9.]
We shall entirely pass over several of Ramanujan’s contribu-

tions to the theory of numbers, including his investigation of the
expression of integers in the form ax2 + by2 + cz2 + dt2 and his
theory of highly composite numbers . . .

86. (280, 280) Carr, D. M. (1982), ‘The minimal normal
filter on pκλ’. Proceedings of the American Mathematical Society,
volume 86, pages 316–320.

[p. 316. Lines 2–3.]
Unless specified otherwise, κ denotes an uncountable regular

cardinal and λ is a cardinal ≥ κ.

87. (639) Charron, R. J. and M. Hu (1995), ‘a-
contractivity of linearly implicit multistep methods’. SIAM Journal
on Numerical Analysis, volume 32, pages 285–295.

[p. 285. Lines 12–10 from bottom.]
In this paper we therefore focus on the absolute contrac-

tivity properties of linearly implicit methods (i.e., b(i)k = 0 for
i = 1, . . . , s− 1) with fixed and variable step length.
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88. (58, 224, 245, 505, 561) Chew, J. (1988), ‘A note on
closure continuity’. American Mathematical Monthly, volume 95,
pages 744–745.

[p. 744. Lines 2–6.]
A function f : X → Y is closure continuous at x ∈ X provided

that if V is an open set in Y containing f(x), there exists an open
set U in X containing x such that f(Ū) ⊂ V̄ . (Here context makes
in which topological spaces the closure operations are taken; i.e.
the bar on U refers to closure in X while the bar on V refers to
closure in Y .)

89. (61, 448, 543, 623, 624) Chow, T. Y. (1999), ‘What is
a closed-form number?’. American Mathematical Monthly, volume
106, pages 440–448.

[p. 444. Lines 12–14.]
Definition. A tower is a finite sequence A = (α1, α2, . . . , αn)

of nonzero complex numbers such that for all i ∈ {1, 2, . . . n} there
exists some integer mi > 0 such that αmi

i ∈ Ai−1 or eαimi ∈ Ai−1
(or both).
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90. (594, 604) Christensen, C. (1996), ‘Newton’s method
for resolving affected equations’. The College Mathematics Journal,
volume 27, pages 330–340.

[p. 330. Lines 9–13.]
The debate over priority for Newton’s method may now be

settled, but almost forgotten in the discussion is that Newton pre-
sented his method for approximating real roots side by side with
a similar method for writing y in terms of x when y is implic-
itly defined in terms of x by a polynomial equation – a so-called
“affected equation”.
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91. (43, 258, 579) Church, A. (1942), ‘Differentials’. Ameri-
can Mathematical Monthly, volume 49, pages 389–392.

[p. 390. Footnote.]
A variable is free in a given expression (in which it occurs)

if the meaning or value of the expression depends upon determi-
nation of a value of the variable; in other words, if the expression
can be considered as representing a function with that variable as
argument. In the contrary case, the variable is called a bound (or
apparent, or dummy) variable.

92. (342, 431, 604) Clifford, A. H. (1959), ‘Connected
ordered topological semigroups with idempotent endpoints II’.
Transactions of the American Mathematical Society, volume 91,
pages 193–208.

[p. 106. Lines 4–1 from bottom.]
The binary operation in S, which we now denote by ◦, is com-

pletely determined by that in T , which we denote by juxtaposition,
and the mappings ψ and θ as follows (wherein x, y ∈ T 0; t ∈ T ;
κ, λ ∈ K):
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93. (328) Conkwright, N. B. (1934), ‘The method of unde-
termined coefficients’. American Mathematical Monthly, volume
41, pages 228–232.

[p. 228. Lines 1–4.]
In introductory courses in differential equations a certain pro-

cess, the so-called method of undetermined coefficients, is often
employed to find a particular integral of the linear differential equa-
tion with constant coefficients

(1) f(D)y =
(
Dn + a1D

n−1 + · · ·+ an−1D + an

)
y = r(x).
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94. (113, 604) Copper, M. (1993), ‘Graph theory and the
game of Sprouts’. American Mathematical Monthly, volume 100,
pages 478–482.

[p. 480. Lemma 1.]
Suppose that the cubic graph G arises as just described from a

complete game of Sprouts played on m vertices in p plays. Then
f = 2 + p−m

95. (21, 651) Cull, P. and J. E. F. Ecklund (1095), ‘Towers
of Hanoi and analysis of algorithms’. American Mathematical
Monthly, volume 92, pages 407–420.

[p. 408. Lines 14–20.]
We would like to say that one algorithm is faster, uses less

time, than another algorithm if when we run the two algorithms
on a computer the faster one will finish first. Unfortunately, to
make this a fair test, we would have to keep a number of conditions
constant. For example, we would have to code the two algorithms
in the same programming language . . .
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96. (212) Culler, M. and P. B. Shalen (1992), ‘Paradoxical
decompositions, 2-generator Kleinian groups, and volumes of hyper-
bolic 3-manifolds’. Journal of the American Mathematical Society,
volume 5, pages 231–288.

[p. 235. Lines 7–6 from bottom.]
We establish some notation and conventions that will be used

throughout the paper.

729



contents wordlist index

97. (277) Curjel, C. R. (1990), ‘Understanding vector
fields’. American Mathematical Monthly, volume 97, pages 524–
527.

[p. 524. Lines 17–16 from bottom.]
In the following exercises students have to use ruler and pencil

to work on graphs and curves given by drawings.

98. (79, 157, 174, 280) Currie, J. (1993), ‘Open problems in
pattern avoidance’. American Mathematical Monthly, volume 100,
pages 790–793.

[p. 790. Lines 8–3 from bottom.]
A word is a finite sequence of elements of some finite set Σ.

We call the set Σ the alphabet, the elements of Σ letters. The set
of all words over Σ is written Σ∗.

. . . The empty word, with no letters, is denoted by ε.
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D

99. (277, 440) Dankner, A. (1978), ‘On Smale’s axiom A
dynamical systems’. Annals of Mathematics, volume 107, pages
517–553.

[p. 539. 5.2.7.]
On {r4 ≤ r ≤ r5 and z ≤ z2} the action of f on z-coordinates

is multiplication by e(r), where e(r) is a smooth bump function
with graph shown in Figure 4.

100. (172, 279, 464, 556) Darst, R. and C. Goffman
(1970), ‘A Borel set which contains no rectangles’. American
Mathematical Monthly, volume 77, pages 728–729.

[p. 729. Line 23.]
Then φ(0) = m1 ([U ∩ F ] ∩ [U ∩G]) > .8ε.

101. (93, 327, 412, 422, 450, 507, 623, 659) Davey, B. A.
and H. A. Priestley (1990), Introduction to Lattices and Order.
Cambridge University Press.

[p. 3. Beginning of 1.4.]
Each of N (the natural numbers {1, 2, 3, . . . }), Z (the integers)

and Q (the rational numbers) also has a natural order making it a
chain.
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102. (35, 413) Dayton, B. H. and C. A. Weibel (1980),
‘K-theory of hyperplanes’. Transactions of the American Mathe-
matical Society, volume 257, pages 119–141.

[p. 139. Lines 12–14.]
R. K. Dennis has shown that −dlog {u, v} = (uv)−1 du ∧ dv

implies that -dlog (〈a, b〉) = (1 + ab)−1 da∧db for all pointy brackets
〈a, b〉.

103. (280, 639) de Boor, C. and K. Höllig (1991), ‘Box-
spline tilings’. American Mathematical Monthly, volume 98, pages
793–802.

[p. 795. Line 6 from bottom.]
In this situation, it is convenient to introduce the new variables

(u, v) := ΞTx = (ξTx, ηTx).

104. (121, 279) DeTemple, D. W. (1993), ‘A quicker con-
vergence to Euler’s constant’. American Mathematical Monthly,
volume 100, pages 468–470.

[p. 468. Lines 1–4.]
Euler’s constant γ is usually defined by the limit relation

γ = lim
n→∞Dn,

where
Dn = 1 +

1
2

+
1
3

+ · · ·+ 1
n
− log n.
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105. (125, 193, 623) Devaney, R. L. and M. B. Durkin
(1991), ‘The exploding exponential and other chaotic bursts in
complex dynamics’. American Mathematical Monthly, volume 98,
pages 217–233.

[p. 222. Lines 10–9 from bottom.]
That is, if a point is contained in J(F ), then so are all of its

images and all of its preimages.

106. (349, 431) Ž. Djoković, D. (1982), ‘Closures of conju-
gacy classes in classical real linear Lie groups. II’. Transactions of
the American Mathematical Society, volume 270, pages 217–252.

[p. 233. Lines 1 and 8.]
Let first k = 0, i.e, m = n. . . . Now let k > 0. . . .

107. (192, 299) Dornhoff, L. L. and F. E. Hohn (1978),
Applied Modern Algebra. Macmillan.

[p. 166. Lines 1–3.]
A monoid [M, ◦] with identity element 1 is a group iff for each

m ∈M there is an inverse element m−1 ∈M such that
m−1 ◦m = m ◦m−1 = 1

733



contents wordlist index

108. (76, 141) Downey, R. and J. F. Knight (1992),
‘Orderings with αth jump degree 0α’. Proceedings of the American
Mathematical Society, volume 114, pages 545–552.

[p. 546. Lemma 1.1.]
If C is r.e. in X but not recursive in X, then there is an

ordering A such that A is recursive in C and no copy of A is
recursive in C.

109. (97, 466) Drasin, D. (1995), ‘Review of (a) Normal
families of meromorphic functions, by Chi-tai Chung, and (b) Nor-
mal families, by Joel L. Schiff’. Bulletin of the American Mathe-
matical Society (N.S.), volume 32, pages 257–260.

[p. 258. First line of Theorem.]
Let D be a domain, a, b �= 0 two complex numbers and k ≥ 1

an integer.

110. Dubins, L. E. (1977), ‘Group decision devices’.
American Mathematical Monthly, volume 84, pages 350–356.

[p. 353. Line 6.]
Proof. For each d, u(d, ·) has an inverse function u−1(d, ·),

where
u(d, c) = t↔ u−1(d, t) = c.
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111. (61, 308, 427, 432, 604, 637) Duke, W. (1997), ‘Some
old problems and new results about quadratic forms’. Notices of
the American Mathematical Society, volume 44, pages 190–196.

[p. 193. Lines 9–13, second column.]
. . . it can be seen that the number of representations of n as

a sum of four squares is eight times the sum of those divisors of n
which are not multiples of four. In particular, it is never zero!

112. (556) Dummigan, N. (1995), ‘The determinants of
certain Mordell-Weil lattices’. American Journal of Mathematics,
volume 117, pages 1409–1429.

[p. 1419. Last line of Definition 1..]
We denote the circle diagram by enclosing the string diagram

in square brackets, e.g. [XOXOX].

113. (28) Duren, P., W. Hengartner, and R. S. Laugesen
(1996), ‘The argument principle for harmonic functions’. Ameri-
can Mathematical Monthly, volume 103, pages 411–415.

[p. 413. Lines 13–14.]
However, the singular zeroes of a harmonic function are not

always isolated.
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114. (133) Dym, C. L. and E. S. Ivey (1980), Principles of
Mathematical Modeling. Academic Press.

[p. 76. Lines 5–7.]
(The assumption that such discrete data can be plotted as a

continuous curve is often referred to as the continuum hypothesis.)
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E

115. (78, 279) Edelman, A. and E. Kostlan (1995), ‘How
many zeros of a random polynomial are real?’. Bulletin of the
American Mathematical Society (N.S.), volume 32, pages 1–37.

[p. 7. Lines 6–5 from the bottom.]
If v(t) is the moment curve, then we may calculate ‖γ′(t)‖ with

the help of the following observations and some messy algebra:

116. (327, 548, 623) Edgar, G. A., D. H. Ullman, and
D. B. West, editors (1997), ‘Problems and solutions’. American
Mathematical Monthly, volume 104, pages 566–576.

[p. 574. Problem 10426.]
Show that any integer can be expressed as a sum of two

squares and a cube. Note that the integer being represented and
the cube are both allowed to be negative.

117. (328) Ömer Eg̃eciog̃lu (1992), ‘A combinatorial gener-
alization of a Putnam problem’. American Mathematical Monthly,
volume 99, pages 256–258.

[p. 257. Lines 14–16.]
Setting

f(t) = cq−1ξ
q−1 + · · ·+ c1ξ + c0,

we then have f(ξ) = 0. Furthermore, f(t) has integral coefficients.
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118. (379) Einstein, A. and V. Bargmann (1944), ‘Bivec-
tor fields’. The Annals of Mathematics, 2nd Ser., volume 45, pages
1–14.

[p. 1. Lines 8–17.]
The theory of gravitation is determined by the following formal

elements:
1. The four-dimensional space-time continuum.
2. The covariance of the field equations with respect to all contin-

uous coordinate transformations.
3. The existence of a Riemannian metric (i.e. a symmetric tensor
gik of the second rank) which defines the structure of the
physical continuum.

Under these circumstances the gravitational equations are the
simplest consitions for the functions gik which restrict them to a
sufficient degree.

We have tried to retain 1) and 2) but to describe the space
structure by a mathematical object different from 3) yet resembling
in some way the gik.
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119. (189, 305, 311, 346) Eklof, P. C. (1976), ‘Whitehead’s
problem is undecidable’. American Mathematical Monthly, volume
83, pages 775–788.

[p. 786. Lines 7–6 from bottom.]
7.5 Lemma. For any uncountable subset P ′ of P there is a

free subgroup A′ which is pure in A and an uncountable subset P ′′
of P ′ such that dom(φ) ⊆ A′ for every φ in P ′.

120. (76, 503, 503) Epp, S. S. (1995), Discrete Mathematics
with Applications, 2nd Ed. Brooks/Cole.

[p. 2. Blue box.]
A statement (or proposition) is a sentence that it true or

false but not both.
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121. (43) Epp, S. S. (1995), Discrete Mathematics with
Applications, 2nd Ed. Brooks/Cole.

[p. 30. Lines 11.]
The fact that this argument form is valid is called modus

ponens.

122. (16, 240) Epp, S. S. (1995), Discrete Mathematics with
Applications, 2nd Ed. Brooks/Cole.

[p. 36. Lines 21–24.]
The fallacy underlying this invalid argument form is called

the converse error because the conclusion of the argument would
follow from the premises if the premise p ⇒ q were replaced by its
converse.

123. (162, 174, 412, 422, 429) Epp, S. S. (1995), Discrete
Mathematics with Applications, 2nd Ed. Brooks/Cole.

[p. 76. Lines 12–11 from bottom.]
The set of nonnegative integers is also known as the set of

natural numbers and is sometimes denoted N.
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124. (164, 193, 272, 297, 489, 521) Epp, S. S. (1995), Dis-
crete Mathematics with Applications, 2nd Ed. Brooks/Cole.

[p. 534. Blue box.]
Let A and B be sets. A (binary) relation R from A to B

is a subset of A × B. Given an ordered pair (x, y) in A × B, x is
related to y by R, written xRy, if, and only if, (x, y) is in R.

125. (417) Erdös, P. and P. Turán (1937), ‘On interpola-
tion I’. The Annals of Mathematics, 2nd Ser., volume 38, pages
142–155.

[p. 147. Lines 8–11.]
If α = β = 0, we have the Legendre-polynomials Pn(x); for

α = β = 1
2 the Tschebischeff polynomials Tn(x).

126. (209, 350, 440, 616) Exner, G. R. (1996), An Accom-
paniment to Higher Mathematics. Springer-Verlag.

[p. 35. Theorem 1.115.]
Suppose E is an equivalence relation on a set S. For any x

in S, denote by Ex the set of all y in S equivalent under E to x.
Then the collection of all Ex is a partition of S.
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F

127. (240, 280, 288) Farrell, F. T. and L. E. Jones (1989),
‘A topological analogue of Mostow’s rigidity theorem’. Journal of
the American Mathematical Society, volume , pages 257–370.

[p. 272. Lemma 2.1.]
The following inequalities hold for any vector η tangent to a

leaf of the foliation F of FM .

2h (dq(η), dq(η)) ≥ ĥ(η, η) ≥ h (dq(η), dq(η))
where q : DM →M denotes the bundle projections.

128. (320, 342, 604) Fearnley-Sander, D. (1982), ‘Hermann
Grassmann and the prehistory of universal algebra’. American
Mathematical Monthly, volume 89, pages 161–166.

[p. 161. Lines 16–12 from bottom.]
Given a set of symbols S = {x1, x2, . . . , xn}, the set

G = {x1, x2, . . . , xn, (x1x1), (x1x2), . . . ,
(xnxn), x(x1(x1x1)), (x1(x1x2)), . . . ,

(x1(xnxn)), (x2(x1x1)), . . . ,
(xn(xnxn)), ((x1x1)x1), ((x1x1)x2), . . . }

obtained by repeated juxtaposition of the symbols already written
down, forms a groupoid in a natural way (the binary operation
being juxtaposition).
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129. (556) Feeman, T. G. and O. Marrero (2000),
‘Sequences of chords and of parabolic segments enclosing propor-
tional areas’. The College Mathematics Journal, volume 31, pages
379–382.

[p. 381. Second to last displayed formula.]

1 ≤ L2
n

d2
n

≤ [1 + c (an+1 + an)]2

1 + c2 (an+1 + an)2
→ c2

c2
= 1

130. (281, 500) Finn, R. (1999), ‘Capillary surface inter-
faces’. Notices of the American Mathematical Society, volume 46,
pages 770–781.

[p. 774. Formula (11) and the line above.]
The same procedure with Ω∗ = Ω yields

2H =
|Σ| cos γ
|Ω|

131. (121, 159, 189, 193, 634) Fisher, D. (1982), ‘Extending
functions to infinitesimals of finite order’. American Mathematical
Monthly, volume 89, pages 443–449.

[p. 445. Lines 9–11.]
(i) if f is in the domain of T , and dom(f) is the domain of f ,

then the function with domain dom(f) and constant value 1 is in
the domain of T . . .
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132. (296) M. K. Fort, J. (1052), ‘Differentials’. American
Mathematical Monthly, volume 59, pages 392–395.

[p. 394. Line 15.]
We define the identity function I by letting I(x) = x for each

real number x.

133. (237, 390) L. R. Ford, J. (1957), ‘Solution of a rank-
ing problem from binary comparisons’. American Mathematical
Monthly, volume 64, pages 28–33.

[p. 28. Last three lines).]
We shall actually solve the following equivalent problem: In

the set {wi > 0; Σwi = 1}, find values wi that maximize

FA(w) = Πi<j

(
wi

wi + wj

)aij
(

wj

wi + wj

)aji

134. (417) Forsythe, G. E. (1957), ‘Generation and use of
orthogonal polynomials for data-fitting with a digital computer’.
Journal of the Society for Industrial and Applied Mathematics,
volume 5, pages 74–88.

[p. 79. Lines 11–9 from bottom.]
In a data fitting code [8] written at the Lockheed Aircraft

Company, for example, pi(x) was selected to be the ith Chebyshov
polynomial Ti(x) over an interval containing all the xµ.
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135. (515) Fournelle, T. A. (1993), ‘Symmetries of the cube
and outer automorphisms of S6’. American Mathematical Monthly,
volume 100, pages 377–380.

[p. 377. Line 9 above picture.]
To begin, recall that an isometry of R3 is a bijection which

preserves distance.

136. (279, 328, 328, 335, 619) Fowler, D. (1996), ‘The
binomial coefficient function’. American Mathematical Monthly,
volume 103, pages 1–17.

[p. 2. Lines 1–4 of Section 2.]
The factorial function can be defined by x! = Γ(x + 1) =∫ ∞

0 txe−tdt for x > −1, extended uniquely to negative non-integral
x by defining x! = (x + n)!/(x + n)(x + n − 1) . . . (x + 1) for any
integer n such that (x+ n) > −1.

137. (440, 446) Fraleigh, J. B. (1982), A First Course in
Abstract Algebra. Addison-Wesley.

[p. 11. Lines 4–5 of Section 1.2.]
Definition A binary operation ∗ on a set is a rule that assigns

to each ordered pair of elements of the set some element of the set.
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138. (164, 486, 546, 616) Fraleigh, J. B. (1982), A First
Course in Abstract Algebra. Addison-Wesley.

[p. 41. Lines 6–7.]
Finally, we remark that for φ : A → B, the set A is the

domain of φ, the set B is the codomain of φ, and the set Aφ =
{aφ | a ∈ A} is the image of A under φ.

139. (257, 464, 464, 571) Frantz, M. (1998), ‘Two functions
whose powers make fractals’. American Mathematical Monthly,
volume 105, pages 609–617.

[p. 609. Lines 4 and 5.]
. . .Richard Darst and Gerald Taylor investigated the differen-

tiability of functions fp (which for our purposes we will restrict to
(0, 1)) defined for each p ≥ 1 by

f(x) =

{
0 if x is irrational
1/np if x = m/n with (m,n) = 1.

140. (534) Frantz, M. (1998), ‘Two functions whose powers
make fractals’. American Mathematical Monthly, volume 105,
pages 609–617.

[p. 614. Formula (4).]
. . . if p > 1 and B is the set of numbers x that are not dyadic

rationals and satisfy
|x−m/2n| ≤ (2n)−p

for infinitely many dyadic rationals m/2n, then. . .
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141. (79, 125, 193) Freiling, C. (1990), ‘Symmetric
derivates, scattered, and semi-scattered sets’. Transactions of
the American Mathematical Society, volume 318, pages 705–720.

[p. 705. Abstract.]
We call a set right scattered (left scattered) if every nonempty

subset contains a point isolated on the right (left).

142. (182, 350, 440) Freiling, C. (1990), ‘Symmetric
derivates, scattered, and semi-scattered sets’. Transactions of
the American Mathematical Society, volume 318, pages 705–720.

[p. 715. Lines 15–14 and 7–6 from bottom.]
Theorem 3. If F is an interval function satisfying condition

(A) on an open interval I such that . . .
Proof. Let F be as stated and let A, B and C be disjoint sets

where A ∪B ∪ C = I. . .

143. (141, 337) Friedman, N. A. (1992), ‘Replication and
stacking in ergodic theory’. American Mathematical Monthly,
volume 99, pages 31–41.

[p. 33. Lines 13–10 from bottom.]
In general, let (Xi,Bi,mi) be measure spaces with mi(Xi) = 1,

i = 1, 2. Let φ be an invertible mapping from X1 to X2 such that
m1(B1) = m2(φ(B1)), B1 ∈ B1, and m2(B2) = m1(φ−1(B2)),
B2 ∈ B2. We refer to φ as an isomorphism. Transformations Ti on
Xi, i = 1, 2 are isomorphic if there exists an isomorphism φ such
that T1(x) = φ−1 (T2(φ(x))) for x ∈ X1. We refer to T2 as a copy of
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T1.
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144. (84, 402) Friedman, W. F. and C. J. Mendelsohn
(1932), ‘Notes on code words’. American Mathematical Monthly,
volume 39, pages 394–409.

[p. 407. Lines 10–7 from bottom.]
We may, however, add an extra character to the alphabet,

giving (λ + 1) characters, construct a table without transpositions,
and then eliminate all words containing the extra character.

145. (515, 630) Friedman, R. (1995), ‘Vector bundles and
SO(3)-invariants for elliptic surfaces’. Journal of the American
Mathematical Society, volume 8, pages 29–139.

[p. 29. Lines 4–6.]
Recall that a relatively minimal simply connected elliptic sur-

face S is specified up to deformation type by its geometric genus
pg(S) and by two relatively prime integers m1,m2, the multiplici-
ties of its multiple fibers.

146. (439, 600) Furi, M. and M. Martelli (1991), ‘The
teaching of mathematics’. American Mathematical Monthly, vol-
ume 98, pages 835–846.

[p. 842. Lines 17–20.]
By applying the Mean Value Theorem to f on [a, d] and [d, b]

respectively, we obtain
f(d)− f(a) = f ′(c1)(d− a), c1 ∈ (a, d),
f(b)− f(d) = f ′(c2)(b− d), c1 ∈ (d, b).
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147. (118) Fulda, J. S. (1989), ‘Material implication revis-
ited’. American Mathematical Monthly, volume 96, pages 247–250.

[p. 247. Lines 1–3.]
Material implication, the logical connective corresponding to

the English ”if” . . .

148. (16) Fulda, J. S. (1989), ‘Material implication revis-
ited’. American Mathematical Monthly, volume 96, pages 247–250.

[p. 248. Third paragraph.]
It is the thesis of this paper that this uneasiness is none other

than the familiar temptation to commit the fallacy of conversion
(p ⇒ q |− q ⇒ p), also known as the fallacy of affirming the
consequence (p⇒ q, q |− p) . . .
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G

149. (61, 157, 587) Galvin, F. (1994), ‘A proof of Dilworth’s
chain decomposition theorem’. American Mathematical Monthly,
volume 101, pages 352–353.

[p. 352. Lines 1–2.]
Let P be a finite partially ordered set: a chain (antichain) in P

is a set of pairwise comparable (incomparable) elements; the width
of P is the maximum cardinality of an antichain in P .

150. (417) Geddes, K. O. (1981), ‘Block structure in the
Chebyshev-Padé table’. SIAM Journal on Numerical Analysis,
volume 18, pages 844–861.

[p. 844. Title.]
Block Structure in the Chebyshev-Padé Table

151. (272, 571) Gelbaum, B. R. and J. M. H. Olmsted
(1990), Theorems and Counterexamples in Mathematics. Springer-
Verlag.

[p. 65. Exercise 2.1.2.14.]
Show that for f in Exercise 2.1.1.13. 49, if g is given by

g(x) def=
∫ x

0
f(t)dt

then: . . .
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152. (362, 439) Gelbaum, B. R. and J. M. H. Olmsted
(1990), Theorems and Counterexamples in Mathematics. Springer-
Verlag.

[p. 85. Theorem 2.1.3.5..]
Let (2.1.3.3) obtain everywhere on a measurable set E of

positive measure. Then . . .

153. (76, 306) Geoffrion, A. M. (1071), ‘Duality in nonlin-
ear programming: A simplified applications-oriented development’.
SIAM Review, volume 13, pages 1–37.

[p. 19. Lines 3–5.]
In other words, y = 0 is always a boundary point of Y . This

turns out to be true in general when (P) has a finite optimal value
but is unstable, as follows from the next theorem.

154. (28, 349, 440) Giblin, P. J. and S. A. Brassett
(1985), ‘Local symmetry of plane curves’. American Mathematical
Monthly, volume 92, pages 689–707.

[p. 691. Line 6 under the figure.]
Suppose we are given a smooth simple closed plane curve and

a point p on it. Is there always a circle or straight line tangent to
the curve at p and at another point p′ �= p?
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155. (113, 162, 164, 305, 313) Giesy, D. P. (1971), ‘The
general solution of a differential-functional equation’. American
Mathematical Monthly, volume 78, pages 37–42.

[p. 37. Lines 10–1.]
2 Definition. A function g is of type (A) on I if g has an

antiderivative v on I and
g(a) = g(b) implies v(a) = v(b) for all a and b in I

156. (239, 280) Gilmore, P. C. (1960), ‘An alternative to
set theory’. American Mathematical Monthly, volume 67, pages
621–632.

[p. 622. Lines 5–3 from bottom.]
The nu relation between symbols is such that the following

sentences are true:
2 ν odd, 4 ν odd, 1 ν even, 3 ν even.

157. (417) Gordon, B. (1958), ‘On a Tauberian theorem
of Landau’. Proceedings of the American Mathematical Society,
volume 9, pages 693–696.

[p. 693. Line 1.]
It was the plan ot Tschebyshef [1] and Sylvester [2] to deduce

the prime number theorem . . .
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158. (248, 651) Gould, H. W. (1972), ‘Explicit formulas for
Bernoulli numbers’. American Mathematical Monthly, volume 79,
pages 44–51.

[p. 44. Lines 12–13.]
Basically, what Higgins found when a = 0 in his general for-

mula (2.5) is

Bn =
n∑

k=0

1
k + 1

k∑
j=0

(−1)j

(
k
j

)
jn, n ≥ 0,

159. (250, 466) Gouvea, F. Q. (1994), ‘ “”A marvelous
proof’. American Mathematical Monthly, volume 101, pages 203–
222.

[p. 213. Line 7.]
Let h = {x+ iy | y > 0} be the complex upper half-plane.

160. (121, 440, 569) Gowers, W. T. (2000), ‘The two
cultures of mathematics’. In [Arnold et al., 2000], pages 65–78.

[p. 74. Lines 15–12.]
Theorem. Let G be a graph, let ε > 0 and let k be a positive

integer. Then there exists a constant K, depending on k and ε
only, such that the vertices of G can be partitioned into m sets

A1, . . . , Am, with k ≤ m ≤ K, such that at least (1 − ε)
(
m

2

)
of

the pairs (Ai, Aj) (with i < j) are ε-uniform.
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161. (113) Graham, N., R. C. Entringer, and L. A.
Szekely (1994), ‘New tricks for old trees: Maps and the pigeon-
hole principle’. American Mathematical Monthly, volume 101,
pages 664–667.

[p. 665. Lines 4–3 from bottom.]
Assume φ has no fixed vertex. Then, for every vertex v, there

is a unique non-trivial path in T from v to φ(v).

162. (132, 255, 634, 635) Graham, R. L., D. E. Knuth,
and O. Patashnik (1989), Concrete Mathematics. Addison-
Wesley.

[p. 71. Lines 15–13 from bottom.]
Let f(x) be a continuous, monotonically increasing function

with the property that
f(x) = integer ⇒ x = integer

(The symbol ‘⇒’ means “implies.”)

163. (650, 651) Graham, C. C., A. T. Lau, and M. Lein-
ert (1991), ‘Continuity of translation in the dual of L∞(G) and
related spaces’. Transactions of the American Mathematical Soci-
ety, volume 328, pages 589–618.

[p. 589. Line 5 from bottom.]
When X = Xc, µ ∗ f is well-defined for every µ ∈ M(G) and

every f ∈ X.
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164. (75) Grayson, M., C. Pugh, and M. Shub (1994),
‘Stably ergodic diffeomorphisms’. Annals of Mathematics, 2nd Ser.,
volume 140, pages 295–329.

[p. 304. Lines 7–6 from bottom.]
This is the usual picture of the Lie bracket [X,Y ] = Z, and

becomes especially clear if drawn in a flowbox for X.

165. (204, 297, 320, 445, 490, 535, 625) Grassman, W. K.
and J.-P. Tremblay (1996), Logic and Discrete Mathematics: A
Computer Science Perspective. Prentice-Hall.

[p. 105. Definition 2.7.]
A function f of arity 2 is commutative if f(x, y) = f(y, x).

Similarly, if ◦ is an operator, then ◦ is said to be commutative if
x ◦ y = y ◦ x.

166. (76, 493, 501) Grassman, W. K. and J.-P. Tremblay
(1996), Logic and Discrete Mathematics: A Computer Science
Perspective. Prentice-Hall.

[p. 234. Definition 5.3.]
A is a proper subset of B if A is a subset of B but A is not

equal to B. If A is a proper subset of B, we write A ⊂ B.
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167. (97) Grimaldi, R. P. (1999), Discrete and Combi-
natorial Mathematics, An Applied Introduction, Fourth Edition.
Addison-Wesley.

[p. 128. Example 3.2(a).]
A = {1, 4, 9, . . . , 64, 81} = {x2 | x ∈ U , x2 < 100} = {x2 | x ∈

U ∧ x2 < 100} = {x2 ∈ U | x2 < 100}.
168. (363) Greenlaw, R. and H. J. Hoover (1998), Fun-

damentals of the Theory of Computation. Morgan Kaufmann
Publishers, Inc.

[p. 36. Footnote.]
All logarithms in this text are base two unless noted otherwise.

We use the now quite common notation lg x instead of log2 x.

169. (159, 189, 360) Griewank, A. and P. J. Rabier
(1990), ‘On the smoothness of convex envelopes’. Transactions
of the American Mathematical Society, volume 322, pages 691–709.

[p. 692. Lines 15–18.]
. . . because the construction of conv E involves global prop-

erties of E, appropriate smoothness of the boundary of dom(E),
the domain of E, may have to be required near the points of some
subset of ∂ (dom(E)) ∩ dom(E).
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170. (35) Gries, D. and F. B. Schneider (1995), ‘Teaching
math more effectively, through calculational proofs’. American
Mathematical Monthly, volume 102, pages 691–697.

[p. 693. Lines 10–11.]
Notice that the proof format makes it easy to find the facts on

which the proof depends –they are given within the angle brackets
〈 and 〉.

171. (29, 255, 440, 646) Grove, V. G. (1934), ‘On a certain
correspondence between surfaces in hyperspace’. Transactions of
the American Mathematical Society, volume 36, pages 627–636.

[p. 627. Lines 1–5.]
Consider a surface S and a point x on S. Let the parametric

vector equation of S be
x = x(u, v).

The ambient space of the osculating planes at the point x to all
of the curves through x is a certain space S(2, 0) called the two-
osculating space of S at x.

172. (391, 502) Gross, K. L. (1978), ‘On the evolution
of noncommutative harmonic analysis’. American Mathematical
Monthly, volume 85, pages 525–548.

[p. 537. Lines 16–17.]
1. A connected compact abelian Lie group is necessarily a

torus, by which is meant a direct product of circles.
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173. (125) Guckenheimer, J. and S. Johnson (1990),
‘Distortion of S-unimodal maps’. Annals of Mathematics, 2nd Ser.,
volume 132, pages 71–130.

[p. 72. Lines 16–18.]
Our third result examines maps that have “sensitive depen-

dence to initial conditions”. These are maps whose non-wandering
set contains an interval.

174. (174, 351) Gulick, S. L. (1968), ‘The minimal bound-
ary of C(X)’. Transactions of the American Mathematical Society,
volume 131, pages 303–314.

[p. 308. Lines 1–3.]
Let Y = [0, 1] with the usual topology, and let Z be a non-

Borel subset of Y , which by the axiom of choice exists. Let the
elements of Z be denoted by {yλ : λ ∈ Λ}, Λ an index set.

175. (458, 511) Gulliver II, R. D., R. Osserman, and
H. L. Royden (1973), ‘A theory of branched immersions of
surfaces’. American Journal of Mathematics, volume 95, pages
750–812.

[p. 757. Lines 7–10.]
We may think of them as

(1.11) xk = φ̄k (x1, x2) = φk

(
(x1 + ix2)

1
m

)
, k = 3, . . . , n,

where φ̄k is a multi-valued function of x1, x2, defining an m-sheeted
surface over a neighborhood of the origin.
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H

176. (52, 93, 305, 361, 603) Hadwin, D. (1994), ‘A general
view of reflexivity’. Transactions of the American Mathematical
Society, volume 344, pages 325–360.

[p. 328. Lines 11–6 from bottom.]
In this section we assume that the field F is either the

real or complex numbers. . . . Throughout this section let Ẽ =
{e ∈ E : ‖e‖ = 1}, and for any subset B of Y , let co(B) denote the
σ(Y,X)-closed convex hull of B in Y .

177. (313, 388) Hailperin, T. (1981), ‘Boole’s algebra isn’t
Boolean Algebra’. Mathematics Magazine, volume 54, pages 172–
184.

[p. 175. Lines 20–22.]
We need to distinguish a Boolean algebra from the general

concept of, or the formal theory of, Boolean algebras. When using
the indefinite article, we are referring to a particular mathematical
structure which, via an appropriate interpretation, satisfies the
above axioms.
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178. (90) Haimo, F. and M. Tretkoff (1981), ‘Enlarging
a free subgroup of a symmetric group freely’. Proceedings of the
American Mathematical Society, volume 82, pages 31–35.

[p. 32. Lines 17–18.]
Let ψ′

h be ψh with its codomain extended from Sh to SymM
. . .
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179. (118, 125, 393) Halmos, P. R. (1956), ‘The basic
concepts of algebraic logic’. American Mathematical Monthly,
volume 63, pages 363–367.

[p. 365. Last two lines.]
Suppose, moreover, that A and N are two distinct objects not

contained in S; intuitively A and N are to be thought of as the
connectives “and” and “not”.

180. (18, 133) Halmos, P. R. (1990), ‘Has progress in
mathematics slowed down?’. American Mathematical Monthly,
volume 97, pages 561–568.

[p. 580. Lines 15–20.]
The simplest statement of Cantor’s continuum hypothesis

. . . is that every uncountable set of real numbers is in one-to-one
correspondence with the set of all real numbers, or, in Cantor’s
notation, that there is no cardinal number between ℵ0 and 2ℵ0 .

181. (18) Halbeisen, L. and S. Shelah (2001), ‘Relations
between some cardinals in the absence of the axiom of choice’. The
Bulletin of Symbolic Logic, volume 7, pages 237–251.

[p. 239. Lines 15–16.]
We will use fraktur-letters to denote cardinals and ℵ’s to

denote the alephs.
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182. (280, 280) Harris, M. (1993), ‘L-functions of 2 × 2
unitary groups and factorization of periods of Hilbert modular
forms’. Journal of the American Mathematical Society, volume 6,
pages 637–719.

[p. 639. Lines 9–8 from bottom.]
Following the pattern first observed by Waldspurger, the van-

ishing of Θ(π, ω) to GUHE(D) either vanishes or equals
(
π̌D, ω−1

)
,

. . .

183. (293) Hardman, N. R. and J. H. Jordan (1967), ‘A
minimum problem connected with complete residue systems in the
Gaussian integers’. American Mathematical Monthly, volume 74,
pages 559–561.

[p. 559. Lines 1–2.]
A Gaussian integer, γ, is a complex number that can be

expressed as γ = a + bi, where a and b are real integers and i is
the so-called imaginary unit.

184. (295, 335, 587) Hassett, M. J. (1969), ‘Recursive
equivalence types and groups’. Journal of Symbolic Logic, volume
34, pages 13–20.

[p. 13. Lines 8–10.]
Then we can identify the group Bσ with the group P (σ) con-

sisting of the set σ! = {f∗ | f ∈ Bσ} under the multiplication “·”
defined by f∗ · g∗ = (fg)∗.
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185. (121) Hastings, S. P. and J. B. McLeod (1993),
‘Chaotic motion of a pendulum with oscillatory forcing’. American
Mathematical Monthly, volume 100, pages 563–572.

[p. 564. Lines 5–2.]
Applying Newton’s law of motion, we obtain the ordinary

differential equation
mlü+ cu̇+mg sinu = 0,

where c is the positive constant of proportionality.

186. (189, 305) Hassell, C. and E. Rees (1993), ‘The index
of a constrained critical point’. American Mathematical Monthly,
volume 100, pages 772–778.

[p. 772. Lines 4–6.]
To find the critical points of a smooth function f defined on

Mn ⊂ Rn+m, a smooth submanifold given as the common zero-set
of m smooth functions gi : Rn+m → R.

187. (223, 245, 556) Hassell, C. and E. Rees (1993), ‘The
index of a constrained critical point’. American Mathematical
Monthly, volume 100, pages 772–778.

[p. 774. Lines 17–20.]
Fact 2. Let b be a non-degenerate symmetric bilinear form

on V of dimension 2m and let W ⊂ V have dimension m and

W ⊂W⊥. Then b is represented by the matrix
[

0 1
1 0

]
.

Proof: Choose w �= 0 in W and v such that b(v, w) = 1. . . .
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188. (45) Hatcher, W. S. (1982), ‘Calculus is algebra’.
American Mathematical Monthly, volume 89, pages 362–370.

[p. 363. Lines 10–12.]
In each case, the extension defined on R∗ must be identical on

R with the original function or relation defined on the field R, and
of the same arity.

189. (422, 434) Hathaway, A. S. (1887), ‘A memoir in the
theory of numbers’. American Journal of Mathematics, volume 9,
pages 162–179.

[p. 162. Lines 4–6.]
The labors of Gauss, Kummer, Dirichlet, Kronecker, Dedekind,

and others, have extended the scope of the theory of numbers far
beyond its original limit of the science of the natural numbers
0,±1,±2,±3, . . . .

190. (450) Haws, L. and T. Kiser (1995), ‘Exploring
the brachistochrone problem’. American Mathematical Monthly,
volume 102, pages 328–336.

[p. 333. Lines 10–9 from bottom.]
. . . to obtain the 2nd order differential equation(

1 +
(
y′)2

) (
1 + µy′) + 2 (y − µx) y′′ = 0.
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191. (296) Hadwin, D. and J. W. Kerr (1988), ‘Scalar-
reflexive rings’. Proceedings of the American Mathematical Society,
volume 103, pages 1–8.

[p. 2. Lines 9–8.]
Suppose R is a commutative ring with identity and the R-

module M is the direct sum of a family {Rxk : k ∈ K} of cyclic
submodules.

192. (45, 614) Hébert, M., R. N. Mckenzie, and G. E.
Weaver (1989), ‘Two definability results in the equational con-
text’. Proceedings of the American Mathematical Society, volume
107, pages 47–53.

[p. 47. Lines 3–4.]
Definitions 1. (i) A type τ is a set of operation symbols,

each with an assigned arity (some cardinal). τ is bounded by the
infinite regular cardinal α if the arities of its operation symbols are
all < α.

193. (291, 571) Coven, E. M., G. A. Hedlund, and F.
Rhodes (1979), ‘The commuting block maps problem’. Trans-
actions of the American Mathematical Society, volume 249, pages
113–138.

[p. 116. Lines 14–15.]
We will use the power notation to denote repeated composi-

tion. Formally, f0 = I and for n ≥ 0, fn+1 = f ◦ fn.
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194. (113, 113, 114, 198, 224, 311) Henriksen, M., S. Lar-
son, J. Martinez, and R. G. Woods (1994), ‘Lattice-ordered
algebras that are subdirect products of valuation domains’. Trans-
actions of the American Mathematical Society, volume 345, pages
195–221.

[p. 213. Lines 6–10 under Proposition 5.1.]
. . . QF (X) is an F -space if and only if:

(*) If C1, C2 are disjoint cozero sers, then there are zero sets
Z1, Z2 such that C1 ⊆ Z1, C2 ⊆ Z2 and int (Z1 ∩ Z2) = ∅.

Thus (*) is a sufficient but not necessary condition for QF (X)
to be an SV-space.

195. (186, 193) Herstein, I. N. (1964), Topics in Algebra.
Blaisdell.

[p. 2. Lines 11–14.]
The set A will be said to be a subset of the set S if every

element in A is an element of S, that is, if a ∈ A implies that
a ∈ S. We shall write this as A ⊂ S . . . This notation is not meant
to preclude the possibility that A = S.
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196. (417) Higgins, T. J. (1944), ‘Biographies and collected
works of mathematicians’. American Mathematical Monthly,
volume 51, pages 433–445.

[p. 440. Lines 10–7 from bottom.]
Portraits of Eminent Mathematicians with Brief Biographical

Sketches. Portfolio No. 2. By D. E. Smith. New York, Scripta
Mathematica, 1938. Euclid, Cardan, Kepler, Fermat, Pascal, Euler,
Laplace, Cauchy,Jacobi, Hamiltohn, Cayley, Chebishef, Poincaré.
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197. (637) Hills, E. J. (1948), ‘Fundamentals of beginning
algebra’. Mathematics Magazine, volume 21, pages 212–230.

[p. 213. Lines 16–12 from bottom.]

Addition of products

English statements Arithmetic statements

Two times three plus three times four 2× 3 + 3× 4
Two times four plus three times six 2× 4 + 3× 6

198. (410, 427) Hille, E. (1948), ‘Non-oscillation theorems’.
Transactions of the American Mathematical Society, volume 64,
pages 234–252.

[p. 241. Lines 12–9 from bottom.]
It follows that y′(x) is never increasing for a < x and y(x) is

concave downwards. Since the graph of y = y(x) lies below the
curve tangent and does not intersect the x-axis for x > a, we must
have y′(x) > 0.

199. (132, 370, 431) Hocking, J. G. and G. S. Young
(1961), Topology. Addison-Wesley.

[p. 13. .]
We shall refer to a continuous transformation as a mapping

from now on.
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200. (565) Hochstrasser, U. (1962), ‘Numerical methods
for finding solutions of nonlinear equations’. In [Todd, 1962].

[p. 264. Lines 11–15.]
By repeated application of this squaring method, polynomials

kPn(z) =
∑n

j=0 kan−jz
j can be obtained, the roots of which are

equal to −x2k

i , and the coefficients are determined reecursively by

kaj = k−1a
2
j + 2

j∑
i=1

(−1)l
k−1aj+1 k−1aj−1

201. (629) Hodgson, J. P. E. (1984), ‘Surgery on Poincaré
complexes’. Transactions of the American Mathematical Society,
volume 285, pages 685–701.

[p. 685. Lines 9–4.]
This paper has the following organization. §1 contains the

definitions and notations that will be used. §2 contains some tech-
nical results on Poincaré complexes and the central lemma which
makes everything work and which we call the Surgery Preparation
Lemma. The remaining paragraphs unwind the details, so that
§3 contains the proof of the (π − π) theorem for Poincaré duality
spaces of formal dimension ≥ 7 . . .
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202. (113) Hofmann, K. H. and C. Terp (1994), ‘Compact
subgroups of Lie groups and locally compact groups’. Proceedings
of the American Mathematical Society, volume 120, pages 623–634.

[p. 630. Lines 19–18 from bottom.]
. . . and thus G0/K0 is homeomorphic to a euclidean space

only if C = K0.
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203. (76, 204) Holland, Jr., S. S. (1995), ‘Orthomodularity
in infinite dimensions; a theorem of M. Solèr’. Bulletin of the
American Mathematical Society (N.S.), volume 32, pages 205–234.

[p. 206. Lines 5–4 from the bottom.]
Thus (M + M⊥)⊥⊥ = 0⊥ = E. But M + M⊥ is closed, so

M +M⊥ = E.

204. (146, 189, 305, 360, 570, 639) Hofmann, S. and J. L.
Lewis (1996), ‘l2 solvability and representation by caloric layer
potentials in time-varying domains’. The Annals of Mathematics,
2nd Ser., volume 144, pages 349–420.

[p. 349. Lines 10–5.]
R. Hunt proposed the problem of finding an analogue of

Dahlberg’s result for the heat equation in domains whose bound-
aries are given locally as graphs of functions A(x, t) which are
Lipschitz in the space variable. It was conjectured at one time that
A should be Lip 1

2
in the time variable, but subsequent counterex-

amples of Kaufmann and Wu [KW] showed that this condition does
not suffice.
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205. (88, 143) Holland, Jr., S. S. (1995), ‘Orthomodularity
in infinite dimensions; a theorem of M. Solèr’. Bulletin of the
American Mathematical Society (N.S.), volume 32, pages 205–234.

[p. 222. line 10 from bottom.]
The set of those elements of L which are the join of finitely

many atoms is closed under the operations ∨ and ∧ . . .
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206. (103) Howe, R. E. and E.-C. Tan (1993), ‘Homoge-
neous functions on light cones: the infinitesimal structure of some
degenerate principal series representations’. Bulletin of the Ameri-
can Mathematical Society (N.S.), volume 28, pages 1–74.

[p. 8. Lines 7–9.]
Thus our computation of the action of p on individual K-types

is in principle (and will turn out to be in practice) sufficient for
understanding the submodule structure of Sa(X0).

207. (135) Howe, E. W. (1995), ‘Principally polarized
ordinary Abelian varieties over finite fields’. Transactions of the
American Mathematical Society, volume 347, pages 2361–2401.

[p. 2385. First line of proof of Lemma 10.2.]
We will prove the contrapositive statement.

208. (511) Hungerford, T. W. (1990), ‘A counterexample
in Galois theory’. American Mathematical Monthly, volume 97,
pages 54–57.

[p. 56. Lines 9–6 from bottom.]
But in modern algebra texts published since 1986 (and a few

earlier ones), the reader should be more careful. Even when the
Lemma is stated, its proof may be faulty. Most of these books
present either a fallacious proof of the Theorem or Lemma (coun-
terexample above) or a suspiciously incomplete proof.
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209. (12) Hunter, T. J. (1996), ‘On the homology spectral
sequence for topological Hochschild homology’. Transactions of the
American Mathematical Society, volume 348, pages 3941–3953.

[p. 3934. Lines 8–6 from bottom.]
We will often abuse notation by omitting mention of the natu-

ral isomorphisms making ∧ associative and unital.
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I

210. (164, 280, 335, 432) Ipsen, I. C. F. and C. D. Meyer
(1995), ‘The angle between complementary subspaces’. American
Mathematical Monthly, volume 102, pages 904–911.

[p. 905. First lines.]
Definition 2.1. For nonzero subspaces R,N ⊆ Rn, the

minimal angle between R and N is defined to be the number
0 ≤ θ ≤ π/2 that satisfies

cos θ = max
u∈R,v∈N

‖u‖2=‖v‖2=1

vTu
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J

211. (544, 634) Jackson, D. (1934), ‘The convergence of
Fourier series’. American Mathematical Monthly, volume 41, pages
67–84.

[p. 70. Lines 13–12 from bottom.]
It must be recognized however that the series has not yet been

proved to converge to the value f(x).

212. (305, 361, 473) Jackson, B. W. and D. Thoro (1990),
Applied Combinatorics with Problem Solving. Addison-Wesley.

[p. 55. Definition of permutation.]
Let X be a set with n different objects. An arrangement of all

the elements of X in a sequence of length n is called a permuta-
tion.

213. (192) Jackson, B. W. and D. Thoro (1990), Applied
Combinatorics with Problem Solving. Addison-Wesley.

[p. 71. Problem 8.]
A small library contains 15 different books. If five different

students simultaneously check out one book each, . . .
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214. (306, 328, 627) Jain, D. L. and R. P. Kanwal (1971),
‘An integral equation method for solving mixed boundary value
problems’. SIAM Journal on Applied Mathematics, volume 20,
pages 642–658.

[p. 643. Lines 7–2 from bottom.]
An integral equation of the form∫ a

0
K0(t, ρ)g(t) dt = f(ρ), 0 < ρ < a,

with a given symmetric kernel K0, embodies the solution of vari-
ous mixed boundary value problems of physical interest. Being a
Fredholm integral equation of the first kind, it cannot, in general,
be solved easily for the unknown function g(ρ) in terms of the given
function f(ρ).

215. (43, 263) James, R. C. (1951), ‘Linear functionals as
differentials of a norm’. Mathematics Magazine, volume 24, pages
237–244.

[p. 237. Lines 10–8 from bottom.]
A continuous function F with real number values and argu-

ment in a Banach space B is a real linear functional, or simply
linear functional, if f(x+ y) = f(x) + f(y) for each x and y of B.
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216. (145, 145) Jankovic, D. and T. R. Hamlet (1990),
‘New topologies from old via ideals’. American Mathematical
Monthly, volume 97, pages 295–310.

[p. 300. lines 17–14 from bottom.]
By taking I = J in the above theorem, the following corollary

answers the question about the relationship between τ∗ and τ∗∗.
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217. (164, 405) Jeffries, C. (1990), ‘Code recognition with
neural network dynamical systems’. SIAM Review, volume 32,
pages 636–651.

[p. 636. Lines 4–8.]
A mathematical neural network model is an n-dimensional

difference equation or differential equation dynamical system that
accounts for the dynamics of n neurons. Each neuron is math-
ematically a state xi (a real number) with an associated output
gi = gi(xi), typically a ramp or sigmoidal gain function gi(xi).

218. (272, 327) Jenkyns, T. and E. Muller (2000), ‘Tri-
angular triples from ceilings to floors’. American Mathematical
Monthly, volume 107, pages 634–639.

[p. 634. Line 1.]
A triangular triple is a sequence of non-negative integers

(i, j, k) that gives the lengths of the sides of a triangle.

219. (52, 103) Joag-Dev, K. and F. Proschan (1992),
‘Birthday problem with unlike probabilities’. American Mathemat-
ical Monthly, volume 99, pages 10–12.

[p. 10. Lines 4–6.]
This computation is to be done under the assumption that in-

dividuals’ birthdays are independent and that for every individual,
all 365 days of the year are equally likely as possible birthdays.
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220. (488) Jobe, W. H. (1962), ‘Functional completeness
and canonical forms in many-valued logics’. Journal of Symbolic
Logic, volume 27, pages 409–422.

[p. 415. Lines 7–2.]
In order to avoid a prohibitive amount of punctuation, we

assign the following order of precedence to the binary symbols ≡,
∧, ·. Of these, each has precedence over any listed to its right. To
the unary symbols E1 and E2 we assign the least precedence. When
two or more unary symbols occur in a sequence, the innermost
symbol is given the least precedence.

221. (162, 406) Jones, R. and J. Pearce (2000), ‘A post-
modern view of fractions and the reciprocals of Fermat primes’.
Mathematics Magazine, volume 73, pages 83–97.

[p. 95. Lines 16–17.]
Definition. A positive integer n > 1 is perfectly symmetric

if its reciprocal is symmetric in any base b provided b �≡ 0 (mod n)
and b �≡ 1 (mod n).

222. (29, 406, 524) Jurisic, A. (1996), ‘The Mercedes knot
problem’. American Mathematical Monthly, volume 103, pages
756–770.

[p. 765. Lines 8–10 below Figure 15.]
Let i, j, k be the rotations of S1 around the coordinate axes

x, y, z, respectively, through π radians. Let us define a group
generated by i, j, k modulo the equivalence relation of an ambient
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isotopy in a hollow ball H with the band A keeping S1 and S2
fixed.

782



contents wordlist index

K

223. (240, 305) Karlin, S. (1972), ‘Some mathematical
models of population genetics’. American Mathematical Monthly,
volume 79, pages 699–739.

[p. 706. Lines 12–16.]
Under these conditions adding the relations in (2.6) using

obvious inequalities produces

(2.8) x′ + y′ < 2
xy + 1

2(x+ y)
1 + 1

2(x+ y)

Since 4xy ≤ (x + y)2 we see that x′ + y′ < x + y. It follows that
x(n) + y(n) decreases in n and its limit is necessarily zero indicating
that 0 is globally stable.

224. (143, 187) Kalton, N. J. (1991), ‘Differentials of com-
plex interpolation processes for Köthe function spaces’. Transac-
tions of the American Mathematical Society, volume 333, pages
479–529.

[p. 479. Lines 11–13 of Introduction.]
The main idea here is to characterize those twisted sums of

Köthe function spaces which can be obtained by differentiating a
complex interpolation scale of Köthe function spaces.
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225. (143, 187, 305) Kang, M.-c. (1997), ‘Minimal poly-
nomials over cyclotomic fields’. American Mathematical Monthly,
volume 104, pages 260.

[p. 260. Lines 23–24.]
From the definition of T , we may interpret the elements in T

as those invertible elements in Z/e′Z that are of the form 1 + kd for
some k because . . .
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226. (629) Katz, N. M. (1977), ‘The Eisenstein measure and
p-adic interpolation’. American Journal of Mathematics, volume
99, pages 238–311.

[p. 273. Lines 4–2 from bottom.]
What about special values? By construction, we have, for

k ≥ 1,
L(E,λω) (χk) = 2Jk (E, λω) = 2Gk (E, λω)− 2pk−1 (FrobGk) (E, λω) ,
a formula we will be able to unwind only in special cases.

227. (623) Kaufman, R. (1974), ‘Sets of multiplicity and
differentiable functions. II’. Transactions of the American Mathe-
matical Society, volume 200, pages 427–435.

[p. 429. Lines 8–10.]
Because sets of small Lebesgue measure have small µk-

measure, a proper choice of Y = ηk+1 enables us to obtain the
necessary estimates.

228. (328, 458, 637) Keinert, F. (1989), ‘Inversion of k-
plane transforms and applications in computer tomography’. SIAM
Review, volume 31, pages 273–298.

[p. 273. Lines 13–11 from bottom.]
Usually, a function f on R2 or R3 is determined from its inte-

grals over lines or planes. Here f represents some internal property
of an object which cannot be observed directly, while some integrals
of f are observable.
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229. (100, 132) Kellum, K. R. and H. Rosen (1992),
‘Compositions of continuous functions and connected functions’.
Proceedings of the American Mathematical Society, volume 115,
pages 145–149.

[p. 145. Lines 1–2.]
In calculus, we encounter the result that the composition g ◦ f

of two continuous functions f : I → I and g : I → I is continuous,
where I = [0, 1].

230. (475) Kendig, K. M. (1983), ‘Algebra, geometry, and
algebraic geometry: Some interconnections’. American Mathemati-
cal Monthly, volume 90, pages 161–174.

[p. 166. Fourth paragraph.]
Parametrize y = x2 by x = t, y = t2, and plug into Ax+By.

231. (606) Kierstead, H. A. (1981), ‘An effective version of
Dilworth’s Theorem’. Transactions of the American Mathematical
Society, volume 268, pages 63–77.

[p. 63. Lines 11–9.]
Dilworth’s Theorem [D] asserts than any partial ordering of

finite width n can be covered with n chains. If the partial ordering
is finite, then one can actually exhibit these chains (by trial and
error, if by no other method).
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232. (132, 312, 332) Klambauer, G. (1978), ‘Integration
by parts and inverse functions’. American Mathematical Monthly,
volume 85, pages 668–669.

[p. 668. Line 1.]
Let f be a strictly increasing function with continuous deriva-

tive on a compact interval [a, b].

233. (534) Klebanoff, A. and J. Rickert (1998), ‘Studying
the cantor dust at the edge of feigenbaum diagrams’. The College
Mathematics Journal, volume 29, pages 189–198.

[p. 196. Second line below figure.]
The largest region leaves in one iteration and is bounded by

the curves

x1i =
1
2

+ (−1)i

√
1
4
− 1
a
, i = 1, 2

which satisfy fa(x) = 1.

234. (639) Kleiner, I. (1996), ‘The genesis of the abstract
ring concept’. American Mathematical Monthly, volume 103, pages
417–424.

[p. 417. First two lines of paragraph (b).]
The polynomial rings R[x] and R[x, y] in one and two variables,

respectively, share important properties but also differ in significant
ways.
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235. (224, 485) Kleiner, I. (1999), ‘Field theory: From
equations to axiomatization’. American Mathematical Monthly,
volume 106, pages 677–684.

[p. 678. Lines 18–20.]
This says (in our terminology) that if E is the splitting field of

a polynomial f(x) over a field F , then E = F (V ) for some rational
function V of the roots of f(x).

236. (163, 571) Klosinski, L. F., G. L. Alexanderson, and
L. C. Larson (1993), ‘The fifty-third William Lowell Putnam
Mathematical Competition’. American Mathematical Monthly,
volume 100, pages 755–767.

[p. 757. Problem A-2.]
Define C(α) to be the coefficient of x1992 in the power series

expansion about x = 0 of (1 + x)α. Evaluate . . .

237. (186) Klosinski, L. F., G. L. Alexanderson, and
L. C. Larson (1993), ‘The fifty-third William Lowell Putnam
Mathematical Competition’. American Mathematical Monthly,
volume 100, pages 755–767.

[p. 758. Problem B-1.]
Let S be a set of n distinct real numbers.
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238. (177, 248, 258, 432) Knoebel, R. A. (1981), ‘Expo-
nentials reiterated’. American Mathematical Monthly, volume 88,
pages 235–252.

[p. 235. Lines 1–3.]
When is xy less than yx? For what kind of numbers does

xy = yx? And is there a formula for y as a function of x?

239. (464) Knuth, D. E. (1981), ‘A permanent inequality’.
American Mathematical Monthly, volume 88, pages 731–740.

[p. 732. Lines 2–7.]
For example, the quadratic form x2

1 +x2
2 +x2

3−2x1x2−2x1x3−
2x2x3 can be specified either by the triangular matrix

 1 −2 −2
0 1 −2
0 0 1




or by the symmetric matrix
 1 −1 −1
−1 1 −1
−1 −1 −1
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240. (521, 546, 602) Kolman, B., R. C. Busby, and S.
Ross (1996), Discrete Mathematical Structures, 3rd Edition.
Prentice-Hall.

[p. 109. Lines 15–11 from the bottom.]
If R is a relation from A to B, we define R(x), the R-relative

set of x, to be the set of all y in B with the property that x is R-
related to y. Thus, in symbols,

R(x) = {y ∈ B | xR y}
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241. (81) Kolman, B., R. C. Busby, and S. Ross (1996),
Discrete Mathematical Structures, 3rd Edition. Prentice-Hall.

[p. 111. Theorem 2.]
Let R and S be relations from A to B. If R(a) = S(a) for all a

in A, then R = S.

242. (163, 450) Konvalina, J. (2000), ‘A unified interpre-
tation of the binomial coefficients, the Stirling numbers, and the
Gaussian coefficients’. American Mathematical Monthly, volume
107, pages 901–910.

[p. 902. Lines 2–4.]

Define the binomial coefficient of the first kind
(
n
k

)
to be

the number of k-element subsets of S; that is, the number of ways
to choose k distinct objects from S with the order of selection not
important.

243. (306) Kong, T. Y., R. Kopperman, and P. R.
Meyer (1991), ‘A topological approach to digital topology’.
American Mathematical Monthly, volume 98, pages 901–917.

[p. 904. Lines 1–3.]
For x ∈ X let N(x) denote the intersection of all open neigh-

borhoods of x, which of course is not a neighborhood in general.
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244. (140, 485) Kopperman, R. (1988), ‘All topologies
come from generalized metrics’. American Mathematical Monthly,
volume 95, pages 89–97.

[p. 93. Lines 9–11.]
If for each i ∈ I, Ai is a value semigroup (together with +i,

0i, ∞i), then so is their product (with +, 0 defined coordinatewise;
1/2 and inf are also taken coordinatewise.)

245. (499, 596) Krantz, S. G. (1995), The Elements of
Advanced Mathematics. CRC Press.

[p. 40. Proposition 3.1.]
Let S and T be sets. Then S = T if and only if both S ⊂ T

and T ⊂ S.
PROOF If S = T then, by definition, S and T have precisely the
same elements. In particular, this means that x ∈ S implies that
x ∈ T and also x ∈ T implies that x ∈ S. That is, S ⊂ T and
T ⊂ S.

Now suppose that both S ⊂ T and T ⊂ S. Seeking a contra-
diction, suppose that S �= T . Then either there is some element
of S that is not an element of T or there is some element of T that
is not an element of S. The first eventuality contradicts S ⊂ T
and the second eventuality contradicts T ⊂ S. We conclude that
S = T .
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246. (524) Krantz, S. G. (1995), The Elements of Advanced
Mathematics. CRC Press.

[p. 57. Definition 4.16.]
Let S and T be sets. A function f from S to T is a relation

on S and T such that
(i) Every s ∈ S is in the domain of f ;
(ii) If (s, t) ∈ f and (s, u) ∈ f then t = u.
Of course we refer to S and T as the domain and the range,

respectively of f .

247. (224, 263, 390) Kreyszig, E. (1994), ‘On the calculus
of variations and its major influences on the mathematics of the
first half of our century. part II’. American Mathematical Monthly,
volume 101, pages 902–908.

[p. 903. Last five lines.]
Dirichlet’s Principle. There exists a function u that minimizes

the functional (the so-called Dirichlet Integral)

D [u] =
∫

Ω
|gradu|2 dV, Ω ⊂ R2 or R3,

among all functions u ∈ C1 (Ω) ∩ C0
(
Ω̄
)

which take on given values
f on the boundary ∂Ω of Ω, . . . .
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248. (461, 614) Kulisch, U. W. and W. L. Miranker
(1986), ‘The arithmetic of the digital computer: A new approach’.
SIAM Review, volume 28, pages 1–40.

[p. 36. Lines 8–9.]
We make use of a type concept and an operator concept as

well as the overloading of (certain) function names.
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249. (42, 280, 502) Kupka, J. and K. Prikry (1984), ‘The
measurability of uncountable unions’. American Mathematical
Monthly, volume 91, pages 85–97.

[p. 86. Lines 5–6.]
Conversely, if an arbitrary function f : X → R satisfies (1.6)

and if the (finite Radon) measure µ is complete, then f is A-
measurable.
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L

250. (450) Lam, C. W. H. (1991), ‘The search for a finite
projective plane of order 10’. American Mathematical Monthly,
volume 98, pages 305–318.

[p. 305. Lines 11–12.]
A finite projective plane of order n, with n > 0, is a collection

of n2 + n+ 1 lines and n2 + n+ 1 points such that . . .

251. (70, 174, 296) Lang, S. (1965), Algebra. Addison
Wesley.

[p. 56. Lines 9–2 from bottom.]
Let A be a ring, and let U be the set of elements of A which

have both a right and a left inverse. . . . Therefore U satisfies all
the axioms of a multiplicative group, and is called the group of
units of A. It is sometimes denoted by A∗, and is also called the
group of invertible elements of A.

252. (239, 259, 291, 332, 370, 463) Lance, T. and E.
Thomas (1991), ‘Arcs with positive measure and a space-filling
curve’. American Mathematical Monthly, volume 98, pages 124–
127.

[p. 126. Lines 10–4 from bottom.]
Fix some s ∈ (0, 1], and consider the Cantor set Cs obtained

by removing an open interval of length (1 − s)/2 from the middle
of I, open intervals of length (1 − s)/8 from the center of the two
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resulting open intervals, open intervals of length (1 − s)/32 from
the four resulting intervals, and so on. The Cantor set Cs has one
dimensional Lebesgue measure s. There is a standard mapping of
Cs onto I, the Cantor function Φs . . . which can be embedded as
the last stage of a one parameter family of maps t→ Φs,t.
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253. (299, 503, 511) Lau, A. T.-M. (1081), ‘The second con-
jugate algebra of the Fourier algebra of a locally compact group’.
Transactions of the American Mathematical Society, volume 267,
pages 53–63.

[p. 55. Proposition 3.2.]
Proposition 3.2. (a) V N(G)∗ has a right identity if and only

if G is amenable. (b) V N(G)∗ has a left identity if and only if G is
compact.

254. (362, 485, 652) Lawlor, G. (1996), ‘A new minimization
proof for the brachistochrone’. American Mathematical Monthly,
volume 103, pages 242–249.

[p. 243. Proposition 1.2.]
The velocity of a marble rolling without friction down a ramp

is proportional to
√|y|, if the marble starts at rest at a point where

y = 0.

255. (322, 575) Leary, F. C. (1989), ‘Rings with invertible
regular elements’. American Mathematical Monthly, volume 96,
pages 924–926.

[p. 924. Lines 6–5 from bottom.]
The key ingredient in the preceding discussion is the fact that

for finite sets S, every injective f : S → S is necessarily surjective.
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256. (501) Leep, D. B. and G. Myerson (1999), ‘Marriage,
magic and solitaire’. American Mathematical Monthly, volume
106, pages 419–429.

[p. 428. Corollary 13.]
Corollary 13. No vector space V over an infinite field F is a

finite union of proper subspaces.

257. (280, 281, 351, 458) Lefton, P. (1977), ‘Galois resol-
vents of permutation groups’. American Mathematical Monthly,
volume 84, pages 642–644.

[p. 643. Lines 1–2.]
Definition. Let Φ(z, y) be the minimal polynomial for F (x)

over Q(y). We call Φ(z, y) the Galois resolvent of Π corresponding
to F (x).

258. (593) Lehning, H. (1990), ‘Computer-aided or analytic
proof?’. The College Mathematics Journal, volume 21, pages
228–239.

[p. 228. Lines 3–5.]
My answer was 23124110, and the story might have ended

there; but though I do not know why, I continued: 1413223110.
1423224110, 2413323110, 1433223110, 1433223110, and then the
sequence is constant from this term on.
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259. (272, 609) Lenstra, Jr., H. W. (1992), ‘Algorithms in
algebraic number theory’. Bulletin of the American Mathematical
Society (N.S.), volume 26, pages 211–244.

[p. 216. Lines 21–23.]
Other algorithms may even give a nontrivial factor of p, . . .

260. (346) Lewin, J. (1991), ‘A simple proof of Zorn’s
Lemma’. American Mathematical Monthly, volume 09, pages
353–354.

[p. 353. Title.]
A Simple Proof of Zorn’s Lemma.

261. (61, 79, 164, 224, 297) Lewis, H. R. and C. H.
Papadimitriou (1998), Elements of the Theory of Computation,
2nd Edition. Prentice-Hall.

[p. 20. Lines 11–10 from the bottom.]
We call two sets A and B equinumerous if there is a bijection

f : A → B. [This statement also occurs on page 21 of the First
Edition.]
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262. (311) Lew, J. S. and J. Donald A. Quarles (1989),
‘Optimal inscribed polygons in convex curves’. American Mathe-
matical Monthly, volume 96, pages 886–902.

[p. 886. Lines 1–3.]
For a given positive integer n, and a regular C2 plane convex

curve Γ that includes no straight line segment, we wish to approxi-
mate Γ by in inscribed n-segment polygonal line that minimizes the
area between curve and polygonal line.

263. (363) Llewellyn, D. C., C. Tovey, and M. Trick
(1988), ‘Finding saddlepoints of two-person, zero sum games’.
American Mathematical Monthly, volume 95, pages 912–918.

[p. 913. Lines 19–18 from bottom.]
For ease of notation, we will denote log2 x by lgx.

264. (74, 305) Loeb, P. A. (1991), ‘A note on Dixon’s proof
of Cauchy’s Integral Theorem’. American Mathematical Monthly,
volume 98, pages 242–244.

[p. 243. Lines 4–5.]
The trace of the curve γ in the complex plane is denoted by

{γ}.
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265. (80) Lorch, E. R. (1971), ‘Continuity and Baire func-
tions’. American Mathematical Monthly, volume 78, pages 748–
762.

[p. 753. Item (2) under III.]
There are three cases:
(1) E has finite cardinality.
(2) E has denumerable cardinality.
(3) E has the cardinality c of the continuum.

266. (79) St. Luke (1949), ‘The Gospel according to St.
Luke’. In The Holy Bible, Authorized King James Version, pages
55–89. Collins Clear-Type Press.

[p. 56. Chapter 1, verse 48.]
. . . from henceforth all generations shall call me blessed.

267. (220) Lyzzaik, A. K. and K. Stephenson (1991),
‘The structure of open continuous mappings having two valences’.
Transactions of the American Mathematical Society, volume 327,
pages 525–566.

[p. 547. Lines 9–11.]
Our objective in the remainder of this section is to develop the

U-homotopy necessary to replace a general, perhaps pathological,
function f by a more manageable and regular function h.
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M

268. (602) Mac Lane, S. (1971), Categories for the Working
Mathematician. Springer-Verlag.

[p. 58. Line 15.]
Thus a universal element 〈r, e〉 for H is exactly a universal

arrow from ∗ to H.

269. (11) Mac Lane, S. (1981), ‘Mathematical models: A
sketch for the philosophy of mathematics’. American Mathematical
Monthly, volume , pages 462–472.

[p. 471. Lines 5–6.]
Abstraction consists in formulating essential aspects of some

subject matter in terms of suitable axioms.

270. (361, 415) MacEachern, S. N. and L. M. Berliner
(1993), ‘Aperiodic chaotic orbit’. American Mathematical
Monthly, volume 100, pages 237–241.

[p. 237. Lines 12–16.]
For ease of exposition, the presentation here is specialized to a

familiar example for J = [0, 1], namely the tent map defined by the
function

f(x) = 2x 0 ≤ x < .5

2− 2x .5 ≤ x ≤ 1
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271. (415) MacEachern, S. N. and L. M. Berliner
(1993), ‘Aperiodic chaotic orbit’. American Mathematical
Monthly, volume 100, pages 237–241.

[p. 241. Lines 13–11 from bottom.]
For any y ∈ S1, witn y �= 1, there are exactly two values of z

(namely z = y/2 or 1− y/2) for which σ (tz) = ty.

272. (60, 307, 320, 446, 623) Mac Lane, S. and G. Birkhoff
(1993), Algebra, third edition. Chelsea.

[p. 43. Lines 5–12.]
A group is a set G together with a binary operation G × G →

G, written (a, b) 
→ ab, such that: . . . In other words, a group is a
monoid in which every element is invertible.

273. (630) Mac Lane, S. and G. Birkhoff (1993), Algebra,
third edition. Chelsea.

[p. 182. Lines 4–3 from the bottom.]
Therefore these identities characterize the biproduct A1 ⊕ A2

up to isomorphism . . .
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274. (172, 405, 440, 485, 556, 652) Macki, J. W., P. Nistri,
and P. Zecca (1993), ‘Mathematical models for hysteresis’. SIAM
Review, volume 35, pages 94–123.

[p. 98. Beginning of Section 2.3.]
The Preisach model of electromagnetic hysteresis dates from

1935 . . . This model uses a superposition of especially simple inde-
pendent relay hysteresis operators . . . That is,

F [v] (t) =
∫ ∫

µ (α, β) F̂α,]beta [v] (t) dαdβ

where µ(α, β) ≥ 0 is a weight function, usually with support on a
bounded set in the (α, β)-plane, F̂αβ is a relay hysteresis operator
with thresholds α < β, and

hU (v) = +1 on [α,∞) ;

hL(v) = −1 on (−∞, β] .

275. (305, 639) Manoharan, P. (1995), ‘Generalized Swan’s
theorem and its application’. Proceedings of the American Mathe-
matical Society, volume 123, pages 3219–3223.

[p. 3219. Last four lines of abstract.]
A characterization for all the smooth maps between the spaces

of vector bundles, whose kth derivatives are linear differential oper-
ators of degree r in each variable, is given in terms of A(r) maps.
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276. (74, 75) Marx, I. (1962), ‘Transformation of series by
a variant of Stirling’s numbers’. American Mathematical Monthly,
volume 69, pages 530–532.

[p. 530. Lines 10–9.]
In terms of this function, “bracket symbols”

[
n
j

]
and “brace

symbols”
{

n
i

}
may be defined by the formulas . . .
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277. (79, 186) Marchisotto, E. A. (1992), ‘Lines without
order’. American Mathematical Monthly, volume 99, pages 738–
745.

[p. 739. Lines 23–25.]
Given two distinct points a and b, the class of all points p such

that there exists a motion that leaves a fixed and transforms p into
b is called a sphere of center a and passing through b.

278. (239) Marchisotto, E. A. (1992), ‘Lines without
order’. American Mathematical Monthly, volume 99, pages 738–
745.

[p. 741. Lines 2–4.]
Notice that the rotation in Euclidean space described above

not only fixes a and b, but also fixes all points collinear with a and
b.

279. (82, 257) Martelli, M., M. Deng, and T. Seph
(1998), ‘Defining chaos’. Mathematics Magazine, volume 72,
pages 112–122.

[p. 116. Example 3.1.]
Let f : [0, 1]→ [0, 1] be defined by

f(x) =

{
x+ .5 0 ≤ x ≤ .5
0 .5 ≤ x ≤ 1.
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280. (52, 429) Matúš, F. (94), ‘On nonnegativity of symmet-
ric polynomials’. American Mathematical Monthly, volume 101,
pages 661–664.

[p. 661. Lines 8–4.]
Theorem. Let x ∈ CN and let the values p[α](x) be nonnega-

tive for all α ∈ A. Then necessarily all coordinates xi, i ∈ N , are
nonnegative.

281. (53, 308) Mauldon, J. G. (1978), ‘Num, a variant of
Nim with no first-player win’. American Mathematical Monthly,
volume 85, pages 575–578.

[p. 575. Lines 3–5.]
These constraints are such that, if one player could in his turn

leave (say) n matchsticks in a particular heap, then the other player
could not. In particular, at most one of the players is entitled to
clear any particular heap.

282. (616) Maxson, C. J. (1003), ‘Near-rings of invariants.
II’. Proceedings of the American Mathematical Society, volume
117, pages 27–35.

[p. 27. Line 4.]
Under function addition, (M,+) is a group.
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283. (295, 361, 431) Mazur, B. (1993), ‘On the passage
from local to global in number theory’. Bulletin of the American
Mathematical Society (N.S.), volume 29, pages 14–50.

[p. 29. Lines 8–6 from the bottom.]
From now on we assume n to be good, and we will freely

identify elements of H1(GK , E[n]) with the ∆n-equivariant homo-
morphisms GM → E[n] to which they give rise.

284. (566, 579, 637) Hill, R. J. and M. S. Mazur (1995),
‘The matrix exponential function and systems of differential equa-
tions using Derive’. The College Mathematics Journal, volume 26,
pages 146–151.

[p. 147. Lines 7–11.]
Perhaps the greatest advantage to the use of symbolic com-

putation is that a student can work with relatively complicated
examples without losing sight of the process for finding the solu-
tion. Such a method takes full advantage of the capacity of the
software to substitute matrices into scalar polynomials, to perform
integration, and to simplify matrix expressions.
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285. (489) McAllister, B. L. (1966), ‘Embedding an
integral domain using cyclic elements’. American Mathematical
Monthly, volume 73, pages 994–995.

[p. 994. Lines 9–11.]
Let P denote the set of all ordered pairs of elements of D, and

define the relation R over P by
(a, b)R(c, d)⇔ ad = bc
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286. (215) McCarthy, P. J. (1960), ‘Some remarks on
arithmetical identities’. American Mathematical Monthly, volume
67, pages 539–548.

[p. 547. Lines 17–18.]
Consequently, in order to evaluate f(M,N) we need only

evaluate f
(
pa, pb

)
where p is a prime.

287. (281, 475, 594, 634) McColm, G. L. (1989), ‘Some
restrictions on simple fixed points of the integers’. Journal of
Symbolic Logic, volume 54, pages 1324–1345.

[p. 1328. Lines 10–13.]
Simultaneously, we define the evaluation function

ev : terms× assignments→ values
so that if θ is a term and x is an assignment of elements from ω
and perhaps partial functions on ω, then ev(θ,x) is the result of
plugging x into θ.

288. (402, 481) Mckenzie, R. (1975), ‘On spectra, and the
negative solution of the decision problem for identities having a
finite nontrivial model’. Journal of Symbolic Logic, volume 40,
pages 186–196.

[p. 187. First sentence of fifth paragraph.]
We use Polish notation (sometimes with added parentheses for

clarity) to denote the terms build up from function symbols and
variables of a first order language.
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289. (641) McKenzie, R. (1971), ‘Negative solution of the
decision problem for sentences true in every subalgebra of 〈N,+〉’.
Journal of Symbolic Logic, volume 36, pages 6007–609.

[p. 608. Lines 19–21.]
In order to ensure that no undesirable clash of vari-

ables occurs in what follows, we assume that the vari-
ables of the language of K are listed without repetition as
x, y, u0, u1, u2, z0, z2, z2, x0, x1, x2, . . . .

290. (224, 328) Mead, D. G. (1961), ‘Integration’. Mathe-
matical Association of America, volume 68, pages 152–156.

[p. 152. Lines 9–12.]
With respect to integration, however, he is well aware of his

rather unhappy position, that of knowing that some functions
cannot be integrated (in finite terms) but of possessing no way of
determining whether a particular function is in this class or not.

291. (35, 120, 224, 280, 305, 571) Mead, D. G. (1993),
‘Generators for the algebra of symmetric polynomials’. American
Mathematical Monthly, volume 100, pages 386–388.

[p. 387. Lines 12–16.]
Consider the monomial symmetric function 〈a1, a2, . . . , ak〉

in Q[x1, x2, . . . , xn] and let t = Σk
i=1ai. Then there is a positive

rational number c and an element B in Q[p1, p2, . . . , pi−1] such that

〈a1, a2, . . . , ak〉 = (−1)k1cpi +B.
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292. (410) Melissen, H. J. B. M. (1993), ‘Densest packings
of congruent circles in an equilateral triangle’. American Mathe-
matical Monthly, volume 100, pages 916–925.

[p. 917. Lines 1–4 of Section 2.1.]
Two of the four points must lie in the same subregion from the

partition shown in Figure 3a, so d4 ≤ 1√
3
. If the upper bound is

attained, then one point must lie at the center and the other onr is
a vertex of the triangle.

293. (410) Melissen, H. (1997), ‘Loosest circle coverings of
an equilateral triangle’. Mathematics Magazine, volume 70, pages
118–124.

[p. 119. Lines 8–7 from bottom.]
If the vertices of the triangle are covered by two discs, one of

the discs must cover two vertices, . . .

294. (52, 415, 425) Meyers, L. F. (1959), ‘An integer con-
struction problem’. American Mathematical Monthly, volume 66,
pages 556–561.

[p. 560. Beginning of section 5.]
In this section two additional operations, namely subtraction

and negation, will be allowed. For example the combination (−3)
involves negation but not subtraction.
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295. (322, 351, 370, 499) Meyer, M. J. (1992), ‘Continuous
dense embeddings of strong Moore algebras’. Proceedings of the
American Mathematical Society, volume 116, pages 727–735.

[p. 732. Lines 5–8.]
Since the inverse images of hulls are hulls, the map Q ∈

Prim (B) → φ−1(Q) ∈ Prim (A) is continuous. It remains to be
shown that it is one to one. Suppose that N, Q ∈ Prim (B) are such
that φ−1(N) = φ−1(Q). Choose continuous irreducible representa-
tions π, σ of B on Banach spaces X, Y such that N = ker(π) and
Q = ker(σ).

296. (263, 651) Michal, A. D. (1950), ‘Integral equations
and functionals’. Mathematics Magazine, volume 24, pages 83–95.

[p. 86–87. Lines 3–1 from bottom.]
Definition of a functional. A functional is a function on C1

to C − 2 whenever C1 is itself a class of functions of a finite number
of numerical variables whicle C2 is another class of functions of a
finite number of numerical variables.

297. (345) Milton, E. O. (1972), ‘Asymptotic behavior
of transforms of distributions’. Transactions of the American
Mathematical Society, volume 172, pages 161–176.

[p. 170. Lines 6–4 above Theorem 4.3.]
In the preceding initial value type theorem the distributions

and measures were restricted to have support in [0,∞) by the
growth of e−σx for negative x and large positive σ.
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298. (280, 321) Millar, T. (1989), ‘Tame theories with
hyperarithmetic homogeneous models’. Proceedings of the Ameri-
can Mathematical Society, volume 105, pages 712–746.

[p. 714. Line 4 from bottom.]
The cξ’s inhabit distinct equivalence classes:

299. (120, 257, 448, 502, 535, 634, 637) Mollin, R. A.
(1997), ‘Prime-producing quadratics’. American Mathematical
Monthly, volume 104, pages 529–544.

[p. 531. Definition 2.1.]
Consider F (x) = ax2 + bx + c (a, b, c ∈ Z), a �= 0, and

suppose |F (x)| is prime for all integers = 0, 1, . . . , l − 1. If l ∈ N

is the smallest value such that |F (l)| is composite, |F (l)| = 1, or
|F (l)| = |F (x)| for some x = 0, 1, . . . , l − 1, then F (x) is said to
have prime-production length l.

300. (335, 340, 474, 509, 575) Morgan, F. (1988), ‘Area-
minimizing surfaces, faces of Grassmannians, and calibrations’.
American Mathematical Monthly, volume 95, pages 813–822.

[p. 814. Lines 2–5 below first figure.]
The coordinates of the line at angle θ to the x-axis are the

oriented projections of a unit length from that line onto the axes,
namely (cos θ, sin θ). Hence G(1,R2) is just the unit circle in R2.
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301. (255) Morrison, K. E. (1995), ‘Cosine products,
Fourier transforms, and random sums’. American Mathematical
Monthly, volume 102, pages 716–724.

[p. 716. Line 1.]
The function sinx/x is endlessly fascinating.

302. (402) Morrison, K. E. (1995), ‘Cosine products,
Fourier transforms, and random sums’. American Mathematical
Monthly, volume 102, pages 716–724.

[p. 720. Lines 12–15.]
Flip a fair coin repeatedly. Beginning with 0, add 1/2 if the

result is heads and subtract 1/2 if the result is tails. On the next
toss add or subtract 1/4; on the next add or subtract 1/8, and so
on.

303. (42) Mornhinweg, D., D. B. Shapiro, and K. G.
Valente (1993), ‘The principal axis theorem over arbitrary fields’.
American Mathematical Monthly, volume 100, pages 749–754.

[p. 749. Title of Article.]
The Principal Axis Theorem Over Arbitrary Fields
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304. (241, 623) Mornhinweg, D., D. B. Shapiro, and
K. G. Valente (1993), ‘The principal axis theorem over arbitrary
fields’. American Mathematical Monthly, volume 100, pages 749–
754.

[p. 751. Theorem 2.]
Let F be a formally real pythagorean field. The following are

equivalent:
(i) F has the Principal Axis Property,
(ii) Every symmetric matrix over F is diagonalizable over F , and
(iii) Every symmetric matrix over F has an eigenvalue in F .

817



contents wordlist index

N

305. (208, 463) Neidinger, R. D. and R. J. Annen III
(1996), ‘The road to chaos is filled with polynomial curves’. Amer-
ican Mathematical Monthly, volume 103, pages 640–653.

[p. 642. Lines 15–23.]
Superattracting Root Theorem. Let n ∈ N. The parame-

ter r satisfies Qn(r) = 0 and Qj(r) �= 0 for 0 < j < n if and only if
iteration of fr(x) has a superattracting periodic point of period n.

306. (415) Nevo, A. (1994), ‘Harmonic analysis and point-
wise ergodic theorems for noncommuting transformations’. Journal
of the American Mathematical Society, volume 7, pages 875–902.

[p. 875. Lines 10–11.]
Let (X,B,m) be a standard Lebesgue measure space, namely

a measure space whose σ-algebra is countably generated and count-
ably separate.

307. (235, 280, 291) Newns, W. F. (1967), ‘Functional
dependence’. American Mathematical Monthly, volume 74, pages
911–920.

[p. 911. Lines 13–12 from bottom.]
Let X, I be sets, (Yι)ι∈I a family of sets, and for each ι ∈ I let

fι : X → Yι.
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308. (422, 544) Newcomb, S. (1881), ‘Note on the frequency
of use of the different digits in natural numbers’. American Journal
of Mathematics, volume 4, pages 39–40.

[p. 39. Lines 8–10, lines 2–1 from the bottom, and lines 1–2 on
page 40.]

The question we have to consider is, what is the probability
that if a natural number be taken at random its first significant
digit will be n, its second n′, etc. . . .

Our problem is thus reduced to the following:
We have a series of numbers between 1 and i, . . .

309. (362, 638) Newns, W. F. (1967), ‘Functional depen-
dence’. American Mathematical Monthly, volume 74, pages 911–
920.

[p. 912. Lines 3–4.]
The support of F is the smallest closed set outside which F

vanishes identically.

310. (97, 145, 145, 524, 535, 634) Niven, I. (1956), Irrational
Numbers. Mathematical Association of America.

[p. 41. Corollary 3.12.]
If θ is rational in degrees, say θ = 2πr for some rational num-

ber r, then the only rational values of the trigonometric functions
of θ are as follows: sin θ, cos θ = 0,±1

2 ,±1; sec θ, csc θ = ±1,±2;
tan θ, cot θ = 0,±1.
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311. (93, 458, 623) Niven, I. (1956), Irrational Numbers.
Mathematical Association of America.

[p. 83. Lemma 7.1.]
Any r + 1 linear forms in r indeterminates with rational coeffi-

cients are linearly dependent over the rationals.

312. (18, 509) Novak, J. (1950), ‘On a problem of E. Cech’.
Proceedings of the American Mathematical Society, volume 1,
pages 211–214.

[p. 212. Lines 15–12 from bottom.]
Such cardinals do exist; in particular, taking R to be the set of

rational numbers, well-ordering the irrationals, and defintion Pλ to
be a sequence of rationals converging to the λth irrational, shows
that ℵ0 is such a cardinal.
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O

313. (390, 579) Ogilvy, C. S. (1960), ‘Exceptional extremum
problems’. American Mathematical Monthly, volume 67, pages
270–275.

[p. 70. Lines 9–6 from bottom.]
If we let x be the length of the new fence which is to be aligned

with the original 100 feet and proceed in the usual fashion to max-
imize the resulting expression for area, x comes out to be −25,
which is not permitted by the conditions of the problem.

314. (81, 97, 281, 634) Osofsky, B. L. (1994), ‘Noether
Lasker primary decomposition revisited’. American Mathematical
Monthly, volume 101, pages 759–768.

[p. 760. Lines 14–16.]
With this convention on sides, the defining property of a mod-

ule homomorphism φ : M → N is that (r ·x+x ·y)φ = r ·(x)φs ·(y)φ
for all x, y ∈M and r, s ∈ R.

315. (298) Osofsky, B. L. (1994), ‘Noether Lasker primary
decomposition revisited’. American Mathematical Monthly, volume
101, pages 759–768.

[p. 766. Lines 14–17.]
Definition. If R is a commutative Noetherian ring and P is a

prime ideal of R, then P is associated with the module M provided
P = (0 : x) for some x ∈M . We will call M P -primary if the prime
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ideal P is associated with M and no other prime is.

822



contents wordlist index

316. (43) Osserman, R. (1979), ‘Bonnesen-style isoperi-
metric inequalities’. American Mathematical Monthly, volume 86,
pages 1–29.

[p. 5. Line 10.]
Before proceeding further with the argument, let us prove

(27).

317. (280) Osserman, R. (1979), ‘Bonnesen-style isoperi-
metric inequalities’. American Mathematical Monthly, volume 86,
pages 1–29.

[p. 18. Lines 9–7 from bottom.]
The isoperimetric inequality (36) gives

L2 ≥ 4πA+ α2A2 > α2A2

for simply connected domains with K ≤ −α2, so that (77) holds in
that case.

318. (463, 646) Osserman, R. (1990), ‘Curvature in the
eighties’. American Mathematical Monthly, volume 97, pages
731–756.

[p. 732. Lines 13–8 from bottom.]
Again using the parameter s of arc length along the curve, and

denoting by x the position vector on the curve, we have the unit
tangent vector

T =
dx

ds
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and the curvature k defined by

k =
∣∣∣∣dTds

∣∣∣∣ =
∣∣∣∣d2x

ds2

∣∣∣∣ .
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319. (280, 281, 305, 623) Ostrowski, A. M. (1971), ‘Some
properties of reduced polynomial equations’. SIAM Journal on
Numerical Analysis, volume 8, pages 623–638.

[p. 624. Lines 14–16.]
Taking x = 2 in (6), we obtain ψn(2) = 1 + 2n−1, so that

(7) ρn < 2 (n ≥ 2)
and we see that all roots of a reduced equation lie in the disk
|z| < 2.

320. (182, 235, 634) Oxtoby, J. C. (1977), ‘Diameters of
arcs and the gerrymandering problem’. American Mathematical
Monthly, volume 84, pages 155–162.

[p. 155. Lines 24–25.]
For what values of c (if any) is it true that for every finite

family of disjoint finite sets Fj with diam Fj > 0 there exist disjoint
polygonal arcs Ai such that Fj ⊆ Ai and diam Ai ≤ c diam Fj for
all j?
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P

321. (453) Paakki, J., A. Karhinen, and T. Silander
(1990), ‘Orthogonal type extensions and reductions’. ACM SIG-
PLAN Notices, volume 25, pages 28–38.

[p. Abstract. First two sentences.]
In this paper we present a generalization of Oberon’s record

type extensions. Our extension mechanism is orthogonally appli-
cable to all the conventional data types found in Pascal-like lan-
guages.

322. (350) Pamfilos, P. and A. Thoma (1999), ‘Appolo-
nian cubics: An application of group theory to a problem in
Euclidean geometry’. Mathematics Magazine, volume 72, pages
356–366.

[p. 362. Lines 22–25.]
Theorem 4 (Van Rees). Let c = AP [AD,BC] be an irre-

ducible Appolonian cubic, let A′ and B′ be two arbitrary regular
points on the cubic, and let C ′ = B′ + O1, D′ = A′ + O1. Then
the two Appolonian cubics AP [AD,BC] and AP [A′D′, B′C ′] are
identical.
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323. (637) Dave Pandres, J. (1957), ‘On higher ordered
differentiation’. American Mathematical Monthly, volume 64,
pages 566–572.

[p. 566. Lines 1–4.]
Courant in [1] gives Lebniz’ rule for finding the Nth derivative

of the product of two functions, and then remarks that no such eas-
ily remembered law has been found for the repeated differentiation
of the compound function Y = F [U (X)].
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324. (100, 637) Parusinski, A. and P. Pragacz (1995),
‘Chern-Schwartz-Macpherson classes and the Euler characteristic
of degeneracy loci and special divisors’. Journal of the American
Mathematical Society, volume 8, pages 793–817.

[p. 803. Lines 3–5.]
We put Fv,w = S, Ev,w = RXv,w , and define φv,w as the

composite:

Fv,w = S ↪→ (Q⊕R)Xv,w

pr2→ Ev,w = RXv,w .

325. (431, 531) Pincus, J. D. (1964), ‘On the spectral
theory of singular integral operators’. Transactions of the American
Mathematical Society, volume 113, pages 101–128.

[p. 108. Lines 1–4.]
Therefore, we may deduce that

F (ξ, z) =
T (ξ, z)− S(ξ, z)√

(S(ξ, z)T (ξ, z))
·

exp
{

1
2πi

∫ b

a
log

∣∣∣∣A(µ)− ξ − εk(µ)
A(µ)− ξ + εk(µ)

∣∣∣∣ dµ

µ− z
}

and it is now clear that the roots of F (ξ, z) are the roots of the
function

W (ξ, z) =
T (ξ, z)− S(ξ, z)√

(S(ξ, z)T (ξ, z))
.
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326. (500, 566) Pólya, G. (1965), Mathematical Discovery,
Volume II. John Wiley and Sons, Inc.

[p. 7. Lines 19–23.]
. . . from the last equation of sect. 7.4 we obtain

x =
ah

b− a
Then we substitute this value for x in the two foregoing equations
of sect 7.4, obtaining. . .

327. Pomerance, C. (1996), ‘A tale of two sieves’. Notices
of the American Mathematical Society, volume 43, pages 1473–
1485.

[p. 1482. Last sentence of second column.]
This discrepancy was due to fewer computers being used on

the project and some “down time” while code for the final stages of
the algorithm was being written.

328. (103, 427, 604) Pomerance, C. (1996), ‘A tale of two
sieves’. Notices of the American Mathematical Society, volume 43,
pages 1473–1485.

[p. 1478. Lines 17–15 from the bottom of first column.]
If n is not a square modulo p, then Q(x) is never divisible by p

and no further computations with p need be done.
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329. (137, 293) Poor, H. V. (2000), ‘Modulation and detec-
tion’. In [Dorf, 2000], page 4 of Chapter 126. PDF files available
at http://www.engnetbase.com.

[p. 4. Line 5.]
. . . where j denotes the imaginary unit.

330. (27, 174, 604) Powers, R. T. (1974), ‘Selfadjoint alge-
bras of unbounded operator. II’. Transactions of the American
Mathematical Society, volume 187, pages 261–293.

[p. 264. Line 5.]
All algebras in this section will have a unit denoted by 1.

331. (123) Powell, M. J. D. (1986), ‘Convergence properties
of algorithms for nonlinear optimization’. SIAM Review, volume
28, pages 487–500.

[p. 490. Lines 4–8.]
3. Constrained optimization and the Maratos effect. In

this section we consider the problem of calculating the least value
of {F (x) ; x ∈ Rn} subject to the constraints

(3.1) cj (x) = 0, i = 1, 2, . . . ,m,
on the variables. Usually there are some inequality constraints
too, but the purpose of this section is achieved without this extra
complication.
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332. (95, 256, 466, 487, 571, 624, 635) Powers, V. (1996),
‘Hilbert’s 17th problem and the champagne problem’. American
Mathematical Monthly, volume 103, pages 879–887.

[p. 879. Lines 1–4 and 20–21.]
About 15 years ago, E. Becker gave a talk in which he proved

that

B(t) :=
1 + t2

2 + t2
∈ Q(t))

is a sum of 2n-th powers of elements in Q(t) for all n.
. . . A rational function f ∈ R(X) := R(x1, . . . , xk) is positive

semi-definite (psd) if f ≥ 0 at every point in Rk for which it is
defined.

333. (217, 637) Prestrud, M. B. (1963), ‘Hierarchic alge-
bra’. Mathematics Magazine, volume 36, pages 43–53.

[p. 43. Lines 1–3.]
Addition, subtraction, multiplication, division, exponentiation,

or taking of roots, form an apparently tidy set of operations, but it
is a set with some enticing anomalies.
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334. (245, 311, 651) Price, J. F. (1970), ‘Some strict inclu-
sions between spaces of Lp-multipliers’. Transactions of the Ameri-
can Mathematical Society, volume 152, pages 321–330.

[p. 321. Lines 6–8 of abstract.]
When 1 ≤ p < q ≤ 2 or 2 ≤ q < p ≤ ∞ it is known that

(1) Lp
p ⊂ Lq

q.

The main result of this paper is that the inclusion in (1) is strict
unless G is finite.

335. (527) Price, J. J. (1989), ‘Learning mathematics
through writing: Some guidelines’. The College Mathematics
Journal, volume 20, pages 393–401.

[p. 394. Lines 10–12.]
The first time I gave the course, I asked the students not

to submit their first drafts. But their attitude towards written
homework was so ingrained that they would not even read their
work, let alone revise it.

336. (340, 341) Putnam, H. (1973), ‘Recursive functions
and hierarchies’. American Mathematical Monthly, volume 80,
pages 68–86.

[p. 82. Lines 1–6.]
If we adjoin to the above condition the further clause:

(Ex)(y)(z) (J(y, z) ∈Wx ≡ J(y, z) /∈Wi)
then the definition becomes a definition of the class of recursive
well-orderings (or, rather, of the corresponding set of indices), for

832



contents wordlist index

this clause just says that the predicate W 2
i has an r.e. complement

W
2
x, and a predicate is recursive just in case it and its complement

are both r.e.
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Q

337. (49, 113, 209) Quine, W. V. (1952), ‘The problem of
simplifying truth functions’. American Mathematical Monthly,
volume 59, pages 521–531.

[p. 521. Lines 6–10.]
One formula implies another if there is no assignment of truth

values which makes the first formula true and the second false.
Two formulas are equivalent if they imply each other. Implication
and equivalence, so defined, are relations of formulas; they are not
to be confused with the conditional and biconditional, commonly
expressed by ⊃ and ⇔.
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R

338. (74, 174, 514, 624) Rabinowitz, S. and P. Gilbert
(1993), ‘A nonlinear recurrence yielding binary digits’. Mathemat-
ics Magazine, volume 64, pages 168–171.

[p. 168. Lines 10 and 3–1 from bottom.]
Let {x} denote the fractional part of x, that is, {x} = x− �x�.
. . . 2. If k is an integer, a is a real number in the range

1 < a < 2, and x = k/(a− 1), then⌊
a�x�+

a

2

⌋
= �ax�

339. (169, 485, 623) Ranum, D. L. (1995), ‘On some appli-
cations of Fibonacci numbers’. American Mathematical Monthly,
volume 102, pages 640–645.

[p. 641. Lines 6–7 under Figure 2.]
At the other extreme, Figure 3 shows a worst case degenerate

tree where each node has only 1 child except for the single leaf.
[The trees here are binary trees.]
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340. (280, 440) Reed, G. M. (1986), ‘The intersection topol-
ogy w.r.t. the real line and the countable ordinals’. ransactions of
the American Mathematical Society, volume 297, pages 509–520.

[p. 509. Lines 1–2.]
If Υ1 and Υ2 are topologies defined on the set X, then Υ is

the intersection topology w.r.t. Υ1 and Υ2 defined on X, where
{U1 ∩ U2 | U1 ∈ Υ1 and U2 ∈ Υ2} is a basis for Υ.
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341. (346, 543) Reine, I. (1966), ‘Nilpotent elements in
rings of integral representations’. Proceedings of the American
Mathematical Society, volume 17, pages 270–274.

[p. 272. Lines 7–4.]
For any RG-module M of R-rank m, there is an exact

sequence
0→ U ⊗R M → RG⊕ · · · ⊕RG→ R̄G ⊗R̄ M̄ → 0,

where m summands occur in the center module. This implies by
Schanuel’s Lemma that the module U ⊗R M depends only upon
M̄ .

342. (61, 205, 320, 609) Ribet, K. A. (1995), ‘Galois repre-
sentations and modular forms’. Bulletin of the American Mathe-
matical Society (N.S.), volume 32, pages 375–402.

[p. 391. Lines 12–13.]
Suppose that there is a non-trivial solution to Fermat’s equa-

tion X
 + Y 
 = Z
.

343. (487, 501) Ribenboim, P. (1996), ‘Catalan’s Con-
jecture’. American Mathematical Monthly, volume 103, pages
529–538.

[p. 529. Lines 8–9.]
I may also consider the sequence of all proper powers, which

includes the 5th powers, 7th powers, 11th powers, etc . . .
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344. (312, 543, 606) Richert, N. (1992), ‘Strang’s strange
figures’. American Mathematical Monthly, volume 99, pages 101–
107.

[p. 104. Lines 6–9.]
For x irrational, this defines a sequence p0/q0, p1/q1, p2/q2 . . .

of best approximations to x, with q0 < q1 < q1 < . . . In fact, an
initial segment of the sequence can be calculated by trial and error
from the definition simply by considering increasing q.

345. (458, 604) Richmond, B. and T. Richmond (1993),
‘The equal area zones property’. American Mathematical Monthly,
volume 100, pages 475–477.

[p. 475. Lines 7–8 below the figure.]
To state the problem precisely, suppose that y = g(x) is

a piecewise smooth nonnegative curve defined over [a, b], and is
revolved around the x-axis.

346. (147, 637) Ringenberg, L. A. (1958), ‘Mathematics
magazine’. Mathematics Magazine, volume 31, pages 265–276.

[p. 265. Lines 15–12.]
The system of counting numbers consists of the elements 1,

2, 3, · · · , and the fundamental operations (addition, subtraction,
multiplication and division) for combining them.
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347. (579, 639) Hartley Rogers, J. (1963), ‘An example in
mathematical logic’. American Mathematical Monthly, volume 70,
pages 929–945.

[p. 930. Lines 3–7.]
If we take variables and put them on either side of “=” or “<”,

we obtain what we shall call atomic formulas. E.g.,
x = w, y < y, x4 < z2

are atomic formulas. These are the basic formulas (i.e., expressions)
from which we shall build the larger formulas of our language.

348. (198) Rosenthal, P. (1987), ‘The remarkable theorem
of Levy and Steinitz’. American Mathematical Monthly, volume
94, pages 342–351.

[p. 342. Lines 9–11.]
The theorem is the following: the set of all sums of rearrange-

ments of a given series of complex numbers is the empty set, a
single point, a line in the complex plane, or the whole complex
plane.
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349. (113, 208, 313) Rosen, K. (1993), Elementary Number
Theory and its Applications. Addison-Wesley.

[p. 208. Theorems 6.2 and 6.3.]
If p is prime, then φ(p) = p − 1. Conversely, if p is a positive

integer with φ(p) = p− 1, then p is prime.
. . . Theorem 6.3 Let p be a prime and a a positive integer.

Then φ(pa) = pa − pa−1.
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350. (208, 313, 652) Rosen, K. (1993), Elementary Number
Theory and its Applications. Addison-Wesley.

[p. 223. Theorem 6.10..]
The positive integer n is an even perfect number if and only if

n = 2m−1(2m − 1)
where m is an integer such that m ≥ 2 and 2m − 1 is prime.

351. (70, 224, 524, 604) Rosen, K. (1993), Elementary
Number Theory and its Applications. Addison-Wesley.

[p. 293. Lines 6–8.]
It is now time to discuss whether there are primitive roots

modulo powers of 2. We first note that both 2 and 22 = 4 have
primitive roots, namely 1 and 3, respectively.

352. (93, 450) Rosen, M. (1995), ‘Niels Hendrik Abel and
equations of the fifth degree’. American Mathematical Monthly,
volume 102, pages 495–505.

[p. 504. Proposition 3.]
Let Q be the rational numbers, and suppose f(x) ∈ Q[x] is an

irreducible polynomial of prime degree.
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353. (259, 370) Ross, K. A. and C. R. B. Wright (1992),
Discrete Mathematics, 3rd Edition. Prentice-Hall.

[p. 19. Lines 3–2 from bottom.]
We sometimes refer to a function as a map or mapping and

say that f maps S into T .

354. (235) Rota, G.-C. (1997), ‘The many lives of lattice
theory’. Notices of the American Mathematical Society, volume 44,
pages 1440–1445.

[p. 1440. .]
The family of all partitions of a set (also called equivalence

relations) is a lattice when partitions are ordered by refinement.

355. (169, 305) Roth, B. (1981), ‘Rigid and flexible frame-
works’. American Mathematical Monthly, volume 88, pages 6–21.

[p. 12. First two lines of Example 4.2.]
Consider the degenerate triangle G(p) in R2 shown in Fig. 4

with collinear vertices . . .
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356. (110, 431) Rubel, L. A. (1989), ‘The Editor’s corner:
Summability theory: A neglected tool of analysis’. American
Mathematical Monthly, volume 96, pages 421–423.

[p. 421. Lines 9–8 from bottom.]
We are now in a position to give a conceptual proof of Pring-

sheim’s theorem . . .
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S

357. (162) Saaty, T. L. (1972), ‘Thirteen colorful varia-
tions on Guthrie’s four-color conjecture’. American Mathematical
Monthly, volume 79, pages 2–43.

[p. 6. Lines 15–13 from bottom.]
1.2 Definition: A k-coloring (or proper k-coloring) of a

graph is an assignment of k colors to the vertices of the graph in
such a way that no two adjacent vertices receive the same color.

358. (123, 288) Saari, D. G. and J. B. Urenko (1984),
‘Newton’s method, circle maps, and chaotic motion’. American
Mathematical Monthly, volume 91, pages 3–17.

[p. 5. Lines 20–19 from bottom.]
(2) the set Z(f ′) is contained within the interval defined by the

extreme points of Z(f). A similar constraint holds for Z(f ′′) with
respect to the zeros of f ′.

359. (388) Saerens, R. and W. R. Zame (1987), ‘The
isometry groups of manifolds and the automorphism groups of
domains’. Transactions of the American Mathematical Society,
volume 301, pages 413–429.

[p. 413. Lines 1–3.]
Given an instance of a mathematical structure, we are led

to ask for its group of symmetries; i.e., the group of structure-
preserving self-transformations.
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360. (321) Salwach, C. J. (1981), ‘Planes, biplanes, and
their codes’. American Mathematical Monthly, volume 88, pages
106–125.

[p. 114. Line 9.]
Then si = (λ, . . . , λ, r, λ, . . . , λ), where r inhabits the ith

position.

361. (417) Schaumberger, N. (1989), ‘Another proof of
Chebysheff’s inequality’. The College Mathematics Journal, volume
20, pages 141–142.

[p. 141. Title.]
Another Proof of Chebysheff’s Inequality

362. (405) Schwarz, G. E. (1990), ‘The dark side of the
Moebius strip’. American Mathematical Monthly, volume 97,
pages 890–897.

[p. 890. Beginning of Section 1.]
What exactly is a Moebius strip? On one hand, it is often

defined as the topological space attained by starting with a (closed)
rectangle, endowed with the “usual” topology, and identifying
two opposite edges point by point with each other, so that each
vertex gets identified with the one diagonally across. This “abstract
Moebius strip” serves in topology as the canonical example of a
nonorientable manifold.

On the other hand, there is a physical model of the abstract
strip, and it is usually denoted by the same term . . .
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363. (305, 389) Schmid, R. (1992), ‘Strings, knots, and
quantum groups: A glimpse at three 1990 Fields Medalists’. SIAM
Review, volume 34, pages 406–425.

[p. 408. Lines 5–4 from bottom.]
As string theory developed, a very rich mathematical structure

emerged, but one which now has very little resemblance to strong
interaction.

364. (192, 193, 450, 623) Senechal, M. (1990), ‘Finding the
finite groups of symmetries of the sphere’. American Mathematical
Monthly, volume 97, pages 329–335.

[p. 330. Lines 5–6 of Section 3.]
Let H be a finite subgroup of S0(3) of order n. To each ele-

ment of H (other than the identity) there corresponds an axis that
intersects the sphere in two points.

365. (639) Serrin, J. and D. E. Varberg (1969), ‘A general
chain rule for derivatives and the change of variables formula for
the Lebesgue integral’. American Mathematical Monthly, volume
76, pages 514–520.

[p. 515. Lines 4–5.]
All functions considered in this paper are real valued functions

of a single real variable.
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366. (594) Shoenfield, J. R. (1967), Mathematical Logic.
Addison-Wesley.

[p. 14. Lines 4–1 from bottom.]
We define the terms by the generalized inductive definition:

i) a variable is a term; ii) If u1, . . . , un are terms and f is n-ary,
the fu1, · · · ,un is a term.

367. (340, 391) Shpilrain, V. (1995), ‘On the rank of an
element of a free Lie algebra’. Proceedings of the American Mathe-
matical Society, volume 123, pages 1303–1307.

[p. 1303. Lines 6–5 from bottom.]
If we have an element u of the free Lie algebra L and write

u = u(x1, . . . , xn), this just means that no generators xi with i > n
are involved in u.

368. (345) Silverman, J. H. (1992), ‘Subgroup conditions
for groups acting freely on products of spheres’. Transactions of
the American Mathematical Society, volume 334, pages 153–181.

[p. 155. Lines 18–16 from bottom.]
The main theorem states that if G is of type I (resp. II), then

the larger group G admits no free, k-cohomologically trivial action
on any space X ∼2 (Sn)d, for any n (resp. for any n not of the
form 2l · 5− 1).
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369. (481, 526) Singmaster, D. (1978), ‘An elementary
evaluation of the Catalan numbers’. American Mathematical
Monthly, volume 85, pages 366–368.

[p. 366. Line 15–14 from the bottom.]
For example, when n = 2, the products above have the Polish

form XXabc and XaXbc and the reverse Polish forms abXcX and
abcXX.

370. (232, 280, 305) Snyder, W. M. (1982), ‘Factoring
repunits’. American Mathematical Monthly, volume 89, pages
462–466.

[p. 463. Lines 11–14.]
We factor Φn(b) in the ring of algebraic integers of Qn = Q(ζ).

Then

Φn(b) =
n∏

a=1
(a,n)=1

(b− ζa) (1)

We now claim that if A is the ideal in R generated by two distinct
factors ζ − aa1 and ζ − aa2 given in (1), then . . .
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371. (232, 280, 547) Sogge, C. D. (1989), ‘Oscillatory inte-
grals and unique continuation for second order elliptic differential
equations’. Journal of the American Mathematical Society, volume
2, pages 491–515.

[p. 494. Lines 2–6.]
. . . we let B (x, ξ) = m

√
Pm (x, ξ) and notice that we can factor

the symbol of the operator in (1.5) as follows

Pm(x, ξ)− τm =
(B (x, ξ)− τ) · (Bm−1 +Bm−2τ + · · ·+ τm−1)

The second factor is uniformly elliptic in the sense that it is
bounded below by a multiple of

(|ξ|m−1 + τm−1
)
, while the first

factor vanishes for certain |ξ| ≈ τ .
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372. (297, 493) Solow, D. (1995), The Keys to Advanced
Mathematics: Recurrent Themes in Abstract Reasoning. BookMas-
ters Distribution Center.

[p. 144. Definition 3.3.]
A set is a strict subset of a set B, written A ⊂ B, if and only

if A ⊆ B and A �= B.

373. (28, 406, 623) Solomon, B. (1996), ‘Tantrices of spher-
ical curves’. American Mathematical Monthly, volume 1-3, pages
30–39.

[p. 31. Last three lines.]
(1.3) Theorem. An immersed circle in S2 and its tantrix

share a regular homotopy class. A tantrix in the equator’s class
always bounds oriented area 2π (mod 4π). A trantrix in the other
class bounds zero.

374. (280, 281) Srinivasan, B. (1981), ‘Characters of finite
groups: Some uses and mathematical applications’. American
Mathematical Monthly, volume 88, pages 639–646.

[p. 640. Line 7.]
The function χ : g → Trace (ρ(g)) of G into C is called the

character of ρ.
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375. (74, 172) Starke, E. P., editor (1970a), ‘Problems and
solutions’. American Mathematical Monthly, volume 77, pages
765–783.

[p. 774. Problem 5746.]

S(a) = Σx,y,ze

{
x+ y + z +

a

yz + zx+ xy

}

376. (172, 257, 556) Starke, E. P., editor (1970b), ‘Prob-
lems and solutions’. American Mathematical Monthly, volume 77,
pages 882–897.

[p. 884. Problem E 2198.]
If r > 1 is an integer and x is real, define

f(x) =
∞∑

k=0

r−1∑
j=1

[
x+ jrk

rk+1

]
,

where the brackets denote the greatest integer function.

377. (434) Stangl, W. D. (1996), ‘Counting squares in Zn’.
Mathematics Magazine, volume 69, pages 285–289.

[p. 285. Lines 1–3.]
An elementary number theory problem is to determine the

possible forms of squares among the positive integers. For instance,
it is easy to see that any square must be of the form 3k or 3k + 1.
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378. (18, 415, 424) Steen, L. A. (1972), ‘Conjectures and
counterexamples in metrization theory’. American Mathematical
Monthly, volume 79, pages 113–132.

[p. 122. Lines 3–6.]
We shall denote by WCH Jones’ hypothesis that 2ℵ0 < 2ℵ1 ,

since it is a weak version of CH : If 2ℵ0 = ℵ1, then 2ℵ0 = ℵ1 < 2ℵ1

by Cantor’s theorem. Clearly the consistency of CH implies the
consistency of WCH. The negation of WCH, namely 2ℵ0 = 2ℵ1 , is
called the Luzin Hypothesis (LH) . . .

379. (305) Stolarsky, K. B. (1995), ‘Searching for common
generalizations: The case of hyperbolic functions’. American
Mathematical Monthly, volume 102, pages 609–619.

[p. 2614. Lines 17–11 from bottom.]
Theorem. If y1 = y1(x) and y2 = y2(x) are functions satisfy-

ing 0 ≤ y1(0) < y2(0) and the differential equations
dy1

dx
= Cyα

2 ,
dy2

dx
= Cyα

1 (4.4)

where C > 0, then for some constant c0

y2(x)− y1(x)→



0 α > 0
c0 α = 0
∞ α < 0

(4.5)

as x increases without limit in the (possibly infinite) domain of
definition of y1(x) and y2(x).
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380. (259, 317, 446) Stolarsky, K. B. (1995), ‘Searching
for common generalizations: The case of hyperbolic functions’.
American Mathematical Monthly, volume 102, pages 609–619.

[p. 619. Lines 9–13.]
. . . then any inequality

f(x1, . . . , xn) ≥ 0,
where the function F is formed by any finite number of rational
operations and real exponentiations, is decidably true or false!

381. (123) Strang, G. (1084), ‘Duality in the classroom’.
American Mathematical Monthly, volume 91, pages 250–254.

[p. 251. Lines 9–11.]
We begin by minimizing not |x| but 1

2 |x|2 = 1
2x

Tx, and we
introduce the constraint Ax = b through Lagrange multipliers;
there are m equations in the constraint, and therefore m multipliers
λ1, . . . , λm.

382. (113, 547) Strang, G. (1989), ‘Patterns in linear alge-
bra’. American Mathematical Monthly, volume 96, pages 105–117.

[p. 107. Lines 15–16.]
Certainly the expression eTCe = c1e

2
1 + · · · + c4e

2
4 is not

negative. It is zero only if e = Ax = 0.
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383. (79, 174, 493, 505) Straight, H. J. (1993), Combina-
torics: An Invitation. Brooks/Cole.

[p. 3. Definition 0.1.1.]
A set A is called a subset of a set B, denoted A ⊆ B, provided

that every element of A is also an element of B.

384. (42) Straight, H. J. (1993), Combinatorics: An Invita-
tion. Brooks/Cole.

[p. 7. Line 9 from the bottom.]
Let x be an arbitrary element of U .

385. (272, 619) Straight, H. J. (1993), Combinatorics: An
Invitation. Brooks/Cole.

[p. 17. Definition 0.2.1.]
Given sets X and Y , a function from X to Y is a subset f of

X × Y with the property that, for every x ∈ X, there is a unique
y ∈ Y such that (x, y) ∈ f .

854



contents wordlist index

386. (322, 473, 575) Straight, H. J. (1993), Combinatorics:
An Invitation. Brooks/Cole.

[p. 27. Definition 0.2.4.]
A function f : X → Y that is one-to-one and onto is called a

bijection from X to Y . If X = Y , then f is called a permutation
of X.

387. (96) Straight, H. J. (1993), Combinatorics: An Invita-
tion. Brooks/Cole.

[p. 119. Line 7 from bottom.]
We let n be a positive integer, S be an n-element set, and r be

an integer with 0 ≤ r ≤ n. Then any r-element subset of S is called
an r-combination of S.

388. (232, 312) Suryanarayana, D. (1977), ‘On a class of
sequences of integers’. American Mathematical Monthly, volume
84, pages 728–730.

[p. 728. Lines 14–15.]
Let {an} be an increasing sequence of positive integers such

that log an/qn log qn → 0 as n → ∞, where qn is the least prime
factor of n.
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389. (279, 280, 281) Steve Surace, J. (1990), ‘The
Schrödinger equation with a quasi-periodic potential’. Transac-
tions of the American Mathematical Society, volume 320, pages
321–370.

[p. 321. Abstract.]
We consider the Schrödinger equation

− d2

dx2ψ + ε (cosx+ cos (αx+ ϑ))ψ = Eψ

where . . .

390. (257, 332, 639) Swartz, C. and B. S. Thomson
(1088), ‘More on the Fundamental Theorem of Calculus’. Ameri-
can Mathematical Monthly, volume 95, pages 644–648.

[p. 644. Lines 14–8.]
It is this requirement of being able to uniformly partition the

interval that limits the scope of the Riemann integral. It would be
much more desirable to somehow allow“variable length” partitions;
for example, if one were attempting to approximate the area under
the graph of f(x) = 1/

√
x, 0 < x ≤ 1, it would be natural to take

the subintervals in an approximating partition to be very fine near
the singularity x = 0.
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T

391. (280, 281, 281) Talagrand, M. (1986), ‘Derivations,
LΨ-bounded martingales and covering conditions’. Transactions of
the American Mathematical Society, volume 293, pages 257–291.

[p. 257. Abstract.]
Let (Ω,Σ, P ) be a complete probability space. Let (Σj)j∈J be

a directed family of sub-σ-algebras of Σ. Let (Φ,Ψ) be a pair of
conjugate Young functions.

392. (125, 141, 337) Talagrand, M. (1990), ‘The three-space
problem for L1’. Journal of the American Mathematical Society,
volume 3, pages 9–29.

[p. 9. Lines 9–8 from bottom.]
For simplicity, let us say that a Banach space contains a copy

of L1 if it contains a subspace isomorphic to L1.

393. (12, 295) Teitelbaum, J. T. (1991), ‘The Poisson
kernel for Drinfeld modular curves’. Journal of the American
Mathematical Society, volume 4, pages 491–511.

[p. 494. Lines 1–4.]
. . . may find a homeomorphism x : E → P1

k such that

x(γu) =
ax(u) + b

cx(u) + d
.

We will tend to abuse notation and identify E with P1
k by means of

the function x.
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394. (52) Temple, B. and C. A. Tracy (1992), ‘From
Newton to Einstein’. American Mathematical Monthly, volume 99,
pages 507–521.

[p. 507. Lines 3–6.]
In particular, he derived Kepler’s laws of motion from the

assumption that the sun pulls on a planet with a force that varies
inversely with the square of the distance from the sun to the
planet.

395. (475) Temple, B. and C. A. Tracy (1992), ‘From
Newton to Einstein’. American Mathematical Monthly, volume 99,
pages 507–521.

[p. 518. Line before (4.11).]
Plugging in we obtain:

396. (556) Tews, M. C. (1970), ‘A continuous almost peri-
odic function has every chord’. American Mathematical Monthly,
volume 77, pages 729–731.

[p. 730. Third line from the bottom.]∣∣∣∣sin
[

2π
a

(a
4

+ t
)]
− sin

(
2π
a
· a

4

)∣∣∣∣ < sin
2π
a
p
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397. (440, 561, 575) Thielman, H. P. (1953), ‘On the
definition of functions’. American Mathematical Monthly, volume
60, pages 259–262.

[p. 260. Lines 16–14 from bottom.]
A function f whose domain of definition is X, and whose range

is Y is frequently denoted by f : X → Y , and is referred to as a
function on X onto Y .

398. (244) Thurston, H. (1993), ‘On tangents’. Mathemat-
ics Magazine, volume 66, pages 227–235.

[p. 228. Lines 1–4 after the figures.]
Eventually a good definition of tangent was devised. Succinctly

put,
the tangent is the limit of the secant.

Let us formalize this definition. I shall give a formal definition, not
of a tangent to a curve, but of a tangent to a set of points.

399. (458, 571, 603, 651) Tits, J. (1964), ‘Algebraic and
abstract simple groups’. The Annals of Mathematics, 2nd Ser.,
volume 80, pages 313–329.

[p. 321. Lines 25–29.]
. . . (the symbols A2, A3, · · · , G2 have their usual meaning,

and the left superscript denotes the degree of k̃/k when k̃ �= k, i.e,
when G does not split over k)

if k = F2, groups of type A2, 2A3, 2A4, B3 and 3D4;
if k = F3, groups of type A2, 2A2, 2A3, B2 and 3D4 and G2.

859



contents wordlist index

400. (389) Trangenstein, J. A. and J. B. Bell (1989),
‘Mathematical structure of the black-oil model for petroleum reser-
voir simulation’. SIAM Journal on Applied Mathematics, volume
49, pages 749–783.

[p. 749. Line 9.]
In this paper we analyze the mathematical structure of the

black-oil flow equations.

401. (634) Trowbridge, D. (1875), ‘On the maxima and
minima of algebraic polynomials’. The Analyst, volume 2, pages
1–4.

[p. 1. Lines 1–2.]
Let u = A1x

n + A2x
n−1 + A3x

n−2 + . . . + An−1 = ψx . . . The
expression ψx is read “function of x”.
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U

402. (305, 627) Underwood, R. S. (1954), ‘Extended ana-
lytic geometry as applied to simultaneous equations’. American
Mathematical Monthly, volume 61, pages 525–542.

[p. 525. Lines 17–20.]
The example also illustrates the point that it is not always

easy to decide whether two equations in more than two unknowns
are consistent, quite aside from the matter of producing in that
case a real solution.

861



contents wordlist index

V

403. (80, 345) van Lint, J. H. and R. M. Wilson (1992),
A Course in Combinatorics. Cambridge University Press.

[p. 35. Lines 8–4 from bottom.]
. . . We shall show that a larger matching exists. (We mean

larger in cardinality ; we may not be able to find a complete match-
ing containing these particular m edges.)

404. (32, 113, 474, 624) Van Douwen, E. K., D. J. Lutzer,
and T. C. Przymusiński (1977), ‘Some extensions of the Tietze-
Urysohn Theorem’. American Mathematical Monthly, volume 84,
pages 435.

[p. 435. Theorem A.]
If A is a closed subspace of the normal space X then there is a

function η : C∗(A) → C∗(A) such that for every f ∈ C∗(A), η(F )
extends F and has the same bounds as F .

405. (405) Vaught, R. L. (1973), ‘Some aspects of the
theory of models’. American Mathematical Monthly, volume 80,
pages 3–37.

[p. 3. Lines 6–10.]
For example, each of the properties of being a group, an

Abelian group, or a torsion-free Abelian group os expressible in
the so-called elementary language (or first-order predicate calcu-
lus). Thus, instead of saying that the group G is Abelian, we can
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sat it is a model of the elementary sentence ∀x∀y(x ◦ y = y ◦ x).
Such properties are also called elementary.
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406. (133, 250, 503) Vaught, R. L. (1973), ‘Some aspects of
the theory of models’. American Mathematical Monthly, volume
80, pages 3–37.

[p. 11. Lines 19–22.]
. . . the existence of such an A is of basic importance in the

remarkable work of Gödel and Cohen on the consistency and inde-
pendence of the continuum hypothesis and other basic propositions
in set theory.

407. (135, 651) Vaught, R. L. (1973), ‘Some aspects of the
theory of models’. American Mathematical Monthly, volume 80,
pages 3–37.

[p. 25. Lines 12–11, 6–2 from bottom.]
T is called ω-complete if whenever T & ∀v0 (θn (v0)→ φ (v0))

for all n, then T & ∀v0φ (v0) . . . It is worthwhile noting that in
contrapositive form the definition of ω-complete reads:
(3) T is ω-complete if and only if for any 1-formula φ, if T +
∃v0φ (v0) has a model, then for some n, T∃v0 (θn (v0) ∧ φ (v0)) has a
model.
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408. (75, 413) Verner, J. H. (1991), ‘Some Runge-Kutta
formula pairs’. SIAM Journal on Numerical Analysis, volume 28,
pages 496–511.

[p. 501. Lines 1–2 under formula (21′′).]
This may be written as

7∑
j=4

(∑
i

biaij

)
·
(∑

k

ajkc
q
k −

cq+1
j

q + 1

)
= 0

by invoking (15) to imply that the first bracket is zero for j = 2, 3.
Since the second bracket is zero for 4 ≤ j ≤ 6 by (17′′), and . . .
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W

409. (75, 75) Wallach, N. R. (1993), ‘Invariant differential
operators on a reductive Lie algebra and Weyl group representa-
tions’. Journal of the American Mathematical Society, volume 6,
pages 779–816.

[p. 786. Lines 8–7 from bottom.]
If f, g ∈ P(V0 × V ∗

0 ) then let {f, g} (the Poisson bracket of f
and g) be as in Appendix 1.

410. (64, 549) Waterhouse, W. C. (1994), ‘A counterexam-
ple for Germain’. American Mathematical Monthly, volume 101,
pages 140–150.

[p. 141. Lines 9–6 from bottom.]
Suppose n is an odd prime. In modern terms, Gauss has

shown that the field generated over the rationals by the n-th roots
of unity contains

√±n; here we must take the plus sign when n is
of the form 4k+1 and the minus sign when n is of the form 4k+3.

411. (601) Weiss, G. (1970), ‘Complex methods in harmonic
analysis’. American Mathematical Monthly, volume 77, pages
465–474.

[p. 465. Lines 1–10.]
First, we plan to show how properties of analytic functions of

a complex variable can be used to obtain several results of classical
harmonic analysis (that is, the theory of Fourier series and integrals
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of one real variable). This will be done in Section 1. Second, in
Section 2 we shall indicate how some of these applications of the
theory of functions can be extended to Fourier analysis of functions
of several variables.

Some of these applications of the theory of functions seem
very startling since the results obtained appear to involve only the
theory of functions of a real variable or the theory of measure.
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412. (360) Whittlesey, E. F. (1960), ‘Finite surfaces a
study of finite 2-complexes’. Mathematics Magazine, volume 34,
pages 11–22.

[p. 15. Lines 1–7.]
To determine the global structure of a complex we need to

have first a knowledge of the local structure, of behaviour in a
neighborhood of a point; with this understanding of local structure,
we can solve the problem of recognition of a 2-complex by putting
the pieces together, as it were. In the case of graphs, the problem of
local structure is completely resolved by a knowledge of the degree
of a vertex. The matter is less simple for surfaces.

413. (601) Wilson, E. B. (1918), ‘The mathematics of
aëerodynamics’. American Mathematical Monthly, volume 25,
pages 292–297.

[p. 295. Lines 22–25.]
Now by the method of “conformal representation” of the the-

ory of functions the pressure exerted on a plane wing of various
shapes, by the motion of the air, may in some cases be calculated,
and the center of pressure may also be found.
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414. (74, 321, 335) Wilf, H. S. (1985), ‘Some examples
of combinatorial averaging’. American Mathematical Monthly,
volume 92, pages 250–261.

[p. 253. Lines 14–16.]
Therefore, if n > 1 we have

Q(n) =
1
n!




n∑
i=1

(n− 1)! +
n∑

i,j=1
i
=j

(n− 2)!




What sort of creature now inhabits the curly braces?

415. (123, 317, 604) Williams, H. P. (1986), ‘Fourier’s
method of linear programming and its dual’. American Mathemati-
cal Monthly, volume 93, pages 681–695.

[p. 682. Lines 9–5 from bottom.]
Constraint C0 is really a way of saying we wish to maximise z

where
z ≤ −4x1 + 5x2 + 3x.

By maximising z we will “drive” it up to the maximum value of
the objective function. It would clearly be possible to treat C0
as an equation but for simplicity of exposition we are treating all
constraints as ≤ inequalities.
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416. (277) Wilf, H. S. (1989), ‘The editor’s corner: The
white screen problem’. American Mathematical Monthly, volume
96, pages 704–707.

[p. 704. Lines 11–8 from bottom.]
To translate the question into more precise mathematical lan-

guage, we consider a grid of MN lattice points
G = {(i, j) | 0 ≤ i ≤M − 1; 0 ≤ j ≤ N − 1}

and we regard them as being the vertices of a graph.

417. (113, 259, 280, 604) Witte, D. (1990), ‘Topological
equivalence of foliations of homogeneous spaces’. Transactions of
the American Mathematical Society, volume 317, pages 143–166.

[p. 144. Lines 16–13 from bottom.]
By composing f̃ with the inverse of σ, we may assume the

restriction of f̃ to Zn is the identity. Because
(**)R/Z is compact,
this implies that f̃ moves points by a bounded amount . . .

418. (28) Wolenski, P. R. (1993), ‘The semigroup property
of value functions in Lagrange problems’. Transactions of the
American Mathematical Society, volume 335, pages 131–154.

[p. 146. Lines 2–3.]
The right hand side of (5.36) equals 2ε

λ (1+hλ)k−1) [sic], which
is always less than or equal to 2ε

λ e
λT .
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419. (635) Wulbert, D. E. (1978), ‘The rational approxima-
tion of real functions’. American Journal of Mathematics, volume
100, pages 1281–1315.

[p. 1282. Lines 15–17 and 23–25.]
A complex function η defined on [0, 1] still has exactly one best

approximation from Pn (C). . . . If the function being approximated
is the real function f , then its best approximation in Pn (C) is also
real . . .
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X
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Y

420. (486, 490) Yetter, D. N. (1990), ‘Quantales and (non-
commutative) linear logic’. Journal of Symbolic Logic, volume 55,
pages 41–64.

[p. 44. Lines 14–13 from bottom.]
In our formalism we adopt prefix notation in preference to the

infix/postfix notation used by Girard . . .

421. (464) Yu, H. B. (1998), ‘On the Diophantine equation
(x + 1)y − xz = 1’. American Mathematical Monthly, volume 105,
pages 656–657.

[p. 656. Last line.]

(
(x+ 1)y1 − 1

)(
(x+ 1)y1) + 1

)
= xz
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Z

422. (76, 439) Zabell, S. L. (1995), ‘Alan Turing and the
Central Limit Theorem’. American Mathematical Monthly, volume
102, pages 483–494.

[p. 486. Lines 4–6.]
Feller (1937) showed that if normal convergence occurs (that

is, condition (2.2) holds), but condition (2.4) also obtains, then
1
ρ

Xmk

snk

⇒ (0, 1) .

423. (43) Zalcman, L. (1975), ‘A heuristic principle in com-
plex function theory’. American Mathematical Monthly, volume
82, pages 813–818.

[p. 813. Lines 4–3 from the bottom.]
Here f � is the spherical derivative of the function; the present

notation . . . is better adapted for displaying the argument of the
function explicitly.
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424. (308, 322, 328, 351) Zalcman, L. (1980), ‘Offbeat
integral geometry’. American Mathematical Monthly, volume 87,
pages 161–175.

[p. 162. Lines 6–10.]
Accordingly, let

f̂(ξ, η) =
∫ ∫

f(x, y)ei(ξx+ηy)dx dy

be the Fourier transform of f . We shall need only two facts about
f̂ : it is continuous, and the correspondence between f and f̂ is
one-to-one. In particular, if f̂ = 0 then f = 0 (almost everywhere).
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425. (280) Zander, V. (1972), ‘Fubini theorems for Orlicz
spaces of Lebesgue-Bochner measurable functions’. Proceedings of
the American Mathematical Society, volume 32, pages 102–110.

[p. 102. Lines 1–2 of Abstract.]
Let (X,Y, υ) be the volume space formed as the product of the

volume spaces (Xi, Yi, υi) (i = 1, 2).

426. (466, 571) Zulli, L. (1996), ‘Charting the 3-sphere—an
exposition for undergraduates’. American Mathematical Monthly,
volume 103, pages 221–229.

[p. 227. Beginning of Section 5.]
Let us return for a moment to the circle S1 ⊆ C = R2.
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Symbols
., Eric Schedler, 478

A
a, 46
abstract algebra, 19
abstraction, 10
abuse of notation, 12
accumulation of attributes, 104
action, 40
ad-hoc polymorphism, 460
add, 402
addition, 636
affirming the consequent, 16
aha, 324
aleph, 18
algebra, 19
algorithm, 20, 24, 40, 259
algorithm addiction, 24
alias, 25, 260

alibi, 259
all, 27, 28
always, 28
ambient, 29
an, 46
analogy, 30
analytic function, 601
anaphora, 143
and, 32, 117
angle bracket, 35
anonymous notation, 563
another planet, 493
antiderivative, 328
antidifferentiation, 897
any, 39
anywhere, 362
APOS, 40
arbitrary, 42
argument, 43, 256
argument by analogy, 30
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arity, 44
article, 46
artificial language, 47
assertion, 49
assume, 113, 348
assumption, 52
asymptotically equal, 603
at least, 53
at most, 53
attitudes, 5, 54
attribute, 104

B
back formation, 56
bad at math, 378
Bagchi, Atish, xvii, 34, 59, 77,

146, 166, 193, 199, 206,
319, 352, 431, 439, 447,
472, 478, 499, 505, 535,
590

Baltutis, John S., 188
bar, 58
bare delimiter, 171
Barr, Marcia, xvii, 12
Barr, Michael, xvii, 23, 25, 34,

97, 106, 146, 196, 261,

275, 370, 384, 403, 447,
493, 518, 567, 607, 619,
628, 652

barred arrow notation, 60, 255,
563

be, 61
behaviors, 5, 62
binary operation, 446
bind, 72
black box, 259
boldface, 69
both, 70
bound, 72
bound identifier, 71
bound variable, 72
brace, 74
bracket, 75
brackets, 547
Brown, Anne, xvii
Brown, Laurinda, xvii, 91
Browning, Christine, xvii, 148
Buskes, Gerard, xvii, 511
but, 76

C
calculate, 78
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call, 79
cardinality, 80
Cartesian power, 572
case, 81
cases, 82
cataphora, 143
cataphoric, 249
category, 83
category theory, 374, 381, 382,

388, 403, 553
causality, 443
Chapman, Robin, 169
character, 84
characterization, 897
check, 85
Christiansen, Iben M., xvii
circumflex, 86
citation, xvi
classical category, 104
closed under, 88
code, 20
codomain, 90, 260, 561
cognitive dissonance, 91, 269,

540
collapsing, 169
collective plural, 93

college, 94
college algebra, 19
college mathematics, 94
colon equals, 95
combination, 96
comma, 97
compartmentalization, 98
complex function, 635
complex numbers, 43, 194, 601,

613
componentwise, 140
composite, 100
composition, 100, 636
compositional, 101
compute, 103
computer science, 21, 95, 130,

189, 227, 460, 461, 542,
659

computing science, 249
concept, 104
concept image, 393
conceptual, 108
conceptual blend, 111, 522
conceptual proof, 108
conditional assertion, 63, 113,

134, 290, 443

879



contents wordlist index

conjunction, 32, 117
connective, 118
consciousness-raising example,

219
consequent, 119
consider, 120
constant, 121
constant function, 121
constitute, 93
constraint, 123
constructivism, 124
contain, 125
context, 126
context-free grammar, 643
context-sensitive, 128
continuous, 10, 131
continuum hypothesis, 133
contrapositive, 134
convention, 136, 297
converse, 139
converse error, 16
coordinatewise, 140
copy, 141
coreference, 142
corollary, 145
countably infinite, 80

counterexample, 146
counting number, 147
covert curriculum, 148
crisp, 104
Cureton, Geddes, xvii, 91
curly bracket, 74

D
declarative semantics, 152
decreasing, 312
defined on, 440
defined over, 440
definiendum, 160
definiens, 160
defining condition, 546
defining equation, 256
defining expression, 255
defining phrase, 161
definite, 159
definite article, 46, 157
definite description, 159, 643
definition, 157, 160, 350, 351,

540
definition by cases, 82
definition proper, 351
degenerate, 169
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degree, 450
delimiter, 171
delimiting example, 219
delineated, 164, 173
denote, 174
denying the hypothesis, 175
dependency relation, 258
dependent variable notation, 177
deprecate, 178
derivative, 179, 636
descriptive, xv
descriptivist, 491
determinate, 180
dictionary definition, 166
difference, 636
differentiation, 636
discourse, 181
discourse analysis, 181
disjoint, 182
disjunction, 183
disjunctive definition, 82
display, 185
distinct, 186
distributive plural, 187
divide, 188
divided by, 636

division, 636
divisor, 188
domain, 161, 189, 256, 260, 408,

561
Dreyfus, Tommy, xvii, 106
dummy variable, 72

E
each, 192
easy example, 218
element, 193, 279
elementary, 194
eliminativist, 517
empty set, 198
encapsulation, 436
endowed, 206
enthymeme, 202
entification, 436
Epp, Susanna, xvii, 209, 211,

569
equations, 204
equipped, 206
equivalence relation, 207
equivalent, 208, 299
esilism, 210
esilize, 210
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establish notation, 212
eternal, 33, 379, 443
eureka, 324
evaluate, 215, 475
every, 28
evolution, 217
example, 218
existential bigamy, 222
existential instantiation, 223
existential quantifier, 223, 224
expansive generalization, 268
explicit assertion, 227
explicit knowledge, 264
expression, 547, 579
extensional, 541
external representations, 522
extrapolate, 231

F
factor, 232, 547
factorial, 335, 486, 490
fallacy, 30, 233
false symmetry, 234
family, 235
family resemblance category, 104
Farmer, Jeffrey, xvii, 106

Fibonacci, 564
field, 236, 383
find, 237
first order logic, 195, 374
fix, 239
follow, 240
following are equivalent, 241
for all, 623
form, 93
formal, 244
formal analogy, 245
formal language, 246, 579
formal logic, 374
formal proof, 244, 496
formula, 248
forward reference, 249
foundations of mathematics,

355, 388, 619
fraktur, 250
free identifier, 71
free variable, 251
Freyd, Peter, 357
function, 10, 60, 90, 177, 189,

215, 254, 370, 383, 389,
462, 561, 564

function of n variables, 44
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functional, 258, 263
functional knowledge, 264
functions, theory of, 601
fundamentalist, 355
fuzzy, 104

G
GCD, 108
general, 306
generalization, 63, 268
generalization from examples,

269
generalize, 268
generic, 381, 896
give, 272
given, 272
global, 360
global identifier, 274
gothic, 276
grammar, 129
graph, 258, 260, 277
graph of a function, 256
grasshopper, 275, 278
greatest common divisor, 464
greatest integer, 456, 490
Greek alphabet, 279

grounding metaphors, 396
group, 439, 451, 460, 518, 534,

545, 615, 630, 652
grouping, 283, 464
guessing, 284

H
hanging theorem, 285
hat, 86
hidden curriculum, 148
high school algebra, 19
hold, 288
how language changes, 322
hyphen, 289
hypothesis, 290

I
I, 291
i, 137, 293
I get it, 324
identifier, 293
identify, 295
identity, 296
identity function, 296
if, 114, 163, 297

in definitions, 163
if and only if, 299
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iff, 299
illustration, 300
image, 301, 608
imaginary unit, 137, 293
implication, 113
implicit knowledge, 264
imply, 113, 304, 570
in, 305
in general, 306
in other words, 307
in particular, 308
in terms of, 594
in your own words, 310
include, 311
incomplete proof, 510
increasing, 312
indefinite article, 46, 313
indefinite description, 126, 313,

314, 316, 643
inequality, 317
inert, 379, 443
infinite, 319
infix notation, 320
informal jargon, 2
inhabit, 321
injective, 322

inner product, 35, 490
input, 256
insight, 324
instantiate, 326
integer, 327
integral, 72, 171, 274, 328, 537,

630, 636
integration, 636, 897
intensional, 541
interior, 396
interpretation, 330, 382, 643
interval, 332
intuitive, 333, 393
inventory examples, 220
inverse, 334, 337, 571
inverse error, 175
irregular syntax, 335
isomorphic, 337
isomorphism, 630
italics, 338

J
JSTOR, xvi
jump the fence, 339
just, 340
just in case, 341
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juxtaposition, 342

K
König’s Lemma, 346
Kessel, Cathy, xvii, 387

L
labeled style, 343
Lakoff, George, 393, 504, 511
lambda notation, 255, 344, 563
Lamport, Leslie, xvii
large, 345
lathe, 658
Lawvere, William, 388
learned name, 413
left identity, 510
left Polish notation, 481
left subscript, 565
lemma, 346
lemmata, 347
let, 113, 348
leveling, 245
lg, 363
Lie bracket, 75
linear algebra, 19
literalist, 355

lives in, 321
ln, 363
local, 360
local identifier, 255, 361
location, 362
log, 335, 574, 897
logarithm, 363
logic, 374
logical signaler, 4
logician’s semantics, 382
look ahead, 364
lowercase, 81
Luddism, 366

M
macron, 58
malrule, 202, 231, 368
many-to-one coreference, 97
map, 259, 370
mapping, 370
marking, 163
matchfix notation, 456
mathedu mailing list, xvii, 611
Mathematica, 44, 327, 558, 580,

583, 634
mathematical definition, 160
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mathematical discourse, 1
mathematical education, 5, 55,

64, 124, 231, 368, 373,
383, 497, 580, 611

mathematical exposition, 385
mathematical logic, 246, 374,

585, 605
mathematical mind, 378
mathematical model, 404
mathematical object, 379, 474
mathematical register, 1, 385,

605
mathematical structure, 388
mathematical vernacular, 386
matrix, 464
maximize, 390
McLarty, Colin, 196, 377
mean, 391
member, 193
mental representation, 165, 393
metaphor, 396
minimize, 390
minus, 402, 589, 636
minus sign, 549
misleading name, 434, 473, 514,

601

mnemonic, 403
mod, 406
model, 379, 404
modern algebra, 19
module, 195
modulo, 406
Möbius strip, 405
monster, 220
monster group, 221
Moore, E. H., 186
motivating example, 218
multiple meanings, 408
multiplication, 636
multivalued function, 510
must, 410
myths, 5, 411

N
N, 412
name, 62, 254, 293, 348, 396,

413
namely, 415
names from other languages, 416
naming a function by its value,

255
narrative style, 420
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natural number, 422, 619
necessary, 423
negation, 424
negative, 402
never, 427
Newton’s Method, 20
nonnegative, 429
normal reader, 278
not, 424
not more than, 53
notation, 430
now, 431
number, 432
number theory, 434

O
object, 40, 436
object-process duality, 436
obtain, 439
obvious, 608
on, 440
one-to-one, 322
only if, 442
onto, 444
open sentence, 445
operation, 258, 446

operator, 258, 447
or, 183, 448
or equivalently, 449
order, 450
order of quantifiers, 451
ordered pair, 44, 355, 553
orthogonal, 453
osmosis theory, 455
outfix notation, 456
output, 634
over, 458
overloaded notation, 459
Oxford English Dictionary, 651

P
pairwise, 897
paradox, 897
parameter, 159, 268, 462
parametric polymorphism, 460
parametrized choice, 351
parenthesis, 464
parenthetic assertion, 466, 561,

582
partial function, 189
partial ordering, 511
partition, 207
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pathological, 105, 220
pattern recognition, 227, 470
permutation, 473
personal name as identifier, 413
physical model, 405
Platonism, 474
plug into, 475
plural, 476
plus, 636
plus sign, 549
pointer, 496
pointy brackets, 35
Poisson bracket, 75
Polish notation, 481
polymorphic, 459
polynomial, 383
pons asinorum, 483
positive, 484
positive function, 635
postcondition, 485
postfix notation, 486
power, 487
precedence, 488
precondition, 160, 350
predicate, 49
predicate symbol, 489

prefix notation, 490
prescriptive, xv
prescriptivist, 491
prime, 492
private language, 493
process, 40
product, 636
program, 20
proof, 496, 548
proof by contradiction, 498
proof by instruction, 500
proof step, 496
proper, 501
property, 502
proposition, 503
prototype, 504, 896
provided that, 505
put, 506
Pythagorean Theorem, 54, 364,

483

Q
Q, 507
quantifier, 508
quotient, 636
quotient group, 545
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R
R, 509
radial category, 510
radial concept, 510
range, 459, 512
ratchet effect, 513
rational function, 635
real, 514
real function, 635
real number, 514
recall, 515
reconstructive generalization,

268
reductionist, 517
redundant, 518
references needed, 143, 657
register, 519
reification, 436
reify, 261
relation, 521
relocator, 259
representation, 522
respectively, 524
result, 525
reverse Polish notation, 526
review, 527

revise, 527
rewrite using definitions, 528
right Polish notation, 526
rightists, 529
ring, 188, 195, 383
role, 382
root, 531
round parentheses, 465
rule, 256
RUME mailing list, xvii

S
Sandow, Dara, xvii
sanity check, 533
satisfy, 534, 542
say, 535
Schanuel’s Lemma, 346
Schedler, Eric, xvii, 23, 234, 357,

493, 499, 535, 590
schema, 40
scientific register, 519
scope, 52, 537
scope of an assumption, 52
secant, 592, 607
Selden, Annie, xvii, 148
self-monitoring, 539
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semantic contamination, 540
semantics, 385, 541
sentence, 49
sequence, 543
series, 544
set, 545, 613
set comprehension, 546
setbuilder notation, 157, 546,

563
short-circuit semantics, 547
show, 548
Siebenmann, Laurent, 222
sign, 549
sine, 137, 254, 335, 471, 897
size, 897
snow, 550
some, 551
space, 195, 388, 552, 897
special case, 63
specific mathematical object,

380
specification, 553
split definition, 82
square, 636
square bracket, 556
squiggle, 603

standard interpretation, 558
state, 127
statement, 49
status, 475, 560
Sterling, Leon, xvii
straight arrow notation, 561
strict ordering, 511
structural notation, 177, 255,

563
structure, 388
student-professor problem, 64
subexpression, 579
subscript, 564
substitute, 566
substitution, 566
subtract, 402
subtraction, 636
such that, 569
suffice, 570
sufficient, 570
sum, 636
superscript, 571
suppose, 113, 348
suppression of parameters, 574
surjective, 575
symbol, 293, 348, 576, 579
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symbol manipulation, 586
symbolic assertion, 49
symbolic expression, 579, 582
symbolic language, 582
symbolic logic, 374
symbolitis, 585
synecdoche, 587
syntax, 588
syntax-driven, 101
synthetic, 101

T
Tall, David, 393
Talman, Lou, xvii, 45
tangent, 592
technical vocabulary, 4
Tee, Gary, xvii, 95, 279, 531, 565
term, 547, 593
term-by-term coreference, 524
text, 181
TFAE, 241
that is, 596
the, 46, 157
the following are equivalent, 241
then, 599
theorem, 600

theory of functions, 601
theory of numbers, 434
there is, 224
Thomas, Owen, xvii, 50, 209,

306, 346, 352, 357, 363,
594, 645

thus, 602
tilde, 603
time, 604
time dependence, 443
times, 636
Toda bracket, 75
topology, 189, 397
total ordering, 511
transformer, 259
translation problem, 33, 605
trial and error, 24, 606
trigonometric functions, 607
trivial, 513, 608
trivial example, 219
true, 610
tuple, 464, 564
turf, 611
twiddle, 603
type, 613
type labeling, 615
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typical, 504

U
Uhl, Jerry, xvii
unbounded, 319
uncountable, 80
under, 616
underlying set, 388, 518, 617
understand, 618
unique, 619
unique up to isomorphism, 619
unit, 296
unit element, 296
unity, 296
univalent, 322
universal algebra, 19
universal generalization, 621
universal instantiation, 622
universal quantifier, 146, 187,

313, 623
university, 94
unknown, 627
unnecessarily weak assertion,

628
unwind, 629
up to, 630

uppercase, 81

V
vacuous implication, 632
valid, 633
value, 634
vanish, 638
variable, 381, 639
variable clash, 641
variable mathematical object,

380, 642
variate, 639, 642
variate identifier, 642
vector, 646
vector space, 268
vinculum, 58

W
walking blindfolded, 648
website, ii
well-defined, 649
when, 651
where, 652
wherever, 362
without loss of generality, 653
witness, 654
WLOG, 653
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Y
yes it’s weird, 656
you don’t know shriek, 658

Z
Z, 659

zero, 660
Zhang, Guo Qiang, xvii, 88, 239,

321
Zorn’s Lemma, 346

pt
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Left To Do
Listed here are the entries in the Handbook where more informa-
tion is needed, along with the page number where each one begins.

Citations needed

let, p. 352: Text fitting the pattern “Let an integer be even if it is
divisible by 2” used by a native English speaker.

negation, p. 425: Uses of “Every X is not Y .”

proof by instruction, p. 500: Example of instruction for produc-
ing a proof using symmetry, as in “interchange the role of x and y
in the preceding proof and you get a proof of . . . ”.

provided that, p. 505: Use of “providing that”.

subscript, p. 564: Use of subscript to denote partial derivative.

symbolic expression, p. 580: English phrase embedded in sym-
bolic expression.

citations, p. 897: addition vs sum, subtraction vs difference,
multiplication vs product, squaring vs square, composition vs
composite.
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Information needed

This lists all occurrences of the phrases information needed and
references needed. coreference, p. 143: Linguistics considera-
tion of phrases such as “including all those with synthesizers”.
unnecessarily weak assertion, p. 628: Math ed literature about
walking blindfolded.
yes it’s weird, p. 657: Studies in math ed literature about value
of explicitly recognizing students’ sources of discomfort.

TeX Problems

1. (Hypertext version) If a link is broken across a line the second
part does not work as a link.

2. (Both versions) The string “pt” appears at the end of the
Index; I have not been able to find out why.

3. (Paper version) In the bibliography, backreferences are to the
page number. I have experimented with having the backrefer-
ence refer to the entry it appears in, but the superscript always
appears as “???” and generates an error message. I have not
been able to make this work correctly.

4. (Paper version) Backreferences break after the parenthesis
sometimes.

5. (Both versions) The spacing is funny before and after biblio-
graphic citations. Also, sometimes they cause a line break after
a parenthesis.
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Things To Do

1. Entry for generic. This is a word with mathematical defini-
tions that is also used informally. Generic in its nontechnical
meaning may be same as prototype.

2. Talk about variable as role, as in [Lakoff and Núñez, 1997].
(Fundamental metonymy of algebra).

3. Talk about the number zero (zero meaning root is already
included). Use Chapter 3 of [Lakoff and Núñez, 1997].

4. Mental representation may be incoherent (Tall and Vinner).
Example of radial category in the sense of [Lakoff, 1986]?

5. Find more citations from distinct sources so that no one pub-
lication has more than one quote from it. This should make it
possible to publish the citations with the book (perhaps in the
CD-Rom version but not the printed version) without having
to get copyright permissions. Right now only a few sources,
mostly textbooks, have more than two citations.

6. Entry for composition of functions, tied to entry for function.
Talk about order of composition, connection with writing
functions on right or left, use of semicolon in c.s.

7. Separate entry for value, which is now under “function”,
including some things said under function. Talk about x goes
to y under f , x becomes y, you get y etc. Distinguish value of
a function from value of a variable. Some functions have one
name for the function, another for the value:
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function result, value
addition sum
subtraction difference
multiplication product
squaring square
composition composite

Other functions such as sin, log, etc. don’t make this distinc-
tion. Many writers do not make the distinction with “composi-
tion”. Citations needed.

8. Definitions of these words. But in many cases I may decide not
to include them.

a) characterization
b) hence
c) induction
d) integration (antidifferentiation), maybe under pattern

recognition
e) pairwise
f) paradox
g) size,
h) space (various meanings, related by common metaphor)
i) telegraphic style as in [Bagchi and Wells, 1998b].
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